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INTRODUCT ION

Image analysis plays an important role in many parts of mod-
ern society. In fields such as medicine, defense and industrial
automation it is critical to have image processing techniques that
are efficient and reliable since they form the basis of high-stakes
decisions. In this thesis we contribute to the field of image analysis
by developing new techniques that synthesize two approaches to
image processing: the geometric partial differential equation approach
and the deep learning approach.

While in recent times, deep learning has gotten most of the spot-
light, each approach has certain strengths and weaknesses. Our
aim is to develop a hybrid approach that captures the strengths
of both approaches for those applications where either pure ap-
proach is not suitable or does not provide the right tradeoffs.

geometric partial differential equations. The study of
partial differential equations (PDEs) constitutes one of the largest
fields in mathematics, going back as far as Leibniz (Cajori, 1928).
In modern times, this body of knowledge has also been leveraged
for the development of image processing techniques. While a dig-
ital image consist of a grid of discrete pixels, the methodology of
using a continuous model with PDEs has been a source of many
novel image processing methods (Maragos, 2005). The use of con-
tinous PDE models is motivated by more intuitive mathematical
modeling with a connection to physics. It also does away with
the resolution and sampling dependence of the discrete meth-
ods, thus staying more faithful to the Euclidean geometry that
underlies the problem.

A trend in this field of continuous models is the incorporation
of an increasing amount of differential geometry (Sapiro, 2006). In
particular the theory of Lie groups—named for Sophus Lie—has en-
joyed a lot of attention since it provides a framework to formalize
the symmetries that are natural in imaging. Thanks to the work
pioneered by Élie Cartan, it is possible to make coordinate-free for-

1
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Frank Rosenblatt
1928–1971, inventor

of the perceptron,
arguably making him

the father of deep
learning.

Yann LeCun b. 1960,
pioneer in using deep
learning for machine

vision.

mulations of PDEs on Lie groups and their homogeneous spaces,
giving rise to geometric partial differential equations as natural objects
of study in image processing.

Going even further, this type of mathematical theory also un-
derpins the field of neurogeometry (Citti and Sarti, 2014; Petitot,
2017) where it is used to model the functional architecture of the
visual areas of our brain. In this manner geometric PDEs can be
said to provide a bridge between image processing as our brain
performs it on the one hand and image processing as we engineer
it on the other.

deep learning. Using artificial neural networks for image pro-
cessing is a comparatively young idea that takes a very different
approach (Egmont-Petersen, de Ridder, and Handels, 2002). It
leverages modern compute power and the availability of vast
datasets to train very general and unstructured models to per-
form the task at hand. Nonetheless, researchers in this field have
also taken an interest in geometry (Bronstein, Bruna, LeCun,
Szlam, and Vandergheynst, 2017), particularly Lie group theory,
just like in the geometric PDE approach. In the nascent field of
geometric deep learning the mathematical theory is applied to con-
struct network architectures with geometric symmetries that fit
the application being considered.

our thesis. Our main goal is to provide a synthesis between
geometric partial differential equations and neural networks. Doing
so, we also provide a stronger link between neural networks and
neurogeometry. This work is already partially done in the sense
that geometric deep learning has incorporated many of the geo-
metric tools we need. But it has not incorporated partial differential
equations. This then will be the main contribution of this thesis: the
development of a hybrid neural network architecture that we refer
to as a PDE-based group equivariant convolutional neural network, or
PDE-G-CNN for short.

We intend to take linear and morphological PDEs from classic
image processing and introduce them as operators into neural
networks. These PDEs have parameters which would have to be
chosen by hand in classic usage, but in a neural network they
become the trainable weights. This way, the PDEs will provide a
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strong geometric prior but the data will determine exactly how the
PDEs will behave. As the morphological PDEs we propose are not
linear we can use them as a network’s nonlinearities and remove
the need for traditional activation functions, taking away some of
the arbitrariness and mystification in neural network design.

The practical motivation for synthesizing geometric PDEs and
neural networks is that we hope to balance the main benefits of
both.

• Performance. The popularity of neural networks has mostly
been driven by their superior performance when compared
with legacy methods. We aim to retain this high level of
performance for image processing applications.

• Interpretability. What a trained neural networks does to ac-
complish its task is notoriously hard to interpret. Construct-
ing them in terms of PDEs gives a concrete geometric inter-
pretation for its operations.

• Strong prior/weak data. PDEs add a strong additional prior
on top of only using geometric symmetries. Assuming this
prior aligns with the application, we can expect to get good
results even if the available training data is weak, i.e. has
few and/or noisy samples.

• Manual tuning. Classic use of geometric PDEs requires man-
ual fine-tuning of its parameters which can easily lead to
poor generalization beyond the few samples that were man-
ually examined during development. In a neural network
all the parameters will be systematically trained in way that
has been observed to generalize well.

To summarize, we can say that the PDE-G-CNNs we propose
automate the geometric image processing on Lie groups (Citti,
Franceschiello, Sanguinetti, and Sarti, 2016; Duits and Bur-
geth, 2007; Franken and Duits, 2009) and conversely it structures
neural networks using geometric PDEs to obtain better perfor-
mance, interpretability and data-efficiency (Bellaard, Bon, Pai,
Smets, and Duits, 2023; Pai, Bellaard, Smets, and Duits, 2023;
Smets, Portegies, Bekkers, and Duits, 2022).
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lietorch. We implemented our PDE-G-CNN algorithms as an
extension to the widely used PyTorch deep learning framework
(Paszke et al., 2019). Our LieTorch package is available at
www.gitlab.com/bsmetsjr/lietorch and contains both CPU and
CUDA implementations of our algorithms that are exposed as
standard PyTorch modules.

additional research. In addition to the main line of research
we outlined above we will explore two additional topics.

The first is semiring activation, which follows up on the fact
that in PDE-based networks we could dispense with traditional
activation functions since we had morphological PDEs to serve
as nonlinearities. We can still have trainable nonlinearities with
some of the same structure of a morphological PDE but without
actually being described by a PDE. This line of thinking introduces
a systematic approach for building trainable nonlinear operators
based on the algebraic structure of a semiring and experiments
with them in neural networks.

The second topic is total variation and mean curvature denoising in
SE(2). Total variation andmean curvature PDEs (Vogel andOman,
1996; Zhu and Chan, 2012) have previously been leveraged as a
basis for image denoising algorithms. Our contribution consists
of formulating these PDEs on the Lie group SE(2) and using them
to denoise the orientation score (Duits, Duits, van Almsick, and
ter Haar Romeny, 2007) of an image rather than the image itself.
This produces a denoising method that deals very well with edges
and crossings in an image and produces very high signal-to-noise
ratios. We also extend this method to deal with volumetric data
such as diffusion-weighted magnetic resonance imaging data.

outtakes. We will not cover any works for which I was not a
primary author. Here we give an overview of these works.

• Geometric flows in image processing via a Cartan connec-
tion in Duits, Smets, Wemmenhove, Portegies, and Bekkers
(2021).

• Follow-up research on various aspects of PDE-G-CNNs:
– Sub-Riemannian versions of PDE-G-CNNs and their

analysis in Bellaard, Bon, Pai, Smets, andDuits (2023).

www.gitlab.com/bsmetsjr/lietorch


list of tables 5

– U-Net variant of PDE-G-CNNs and its data-efficiency
benefits in Pai, Bellaard, Smets, and Duits (2023).

– An axiomatic basis for PDE-G-CNNs when restricted
to ℝ2 in Bellaard, Sakata, Smets, and Duits (2024).

• Geodesic tracking of vascular trees:

– Tracking vascular trees with data-driven Cartan con-
nections in van den Berg, Smets, Pai, Mirebeau, and
Duits (2024).

– Tracking vascular trees with optical and TVF enhance-
ment in van den Berg, Zhang, Smets, Berendschot,
and Duits (2023).

While I contributed to these works, the large majority of the
credit goes to their primary authors.

outline. This thesis consists of three parts.

• In Part I we cover the necessary theoretical preliminaries.
These cover a subset of differential geometry that underpins
the later parts. Some of the material in this part is adapted
from our lecture notes for the course Mathematics of Neural
Networks (Smets, 2023), though most of it is newly written
for this thesis.

• In Part II we cover deep learning.

– Chapter 5 is an introduction to group equivariant con-
volutional neural networks and a survey of the research
around them. It was newly written for this thesis.

– Chapter 6 covers PDE-G-CNNs and is an expanded
version of the theoretical parts ofDuits, Smets,Bekkers,
and Portegies (2021) and Smets, Portegies, Bekkers,
and Duits (2022).

– Chapter 7 covers the experimental results of Smets,
Portegies, Bekkers, and Duits (2022).

– Chapter 8 covers semiring activation and is an expanded
version of Smets, Donker, Portegies, and Duits (2024).
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• In Part III, which only contains Chapter 9, we cover our work
on image denoising, it is based on Duits, St-Onge, Portegies,
and Smets (2019) and Smets, Portegies, St-Onge, and Duits
(2021).



Part I

THEORET ICAL PREL IM INAR IES

This first part of the thesis is a summary of the ge-
ometric theory used in our research. Parts II and III,
while covering different subjects, share common un-
derpinnings that we factored out here. We cover that
subset of differential geometry which is relevant to our
research so that a reader less familiar with differential
geometry may also use it as a reference while reading
the later parts. We specifically want to cover the tools
required to formulate partial differential equations on
homogeneous spaces and be able to talk about equiv-
ariances in that setting. We also establish notation for
the rest of the work.

Most results discussed are standard results referenc-
ing establishedworks, with the exception of Section 3.3
which contains some minor novelties. This part is par-
tially based on the lecture notes for the course Math-
ematics of Neural Networks that we set up and taught
from 2021 to 2023 at the Eindhoven University of Tech-
nology.





In a Hausdorff space
each pair of points
have neighborhoods
that are disjoint. A
second-countable
space has a countable
basis for its topology.

1
R IEMANNIAN GEOMETRY

In our research, both in deep learning and image processing, we
consider data that naturally lives on manifolds and with which
we work using differential geometric tools. In this chapter we
recapitulate the basic tools of Riemannian geometry and some
of its generalizations that we will use throughout. A thorough
reference to this material is found in Lee (2012, 2018).

1.1 differentiable manifolds

A topological manifold of dimension = is a second-countable Haus-
dorff space " which is locally homeomorphic to an open subset
of ℝ= . Being locally homomorphic to an open subset of ℝ= means
that for each ? ∈ " there is a homeomorphism D : * → D(*) ⊆
ℝ= where* is an open neighborhood of ? and the image D(*) is
an open subset of ℝ= . We call (*, D) a chart on ".

A family (*
 , D
)
∈� of charts on " such that
⋃


∈�*
 = " is
called an atlas. The mappings D
� := D� ◦D−1


 : D
(*
�) → D�(*
�)
are called the transition maps of the atlas, where *
� = *
 ∩*�.
The relationships between the manifold, charts and transition
maps is illustrated in Figure 1.1.

An atlas (*
 , D
)
∈� for a manifold " is called a �: atlas if all
transition maps D
� are in �:

(
D�(*
�), D
(*
�)

)
. Two �: atlases

are called �: equivalent if their union is again a �: atlas. An equiv-
alence class of all such �: atlases we call a �: structure on " or
just a differentiable structure on " if the order : is implied. By a
�: manifold we will mean a topological manifold equipped with
a �: structure, when we say differentiable manifold we mean a �:
manifold where we imply some :. With a chart of a manifold

9
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"

*
 *�

ℝ=

ℝ=

D


D�

D
� = D� ◦ D−1

D�
 = D
 ◦ D−1

�

Figure 1.1: A manifold " with two charts (*
 , D
) and
(
*� , D�

)
and their transitions maps D
� and D�
.

We can go even
further than smooth

manifolds and define
such things as real

analytic �$

manifolds, but we
will not consider

these here.

The �: manifolds
together with their

�: diffeomorphisms
form the category of

manifolds Man: .
This is a category

since the composition
of two �: maps is

again a �: map.

we will then mean a chart belonging to one of the atlases of its
differentiable structure.

In this work, when we say manifold without further elaboration
we mean a �∞ manifold, and we use the term smooth synony-
mously with �∞.

A subset # of a manifold " is called a submanifold of ", if for
all ? ∈ # there exists a chart (*, D) of " such that D(* ∩ #) =
D(*) ∩ (ℝ=′ ×{0}), where ℝ=′ ×{0} ↩→ ℝ=′ ×ℝ=−=′. Then # is a
=′-dimensional manifolds since it can be equipped with an atlas
of charts of the type (* ∩ #, D |*∩# ) for each ? ∈ # .

1.2 smooth maps & diffeomorphisms

Amap 5 : " → # between two �: manifolds is said to be �: if for
each ? ∈ " and each chart (+, E) on # with 5 (?) ∈ + there exists
a chart (*, D) on" such that ? ∈ * , 5 (*) ⊆ + and E◦ 5 ◦D−1 is �: .
The relationship between 5 and its proxy E ◦ 5 ◦ D−1 is illustrated
in Figure 1.2. We will denote the set of �: maps between " and
# with �:(", #). In the case of �∞ we simply talk about smooth
maps. When # = ℝ we use the abbreviation �∞(") := �∞(",ℝ).

A �: map 5 : " → # is called a �: diffeomorphism if there
exists an inverse 5 −1 : # → " that is also a �: map. If there
exists a diffeomorphism between two manifolds we say they are
diffeomorphic.
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" *
?

#

+

�(*)
�(?)

ℝ=

D

ℝ=
E(�(?))

D E

5

E ◦ � ◦ D−1

Figure 1.2: A �: map 5 between two manifolds and its represen-
tation E ◦ � ◦ D−1 between chart co-domains.

There are many
equivalent ways of
defining tangent
vector, we use the
algebraic definition
here.

A map 5 : " → # between manifolds of the same dimension
is called a local diffeomorphism if each ? ∈ " has an open neigh-
borhood * so that 5 |* : * → 5 (*) ⊂ # is a diffeomorphism.
As an example: (1 and ℝ are not diffeomorphic since there ex-
ists no continuous bijection between them, but they are locally
diffeomorphic.

1.3 tangent bundle

derivations. Let " be a =-dimensional manifold. A derivation
with base point ? ∈ " acting on �∞(") is a linear operator -? :
�∞(") → ℝ that additionally satisfies Leibniz’s rule at its base
point:

-?( 51 52) = 51(?)-? 52 + 52(?)-? 51 , (1.1)

for all 51 , 52 ∈ �∞(") and where 51 52 is their pointwise multipli-
cation. If the base point is clear from context we may drop the
subscripted ? and just write -. As a corollary to Leibniz’s rule we
have that -? applied to a constant function yields zero:

-?(1) = -?(1 · 1) = 1 · -?(1) + 1 · -?(1) = 2 · -?(1),
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"
*

�1

�2

D1

D2
D

Moving along the
axes of a chart yields

curves on the
manifold which can

be identified with
derivations at

D−1(0).

which implies that -?(1) = 0. By linearity we see that if 5 is locally
constant around ? then -? 5 = 0.

It is easy to check that for any given base point ? ∈ " the
derivations at that point form a vector space, we call this vector
space the tangent space at ? and its elements the tangent vectors at
?. We denote the tangent space of " at the point ? with )?".

We can make derivations more concrete by constructing some
with the help of a chart.

the tangent bundle. For a manifold " we call the disjoint
union of all its tangent spaces the tangent bundle

)" :=
∐
?∈"

)?". (1.2)

Per Lee (2012, Prop. 3.18) the tangent bundle )" of a smooth = di-
mensional manifold has a natural topology and smooth structure
that makes it into a smooth vector bundle, which can be shown
by constructing a smooth atlas for )" based on the coordinate
basis, as we will see next.

coordinate basis. Let = = dim" and without loss of general-
ity let (*, D) be a chart centered at ?, i.e. D(?) = 0. Now define a
set of curves �D

8
: � → * where � is some interval containing 0 by

moving along the axes of the chart:

�D8 (C) := D−1(0, . . . , 0, C
↑

8−Cℎ
?;024

, 0, . . . , 0),

clearly �D
8
(0) = ? for all 8 = 1 . . . =. Based on these curves we can

define a set of operators

(%D 8 )? : �∞(") → ℝ

as follows:

(%D 8 )? := lim
C→0

5 (�D
8
(C)) − 5 (?)
C

(1.3)

for all 5 ∈ �∞("), where we include D in the notation to empha-
size the dependence on the choice of chart.

Clearly these operators are linear maps from �∞(") to ℝ and
also satisfy Leibniz’s rule (1.1) since they are just the usual limit
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of a difference quotient of an ℝ → ℝ function, hence we can
conclude that they are in fact tangent vectors: for 8 = 1 . . . = we
have:

(%D 8 )? ∈ )?".

We call these tangent vectors the coordinate basis tangent vectors
of the chart (*, D), we will check that they in fact form a basis.

This set of = tangent vectors is linearly independent. To see this
suppose that

=∑
8=1

E 8 (%D 8 )? = 0

for some scalars E 8 ∈ ℝ. Recall that (*, D) is a smooth map and so
its component functions are smooth real-valued functions: D 8 ∈
�∞(*). Hence, we can let the above operator act on them to find
that for all 9 = 1 . . . =:

0 =

=∑
8=1

E 8 (%D 8 )? D 9 =
=∑
8=1

E 8�
9

8
= E 9 ,

from which we conclude that these tangent vectors are linearly
independent.

If 5 ∈ �∞(") then 5 ◦ D−1 ∈ �∞(D(*) ⊆ ℝ=) and so we can
apply Hadamard’s lemma around the origin to express the function
5 as:

5 ◦ D−1(D(@)) = 5 ◦ D−1(0) +
=∑
8=1

(D 8(@) − 0) ℎ8(D 8(@)),

where @ ∈ * , D 8 ∈ �∞(*) is the 8-th component function of D and
ℎ8 ∈ �∞(D(*) ⊆ ℝ=) for each 8 = 1 . . . =. Simplified we get:

5 (@) = 5 (?) +
=∑
8=1

D 8(@) ℎ8(D 8(@)).
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Applying the coordinate basis tangent vectors (1.3) of (*, D) to
this decomposition of 5 yields

(%D 8 )? 5 = 0 +
=∑
9=1

(%D 8 )?
(
D 9( · ) ℎ 9(D 9( · ))

)
=

=∑
9=1

D 9(?) (%D 8 )? ℎ 9(D 9( · )) + ℎ 9(D 9(?)) (%D 8 )? D 9( · )

=

=∑
9=1

ℎ 9(0) � 98

= ℎ8(0).

Now the application of some derivation -? ∈ )?" to this de-
composition of 5 yields

-? 5 = 0 +
=∑
8=1

-?

(
D 8( · ) ℎ8(D 8( · ))

)
=

=∑
8=1

D 8(?)-?ℎ8(D 8( · )) + ℎ8(D 8(?))-?D 8

=

=∑
8=1

ℎ8(0)-?D 8 .

We recognize ℎ8(0) as the value of applying the coordinate basis
tangent vector of (*, D) to 5 and -?D 8 is just a real number, so we
obtain:

-? 5 =

=∑
8=1

-?D
8 (%D 8 )? 5 ,

or more succinctly:

-? =

=∑
8=1

-?D
8 (%D 8 )? . (1.4)

This means that we can write any derivation at ? as a linear com-
bination of the = coordinate basis tangent vectors of a chart con-
taining ?, this proves in particular that dim)?" = dim" for all
? ∈ ".



1.3 tangent bundle 15

the tangent bundle as a smooth manifold. Given a chart
(*
 , D
) on " we can construct a chart (�−1

"
(*
), dD
) on )"

where dD
 : �−1
"
(*
) → D
(*
) ×ℝ= is given by

dD
(-?) :=
(
D
(�"(-?)), -?D1


 , . . . , -?D
=



)
.

If we have another (overlapping) chart (*� , D�) and its induced
tangent bundle chart dD� : �−1

"
(*�) → D�(*�) ×ℝ= we can look at

the associated transition maps

dD
� = dD� ◦ dD−1

 : D
(*
�) ×ℝ= → D�(*
�) ×ℝ= .

Let (G, E) = (G1 , . . . , G= , E1 , . . . , E=) ∈ D
(*
�) ×ℝ= ⊆ ℝ2= then

dD
�(G, E) = dD�

(
=∑
8=1

E 8
(
%D 8


)
D−1

 (G)

)
=

(
D
�(G), �GE

)
,

where �G ∈ ℝ=×= is the Jacobian matrix of D
� at G:

�G =


(%1)G D1


� · · · (%=)G D1

�

...
. . .

...

(%1)G D=
� · · · (%=)G D=
�

 .
Clearly then these transition maps are smooth and so give us a
smooth structure on the tangent bundle )". We choose the topol-
ogy of )" so that all charts dD
 are homeomorphisms, this again
yields a separable Hausdorff space and so the tangent bundle )"
is a smooth manifold just like its base space " is.

The coordinate maps given by

(?, -?) ↦→
(
D1(?), . . . , D=(?), -?D1 , . . . , -?D

=
)

are also referred to a the natural coordinates on )".

smooth vector fields. Now that we have established that the
tangent bundle is itself a smooth manifold we can talk about the
smoothness of vector fields. A smooth vector field - on a manifold
" is a smooth section of the tangent bundle)", i.e.- : " → )"

is smooth and �" ◦ - = id" .
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When a vector field is only smooth on an open subset of " we
say it is locally smooth. We denote the set of all smooth vector fields
as Γ()"), i.e. the set of smooth sections of )". With the usual
addition and scalar multiplication Γ()") is a real vector space.

Previously we identified tangent vector with derivations at par-
ticular points of the manifold, we can consequently also identify
a vector field with a field of derivations over the whole manifold.
We can look at a vector field - as a linear map

- : �∞(") → �∞(")

that satisfies the Leibniz rule with respect to pointwise multipli-
cation for every point of the manifold:

-( 51 52) = 51- 52 + 52- 51 ,

for all 51 , 52 ∈ �∞("). We will use subscripting of a vector field
with a manifold element to indicate the tangent vector at that
point since we apply a vector field to a function 5 yielding another
function. So the notation becomes (- 5 )(?) = -? 5 rather than
(- 5 )(?) = -(?) 5 where - is applied to both an element of �∞(")
and subsequently ", which is confusing notation.

lie bracket. If -,. ∈ Γ()") then the mapping 5 ↦→ -(. 5 ) −
.(- 5 ) is again a derivation of �∞(") and so a vector field on ".
We call this vector field the commutator or Lie bracket of the vector
fields - and . and write

[-,.] := - ◦ . − . ◦ -,

where the composition is seen as a composition of linear maps.
The Lie bracket [ · , · ] : Γ()")2 → Γ()") has the following prop-
erties for all -,., / ∈ Γ()") and all 5 ∈ �∞("):

[-,.] = −[., -] (anti-symmetric),

[-, [., /]] = [[-,.], /] + [., [-, /]] (the Jacobi identity),

[ 5 -, .] = 5 [-,.] − (. 5 )-,

[-, 5 .] = 5 [-,.] + (- 5 )..



1.3 tangent bundle 17

Note that the dual
coordinate basis
covectors (dD 8)? are
exactly the tangential
components of the
tangent bundle chart
we constructed
previously.

cotangent bundle. Let " be a manifold and ? ∈ ", then the
cotangent space of " at ? is the dual of the tangent space, i.e.

)∗
?" := ()?")∗.

Since )?" is finite dimensional it follows that )?" and )∗
?" are

isomorphic as vector spaces. If the tangent vectors{
(%D 8 )?

}=
8=1

are the coordinate basis vectors induced by a chart (*, D), then
the dual basis is denoted by {

(
dD 8

)
?
}=
8=1. Since it is the dual basis

we have (
dD 8

)
?

(
(%D 9 )?

)
= �89 .

Just like for the tangent spaces, we call the disjoint union of all
the cotangent spaces the cotangent bundle:

)∗" :=
∐
?∈"

)∗
?",

which, when equipped with the unique topology and smooth
structure perLee (2012, Prop 11.9), is again a smooth vector bundle.

Each scalar function 5 ∈ �∞(") induces a special section of
the cotangent bundle called its differential d5 ∈ Γ()"), which is
given by

d5 (-) := - 5

for - ∈ Γ()"). We denote pointwise evaluation with different
notations depending on the context:

(d5 )?(-) := d5 (-)(?) := -? 5 .

Naturally we can use the tangent and cotangent spaces to con-
struct tensor spaces. The tensor space )(B,A)

? " is defined as

)
(B,A)
? " := )(B,A)()?") := )?" ⊗ · · · ⊗ )?"︸                ︷︷                ︸

B copies

⊗)∗
?" ⊗ · · · ⊗ )∗

?"︸                ︷︷                ︸
A copies

.

As with the tangent and cotangent spaces, the disjoint union
of these tensor spaces gives us the tensor bundle )(B,A)" when
equipped with the natural topology and smooth structure inher-
ited from the tangent and cotangent bundles. The set of smooth
sections of any tensor bundle we denote as Γ()(B,A)").
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1.4 pushforward & pullback

Smooth maps between manifolds allows (co-)tangent vectors to
be transported along them in a natural manner. Let " and # be
manifolds and let ) : " → # be a smooth map. The pushforward
of ) at a point ? ∈ " is a linear map )∗ |? : )?" → ))(?)# given
by (

)∗
��
?
(-?)

)
5 := -?

(
5 ◦ )

)
for any 5 ∈ �∞(#) and -? ∈ )?". Naturally the pushforward
induces a smooth map between tangent bundles )∗ : )" → )#

in a way that makes the following diagram commute:

)" )#

" #
)

�" �#

)∗

The pushforward of a composedmap obeys a type of chain rule:
suppose ) : " → # and # : # → % are both smooth maps then
(# ◦ ))∗ |? = #∗ |)(?) ◦ )∗ |? .

Similar to the pushforward of tangent vectors we have the pull-
back of cotangent vectors. The pullback )∗ |? : )∗

)(?)# → )∗
?" of )

at ? is given by:(
)∗

��
?
$)(?)

)
-? := $)(?)()∗

��
?
-?),

for any -? ∈ )?" and $)(?) ∈ )∗
)(?)# . Higher order contravari-

ant tensor fields can be pulled back in the same way. Let $ ∈
Γ()(0,B)") then we define(
)∗��

?
$)(?)

) (
(-1)? , . . . , (-B)?

)
:= $)(?)

(
)∗

��
?
(-1)? , . . . , )∗

��
?
(-B)?

)
for all -1 , . . . , -B ∈ Γ()"), this will be useful for working with
Riemannian metrics later.

Only in the case that ) : " → # is a diffeomorphism does
it make sense to pushforward cotangent vectors and pullback
tangent vectors as follows:

)∗��
?
.)(?) :=

(
)−1

)
∗

���
)(?)

.)(?) and )∗
��
?
�? :=

(
)−1

)∗���
)(?)

�?

(1.5)
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"

� ⊂ ℝ

�

A smooth curve that
is an immersion but
not necessarily an
embedding.

for any .)(?) ∈ ))(?)" and �? ∈ )∗
?".

Usually explicitly writing the restriction to a certain point of a
pushforward or pullback is redundant as it can be inferred from its
argument, hence we usually just write )∗(-?) instead of )∗ |?(-?)
for pushforwards and similarly for pullbacks.

functions & curves. Let 5 ∈ �∞(#) then we say the pullback
)∗ 5 ∈ �∞(") of 5 is given by )∗ 5 := 5 ◦ ). Similarly, if we have
a curve � : ℝ → " then we say its pushforward )∗� : ℝ → # is
given by )∗� = ) ◦ �.

1.5 immersion, submersion and embedding

A smoothmap ) : " → # between two smoothmanifolds" and
# is called an immersion if its pushforward )∗ |? : )?" → ))(?)#
is injective at all ? ∈ ". Conversely, ) is called a submersion if its
pushforward is surjective at all points of ".

Naturally, when ) is a immersion then dim" ≤ dim# and
when ) is a submersion then dim" ≥ dim# .

A smoothmap) : " → # is an embedding when its image)(")
is a submanifold and the map " → )(") is a diffeomorphism.

curves. A type of map that we often encounter is a curve � ∈
�∞(� , ")where � ⊆ ℝ is some interval (open or closed). A basis for
Γ()�) is given by the tangent vector field d/dC that acts on smooth
functions on � in the obvious manner(

d
dC

)
C

5 := lim
ℎ→0

5 (C + ℎ) − 5 (C)
ℎ

.

All - ∈ Γ()�) can then be written as -C = -1(C) (d/dC)C for some
-1 ∈ �∞(�).

As is conventional, we use the dot-notation to indicate the push-
forward of these tangent vectors along the curve to the manifold
as follows:

¤�(C) := �∗ |C
((

d
dC

)
C

)
, (1.6)

we call ¤� a vector field along a curve � since �" ◦ ¤� = �. The appli-
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Smooth vector fields
admit (maximal)

integral curves.

cation of this vector field to a smooth function 5 ∈ �∞(") is then
given by

¤�(C) 5 =
(

d
dC

)
C

( 5 ◦ �) = lim
ℎ→0

5 (�(C + ℎ)) − 5 (�(C))
ℎ

.

The pushforward �∗ is injective at C ∈ � provided ¤�(C) ≠ 0 since
for any -C , .C ∈ )C � there exists -1 , .1 ∈ ℝ so that -C = -1 (d/dC)C
and .C = .1 (d/dC)C . Then �∗-C = �∗.C implies -1 = .1 and so also
-? = .? .

Consequently, smooth curves with ¤�(C) ≠ 0 for all C ∈ � are
immersions of some interval of the real line. However, they are
not always embeddings since their image �(�) ⊂ " need not be a
submanifold, see the margin figure for an example.

1.6 flows

integral curves. A smooth curve � ∈ �∞(� , ") for some open
interval of ℝ is called an integral curve or flow line of a vector field
- ∈ Γ()") if we have that ¤�(C) = -�(C) for all C ∈ �. We say � is a
maximal integral curve if it is not possible to extend it to a larger
open interval, i.e. there is no open interval � ⊃ � and integral curve
� : � → " of - so that � |� = �.

Given a smooth vector field - ∈ Γ()"), then for any ? ∈ "

there is an open interval �? ⊂ ℝ containing the origin and an
integral curve �? : �? → " of - with �?(0) = ?. Moreover if �?
is maximal then it is unique. This can be shown by looking at a
chart (*, D) containing ?, in the chart the statement ¤�(C) = -�(C)
becomes a system of ordinary differential equations with initial
condition �?(0) = ?. Since- is smooth the existence of a unique lo-
cal solution that depends smoothly on the initial condition follows
from the Picard-Lindelöf theorem. A curve found like that can be
extended to another overlapping chart by taking one of the points
of the curve in the intersection as the new initial condition of the
ODE. Iterating like that we end up with a unique maximal curve,
either because we end up with �? = ℝ or the curve leaving the
manifold (if that is possible). Details and proof of this statement
are found in Lee (2012, Thm. 9.12).
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flow operator. Let - ∈ Γ()"), then we define the flow of - as

Fl-C (?) := Fl-(C , ?) := �?(C), (1.7)

where �? : �? → " is the maximal integral curve of - starting
at ? ∈ " from before. Note that the domain of Fl- is not the full
ℝ ×" but the potentially smaller D(-) :=

⋃
?∈" �? × {?} where

each �? is the domain of the maximal integral curve of - started
at ?. If it happens that D(-) = ℝ ×" then we say Fl- is a global
flow, if not we say it is a local flow.

What these flows give us in particular is away ofmoving tensors
along a given vector field. Indeed since a Fl-C is a smooth mapping
from " to " it follows that it has a smooth pushforward (Fl-C )∗ :
)" → )" and pullback (Fl-C )∗ : )∗" → )∗". In particular
(Fl-C )∗ |? : )?" → )@" and (Fl-C )∗ |? : )∗

@" → )∗
?" where @ =

Fl-(C , ?).

lie derivative. Using flows we can give meaning to difference
quotients of vector and covector and higher order covariant or
contravariant tensors. Let - ∈ Γ()"), for scalar functions 5 ∈
�∞(") we define the Lie derivative L- : �∞(") → �∞(") as

L- 5 :=
(

d
dC

)
0
(Fl-C )∗ 5 = - 5 ,

which is identical to the familiar way of using a vector field as a
derivation. Going further: for a . ∈ Γ()") we can define the Lie
derivative L- : Γ()") → Γ()") as

L-. :=
(

d
dC

)
0
(Fl-C )∗..

We can perform the pullback on a vector field here since Fl-C is a
local diffeomorphism for each C. The same works for a covector
field $ ∈ Γ()∗") as in

L-$ :=
(

d
dC

)
0
(Fl-C )∗$,

or higher order contravariant or covariant tensors.
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The Riemannian
metric is usually

denoted by 6, but we
reserve 6 for group

elements.

Technically G is a
(0, 2) tensor field and

not a ‘metric’. It is
however convention

to also call G a metric
since it does directly

induce an actual
metric.

1.7 riemannian metric

In Euclidean spaces we have a straightforward way of measuring
distances but a manifold requires extra structure before we can
talk about distances. A Riemannian metric on a smoothmanifold"
is a symmetric positive definite section of the (0, 2)-tensor bundle,
i.e. G ∈ Γ()∗" ⊗ )∗") so that G?(-? , -?) ≥ 0 for all -? ∈ )?"

and equality only holds if the vector is 0 additionally we have
G?(-? , .?) = G?(.? , -?) for all -? , .? ∈ )?". To emphasize how a
Riemannian metric is an inner product on each tangent space we
also use the inner product notation (-? , .?)G := G?(-? , .?), where
we may drop the subscripted G if it is clear from context which
metric we are using.

Since we require G to be a smooth section we have that (-,.)G :
" → ℝ is a smooth function for all smooth vector fields -,. ∈
Γ()"). A manifold equipped with a Riemannian metric is called
a Riemannian manifold.

After a choice of chart (*, D) we can express the Riemannian
metric in terms of the coordinate cotangent basis at ? ∈ * as
follows for some -? , .? ∈ )?":

(
-? , .?

)
G
=

©­«
=∑
8=1

- 8
? (%D 8 )? ,

=∑
9=1

.
9
? (%D 9 )?

ª®¬G
=

=∑
8 , 9=1

- 8
? .

9
?

(
(%D 8 )? , (%D 9 )?

)
G
,

where we let - 8
? = (dD 8)?(-?) and . 9? = (dD 9)?(-?) be the compo-

nents of the tangent vectors in the coordinate basis of the chart.
When we define G8 9 ∈ �∞(*) as

G8 9(?) :=
(
(%D 8 )? , (%D 9 )?

)
G

for each 8 , 9 = 1 . . . = then we can write the metric on* as

G|* =

=∑
8 , 9=1

G8 9 dD 8 ⊗ dD 9 .

We call the functions G8 9 : * → ℝ the components of the metric in
the chart (*, D). It is often convenient to organize the component
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functions of a metric in a matrix (the so-called Gram matrix) which
we denote with

[G8 9] :=


G11 · · · G1=
...

. . .
...

G=1 · · · G==

 .
Note that by construction for each ? ∈ * , the matrix [G8 9(?)] is
symmetric and positive definite.

length of curves & distance. With a Riemannian metric G
in hand we can define the length of a curve. Let � ∈ �∞(� , ")
where � is an interval in ℝ then we define the length of � as

LenG(�) :=
∫
�

‖ ¤�(C)‖G dC

where ‖ ¤�(C)‖G :=
√
( ¤�(C), ¤�(C))G and ¤�(C) ∈ )�(C)" so that for all

5 ∈ �∞(")

¤�(C) 5 = lim
ℎ→0

5 (�(C + ℎ)) − 5 (�(C))
ℎ

.

It can easily be verified that this definition is independent of the
choice of parameterization of the curve. Using this definition of
length of curves we can define the distance between two point of
a Riemannian manifold as the infinum of the length of all curves
between those points:

3G(?, @) := inf
{

LenG(�)
��� � ∈ PC([0, 1], "), �(0) = ?, �(1) = @

}
,

(1.8)
where PC([0, 1], ") are the piecewise smooth functions from [0, 1]
to". This distance 3G is a metric in the formal sense and so is sym-
metric, reflexive and satisfies the triangle inequality, consequently
(", 3G) forms a metric space.

cut locus. As metrics and their smoothness play a role in our
later work, we need to take into account where that smoothness
fails. For any give ? ∈ " the cut locus cut(?) ⊂ " is the set of
points where the distance map dG(?, · ) is not smooth (excluding
? itself). As long as we stay away from the cut locus, the infinum
from (1.8) gives a unique geodesic.
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volume. Besides a notion of length, the Riemannian metric also
gives us a way of measuring volume, exactly how it does this
depends on whether the manifold is orientable or not. If a =-
dimensional manifold " admits a smooth non-vanishing =-form
(nowhere identical to the zero mapping) we say the manifold
is orientable, if no such form exists we say the manifold is not
orientable.

If the manifold is orientable, we can choose a smooth non-
vanishing =-form to establish the orientation of a given (local)
basis of the tangent bundle. Let � ∈ Ω=(") be a smooth non-
vanishing =-form and let (�1,? , . . . , �=,?) be a basis of )?" then
we say (�1,? , . . . , �=,?) is positively oriented if

�(�1,? , . . . , �=,?) > 0

and is negatively oriented if

�(�1,? , . . . , �=,?) < 0.

Since � is non-vanishing every basis at every point is either posi-
tively or negatively oriented. After we have chosen in this manner
which bases are positively oriented we say we have an oriented
manifold.

An oriented Riemannian manifold (", G) admits a unique =-
form vol" ∈ Ω=(") so that if (�1 , . . . , �=) is a local positively
oriented orthonormal frame then

volG(�1 , . . . , �=) = 1,

or alternatively, if (�1 , . . . , �=) is local positively oriented orthonor-
mal coframe then

volG = �1 ∧ · · · ∧ �= ,

we call vol" the volume form. If (*, D) is a chart of " then the
volume form is given by

volG =

√
det [G8 9] dD1 ∧ · · · ∧ dD= .

In the case that the manifold is not orientable we cannot produce
a signed volume form but we can still define an unsigned density
that works similarly. Indeed let (�1 , . . . , �=) be a local orthonormal
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For a nice overview
of the different types
of integration see
Tao (2010).

A linear connection
is also known as a
Koszul connection.

coframe thenwe call the smooth pseudo-form volG = |�1∧· · ·∧�= |
the Riemannian density. It is easy to check that volG(�1 , . . . , �=) = 1
for any orthonormal frame (�1 , . . . , �=) not just those that are
positively oriented. In the case that the manifold is oriented we
have volG = | volG |, but the density has the advantage of being
well defined either way.

Both the volume form and Riemannian density can be inte-
grated over, in the first case as an integral over =-forms, in the
second case as an integral over a density. For the purpose of inte-
gration of scalar functions these integrals agree, i.e.

∫
"
5 volG =∫

"
5 volG for any appropriate 5 : " → ℝ. For that reason the same

volG symbol is often used for both the volume form and density.

1.8 linear connections & the levi-cevita connection

We know how to differentiate scalar functions along vector fields
on a manifold, but we also want to differentiate vector fields (and
other tensor fields) as we can do in Euclidean spaces per

∇-?. = lim
C→0

.?+C-? − .?
C

where . ∈ Γ()ℝ=) and -? ∈ )?ℝ= ' ℝ= . This construction does
not translate to manifolds since there is no canonical mechanism
to subtract vectors living in two different tangent spaces, i.e. when
-? ∈ )?" and -@ ∈ )@" then we do not know what -? − -@
means. To be able to differentiate vector fields and other types of
tensor fields we need an additional structure on our manifold that
allows us to connect tangent spaces in the same way as the above
difference quotient does.

A linear connection on a manifold " is a map

∇ : Γ()") × Γ()") → Γ()"),

which satisfies

1. ∇ 51-1+ 52-2(.) = 51∇-1. + 52∇-2 (total linearity in the first
argument),

2. ∇-( 5 .) = (- 5 ). + 5∇-. (Leibniz rule),
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3. ∇-(�1.1 + �2.2) = �1∇-.1 + �2∇-.2 (scalar linearity in the
second argument),

for all �2 ,�2 ∈ ℝ, 5 , 51 , 52 ∈ �1(") and -, -1 , -2 , ., .1 , .2 ∈
Γ("). Pay attention to the fact that the pointwise evaluation of
the resulting vector field happens in the first argument: (∇-.)? =
∇-?.. Only having an isolated tangent vector in the second argu-
ment (. above) makes no sense since we want to quantify exactly
how . changes in the direction of -? at the point ? ∈ ".

A linear connection is essentially the same thing as a covariant
derivative which is a ℝ-linear map ∇ : Γ()") → Γ()∗" ⊗ )")
that satisfies the product rule

∇( 5 -) = d5 ⊗ - + 5∇-

for all 5 ∈ �∞(") and - ∈ Γ()"). It is apparent that this is the
same definition as that of the linear connection but with currying
the first argument.

Whenwehave a curve � ∈ �∞(� , ") for some interval � ⊂ ℝ and
a vector field - ∈ Γ()") we say - is parallel along � if ∇ ¤�(C)- = 0
for all C ∈ � (or ∇ ¤�- = 0 for short). When we have a vector field -
that satisfies-�(C) = ¤�(C) for all C ∈ � thenwe say � is an autoparallel
curve with respect to ∇ if ∇ ¤� ¤� ≡ ∇ ¤�- = 0.

tensor connections. A linear connection implicitly defines a
dual connection ∇∗ : Γ()") × Γ()∗") → Γ()∗") by

d($(.)) (-) = (∇∗
-$)(.) + $(∇-.)

for each -,. ∈ Γ()") and $ ∈ Γ()∗").
From the linear connection and its dual we then also get connec-

tions for higher order tensor bundles by recursively applying the
following tensor product connection. Let∇(1) and∇(2) be connections
on some ranks of tensor bundles of " and B1 and B2 smooth sec-
tion of those tensor bundles, then the tensor product connections
∇(1) ⊗ ∇(2) is defined as(

∇(1) ⊗ ∇(2)
)
-
(B1 ⊗ B2) := ∇(1)

-
B1 ⊗ B2 + B1 ⊗ ∇(2)

-
B2

for each - ∈ Γ()").
From now on we will use the same symbol to denote the initial

linear connection on the tangent bundle and its derived connec-
tions on the cotangent and higher order bundles.
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We abbreviate
)�([0, 1]), i.e. the
tangent bundle along
the curve � to )�.

christoffel symbols. Given a chart (*, D) of " we see how
a linear connection can be expressed in terms of the coordinate
basis of the chart. Let -,. ∈ Γ()") so that - =

∑=
8=1 -

8%D 8 and
. =

∑=
9=1.

9%D 9 on* , then

∇-. = ∇∑=
8=1 -

8%
D8

©­«
=∑
9=1

. 9%D 9
ª®¬

=

=∑
8 , 9=1

- 8 ∇%
D8

(
. 9%D 9

)
=

=∑
9=1

-. 9%D 9 +
∑
8 , 9=1

- 8. 9∇%
D8
%D 9 .

Now ∇%
D8
%D 9 ∈ Γ()*) for 8 , 9 = 1 . . . = so these vector fields can

again be expressed in the coordinate basis of (*, D):

∇%
D8
%D 9 =

=∑
:=1

Γ:89%D:

for some Γ:
89
∈ �∞(*). We call these local smooth functions Γ:

89
the

Christoffel symbols of ∇ on the chart (*, D). The expression for the
linear connection in the coordinate basis can then be cleaned up
to

∇-. =
∑
:=1

©­«-.: +
=∑

8 , 9=1
Γ:89-

8. 9
ª®¬ %D: .

parallel transport. A linear connection connects tangent
spaces in a more literal sense by giving a way of transporting
tangent vectors from one tangent space to another. Let ?, @ ∈ "
and let � ∈ �∞([0, 1], ") be an embedding so that �(0) = ? and
�(1) = @. Now define the parallel transport operator P� : )?" →
Γ()�) so that it is linear and satisfies(

P�-?
)
?
= -? and

∇ ¤�(C)P�-? = 0

for all -? ∈ )?" and C ∈ [0, 1].
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We can see that C ↦→
(
P�-?

)
�(C) exists and is unique by looking

at it in a chart. Without loss of generality consider a chart (*, D)
of " that fully contains � then P� is determined by its effect on
the coordinate basis:(

P� (%D 8 )?
)
�(C)

=

=∑
9=1

%
9

8
(C) (%D 9 )�(C)

where % 9
8

: [0, 1] → ℝ for 8 , 9 = 1 . . . =. The twodefining conditions
of parallel transport give use an initial value problem for the
functions % 9

8
. The first condition translates to the initial conditions

%
9

8
(0) = �

9

8
. The second condition ∇ ¤�(C)P�-? = 0 translates to the

following system of equations:

¤% 9
8
(C) = −

=∑
:,ℓ=1

%:8 (C) ¤�
ℓ (C)Γ9

ℓ :
(�(C))

for 8 , 9 = 1 . . . =. Applying the Picard-Lindelöf theorem gives us the
existence, uniqueness of the solution to this system of ordinary
differential equations, additionally the solution is smooth since the
Christoffel symbols and the curve coordinates are smooth. Since
the points ?, @ and the curve � were chosen arbitrarily we can
now have a general method of transporting tangent vectors along
the manifold. Note that the parallel transport of the same tangent
vector between the same two points can still differ depending on
the choice of curve between those points.

Conversely, we can recover the linear connection back from the
parallel transport map. Say we have a basis {�8 ,?}=8=1 of )?" then
parallel transport gives us a basis {

(
P��8 ,?

)
�(C)}

=
8=1 of )�(C)" for

all C ∈ [0, 1]. So, at least along the curve, we can express the vector
field . as .�(C) =

∑=
8=1.

8(�(C))
(
P��8 ,?

)
�(C) for some appropriate

. 8 ∈ �∞(*). Let -? = ¤�(0) then we find

∇-?. =

=∑
8=1

(
-?.

8
)
�8 ,? + . 8(?)∇-?

(
P��8 ,?

)
but by definition ∇-?P��8 ,? = 0 so we are left with

∇-?. =

=∑
8=1

-?.
8�8 ,?
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"

)?"

-?

?

)@"

(P�1-?)@

(P�2-?)@@

�1

�2

Figure 1.3: How parallel transport moves a tangent vector from
one point of the manifold to another depends on the
curve along which we transport the tangent vector.

as the expression for the connection in this frame.
We will compare this expression to the one we get by differen-

tiating using parallel transport. If P� : )?" → Γ()�) is as before
we can extend its domain to all tangent spaces along the curve �
instead of just )?" by specifying that

P�
(
P�-?

)
�(C) = P�-?

for all -? ∈ )?" and C ∈ [0, 1]. In effect we can recover the
whole vector field P�-? from any of its individual tangent vectors
P�

(
P�-?

)
�(C) not just the initial -? . In particular this allows us to

transport any tangent vector along the curve back to its starting
point ? since (

P�.�(C)
)
?
∈ )?"

for any .�(C) ∈ )�(C)".
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With parallel transport we can now give meaning to taking the
derivative of a vector field:

d
dC

(
P�.�(C)

)
?

����
C=0

=
d
dC

(
P�

=∑
8=1

. 8(�(C))
(
P��8 ,?

)
�(C)

)
?

������
C=0

=
d
dC

=∑
8=1

. 8(�(C))
(
P�

(
P��8 ,?

)
�(C)

)
?

�����
C=0

=

=∑
8=1

d
dC.

8(�(C))
����
C=0

�8 ,?

=

=∑
8=1

-?.
8 �8 ,? ,

which is identical to the expression we found for ∇-?.. We can
conclude that linear connections and a parallel transport maps
are interchangeable.

levi-cevita connection. In principle, we can in any chart
(*, D) select some Christoffel symbols Γ:

89
∈ �∞(*) and this (lo-

cally) defines a connection as long as Γ:
89

= Γ:
98
. In practice we

will want to choose the connection so that it matches some other
structure of the manifold, in the case of a Riemannian manifold
we can first of all choose the connection to be compatible with the
metric.

A connection ∇ is metric compatible with a Riemannian metric G
if ∇G = 0, that is

-(G(., /)) = G(∇-., /) + G(.,∇-/), (1.9)

for all -,., / ∈ Γ()"). This property can be more easily under-
stood in terms of parallel transport: a connection is metric com-
patible if its associated transport maps are isometries. Meaning
that for any � ∈ �∞([0, 1], ") with �(0) = ? we have(

(P�-?)�(C) , (P�.?)�(C)
)
G
=

(
-? , .?

)
G
,

for all C ∈ [0, 1] and all -? , .? ∈ )?". A corollary to this is that or-
thonormal frames are always transported to orthonormal frames.
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Metric compatibility does not yet uniquely determine a connec-
tion; an additional property we can impose is that of being torsion
free. We say a connection ∇ is torsion free if

∇-. − ∇.- = [-,.] := - ◦ . − . ◦ - (1.10)

for all -,. ∈ Γ()") seen as linear �∞(") → �∞(") maps. Es-
sentially we want the non-commutativity of the connection to
match the non-commutativity of the vector fields of the manifold.
The non-commutativity of applying vector fields as expressed by
the Lie bracket is intrinsic to the smooth structure of the manifold,
we would like the connection we impose on top of the manifold
to respect this pre-existing structure.

Together the metric compatibility (1.9) and torsion freeness
(1.10) requirements determine a unique connection called the
Levi-Cevita connection, which we will denote by ∇G.

In a chart (*, D), the Christoffel symbols of the Levi-Cevita
connection are given in term of the metric tensor components per

Γ:89 =
1
2

=∑
ℓ=1

(
%D 9Gℓ 8 + %D 8Gℓ 9 − %DℓG8 9

)
G:ℓ (1.11)

where G:; ∈ �∞(*) are the components of the dual of G, i.e.

=∑
:=1

G8:G: 9 = �89 (1.12)

for all 8 , 9 , : = 1 . . . =.

1.9 gradient, hessian & laplacian

With the Riemannian metric and Levi-Cevita connection in hand
we can now generalize many differential operators that are use-
ful for constructing partial differential equations to Riemannian
manifolds.

gradient. The Riemannian metric being an inner product field
gives us a canonical isomorphism between the tangent and cotan-
gent bundle given by -? ↦→ (-? , · )G ∈ )∗

?" for each -? ∈ )?".
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The gradient is
essentially the Riesz
representative of d5?
relative to the inner

product G? .

When opportune we
will contract the

notation for %D 8 5 to
the usual % 5

%D 8
.

The gradient of a function 5 ∈ �∞(") is then the unique vector
field grad 5 ∈ Γ()") so that(

grad 5 , ·
)
G
= d5 . (1.13)

We can examine what this expression evaluates to in a chart. Let
(*, D) be some chart of", thenwe canwrite any - ∈ Γ()*) using
the coordinate basis vectors as

- =

=∑
8=1

- 8%D 8 .

for some- 8 ∈ �∞(*). Evaluating (1.13) with this vector field gives
(grad 5 , -)G = d5 (-) which expands to

©­«
=∑
8=1

dD 8(grad 5 ) %D 8 ,
=∑
9=1

- 9%D 9
ª®¬G =

=∑
8=1

- 8 % 5

%D 8
,

the left side of which becomes
=∑

8 , 9=1
dD 8(grad 5 )- 9 (%D 8 , %D 9 )G =

=∑
8, 9=1

G8 9(grad 5 )8- 9 ,

where we abbreviate (grad 5 )8 = dD 8(grad 5 ) ∈ �∞(*). We can
better see what this means for the previous equality in matrix
notation:

[
-1 · · · -=

] 
G11 . . . G1=
...

. . .
...

G=1 . . . G==



(grad 5 )1

...

(grad 5 )=

 =
[
-1 . . . -=

] 
% 5
%D1
...
% 5
%D=

 .
This can only hold for all - if

G11 . . . G1=
...

. . .
...

G=1 . . . G==



(grad 5 )1

...

(grad 5 )=

 =


% 5
%D1
...
% 5
%D=

 ,
fromwhichwe can solve for the components of grad 5 by inverting
the matrix with the components of the metric tensor:

(grad 5 )1
...

(grad 5 )=

 =


G11 . . . G1=
...

. . .
...

G=1 . . . G==


−1 

% 5
%D1
...
% 5
%D=

 .
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On a Riemannian
manifold the Hessian
generally means the
one with respect to
the Levi-Cevita
connection as we
formulate here, but
the Hessian exists for
any connection and
in our work we will
find use for Hessians
with respect to other
connections.

Since G is positive definite everywhere its associated matrices are
always invertible.Wewill denote the components of these inverted
matrices by moving the indices from subscript to superscript, i.e.
we define 

G11 . . . G1=

...
. . .

...

G=1 . . . G==

 :=


G11 . . . G1=
...

. . .
...

G=1 . . . G==


−1

,

as in (1.12).
We can now write the gradient of a function 5 in the local

coordinate basis as

grad 5 |* =

=∑
8 , 9=1

G8 9
% 5

%D 8
%D 9 (1.14)

It is common to overload to the connection symbol ∇ to indicate
the gradient when applied to a scalar function, i.e. if 5 ∈ �∞(")
then ∇ 5 ≡ grad 5 . In cases where the metric being used is ambigu-
ous we can include it in the notation as ∇G ≡ grad with respect to
a Riemannian metric G.

hessian. On a manifold" with a Levi-Cevita connection ∇G, we
define the Hessian of a smooth function 5 ∈ �∞(") as the tensor
field Hess 5 ∈ Γ()∗" ⊗ )∗") so that

Hess 5 (-,.) := (∇G
-

d5 )(.) = -(. 5 ) − (∇G
-
.) 5 (1.15)

for any -,. ∈ Γ()"). Alternatively the Hessian with respect to
the Levi-Cevita connection can be expressed as Hess 5 (-,.) =(
∇G
-

grad 5 , .
)
G
.

In a coordinate chart (*, D) the Hessian can be expressed with
the Christoffel symbols as

Hess 5 =
=∑

8 , 9=1

(
∇G

%
D8

d5
)
(%D 9 )dD 8 ⊗ dD 9

=

=∑
8 , 9=1

(
%2 5

%D 8 %D 9
−

=∑
:=1

Γ:89

% 5

%D:

)
dD 8 ⊗ dD 9 . (1.16)
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laplacian. On a Riemannian manifold (", G) with Levi-Cevita
connection ∇G the Laplace-Beltrami operator, or Laplacian for short,
of a smooth function 5 ∈ �∞(") is a denoted as Δ 5 ∈ �∞(") and
given by the trace of the Hessian with respect to the Levi-Cevita
connection:

Δ 5 := trace (Hess 5 ). (1.17)

In a chart (*, D) this becomes

Δ 5 =

=∑
8=1

Hess 5 (%D 8 , %D 9 ) =
=∑
8=1

(
%2 5

%D 8 %D 9
−

1∑
:=1

Γ:88

% 5

%D:

)
,

where we recognize the familiar sum of second order derivatives
but with some first order compensatory terms that account for
the curvature of the manifold. In terms of the components of the
Riemannian metric G the Laplacian can also be written as

Δ 5 =
1√

det[G8 9]

=∑
8 , 9=1

%D 8

(
G8 9

√
det[G8 9]

% 5

%D 9

)
.

This concludes our recapitulation of the for us relevant topics in
Riemannian geometry.



2
L IE GROUPS & HOMOGENEOUS SPACES

In the context of both deep learning and image processingwewant
to talk about symmetries, specifically how some transformation
of the input of a system is reflected in its output. In our work we
consider continuous transformations of data that are given by a
Lie group. In this chapter we summarize what Lie groups are and
how they interact with homogeneous spaces. The main references
for this chapter are Lee (2012, Ch. 7, 20, 21) and Koda (2009).

2.1 lie groups

A Lie group � is a smooth manifold that is also an algebraic group
so that its multiplication � : � × � → � and inversion � : � → �

are smooth. Multiplication of group elements will be denoted
by juxtaposition as 6162 ≡ �(61 , 62) and inversion � : � → �

as 6−1 ≡ �(6). We will denote the unit element by 4 ∈ � so that
for all 6 ∈ � we have 66−1 = 6−16 = 4. Since it is a group, the
inverse 6−1 exists for all 6 ∈ � andmultiplication is associative, i.e.
(6162)63 = 61(6263) for all 61 , 62 , 62 ∈ �. Multiplication need not
be commutative however, and in our applications it will generally
not be.

translations. To every element 6 ∈ � there are associated
two special maps: left translation !6 : � → � given by !6ℎ := 6ℎ

and right translation '6 : � → � given by '6ℎ := ℎ6. These
left and right translations are smooth group homomorphisms of
the group to itself since they can be shown to be bijective and
also smooth since !6 = �(6, · ) and '6 = �( · , 6) and � is smooth.
Their inverses are equally smooth since !−1

6 = !6−1 and '−1
6 = '6−1 .

35
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Furthermore, it is easy to check that !6 ◦ !ℎ = !6ℎ and '6 ◦ 'ℎ =
'ℎ6 .

invariant vector fields. Being diffeomorphisms, the left and
right translations induce pushforwards. Vector fields that stay
invariant under these pushforwards are of special interest. We say
a tangent vector field - ∈ Γ()") is left-invariant if for all 6 ∈ � we
have (!6)∗- = -. We denote the set of left-invariant vector fields
as

X(�) :=
{
- ∈ Γ()�)

��∀6 ∈ � : (!6)∗- = -
}
. (2.1)

Similarly, we say - is right-invariant if ('6)∗- = -. We will be
working only with left-invariant vector fields so we reserve no
symbol for the set of right-invariant vector fields.

Left- and right-invariant vector fields are fully identified by
their value in any individual tangent space. Indeed, if - ∈ Γ()")
is left-invariant then -6 = ((!ℎ)∗-)6 = (!ℎ)∗-ℎ−16 for all 6, ℎ ∈ �,
hence it is sufficient to specify - in, say, )4� and then obtain -6 =
(!6)∗-4 for all 6 ∈ �. Which means that X(�) is isomorphic to
)4� or any other individual tangent space. The same observation
applies to right invariant vector fields.

A vector field being left or right invariant is equivalent to saying
that it commutes with the left respectively right translations. Say
- ∈ X(�) then for all 5 ∈ �∞(�) and 6, ℎ ∈ � we have( (

!6
)
∗ -

)
ℎ
5 = -ℎ 5

⇐⇒ -6−1ℎ( 5 ◦ !6) = -ℎ 5

⇐⇒
( (
-( 5 ◦ !6)

)
◦ !6−1

)
(ℎ) = -ℎ 5 ,

and so
-( 5 ◦ !6) = (- 5 ) ◦ !6

for all 5 ∈ �∞(�) and 6 ∈ �. If - was a right invariant vector field
then we similarly have -( 5 ◦ '6) = (- 5 ) ◦ '6 for all 5 ∈ �∞(�)
and 6 ∈ �.

lie algebra. Let � be a Lie group and let -,. ∈ X(�) be left-
invariant vector fields, then the Lie bracket [-,.] also yields a
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left-invariant vector field since for every 5 ∈ �∞(�) and 6 ∈ � we
have

[-,.]( 5 ◦ !6) = -
(
.( 5 ◦ !6)

)
− .

(
-( 5 ◦ !6)

)
= -

(
(. 5 ) ◦ !6

)
− .

(
(- 5 ) ◦ !6

)
= (-(. 5 )) ◦ !6 − (.(- 5 )) ◦ !6
= ([-,.] 5 ) ◦ !6

and so [-,.] ∈ X(�). This turns the set X(�) of left-invariant
vector fields into a Lie algebra, i.e. a vector space equipped with a
Lie bracket [ · , · ] that satisfies the propertieswe detailed in Section
1.3. Since left-invariant vector fields are fully determined by their
value in )4� we can also identify X(�) ≡ )4� and see )4� as a
Lie algebra with the Lie bracket on )4� being inherited from the
Lie bracket (i.e. commutator) of the corresponding left-invariant
vector fields as

[-4 , .4] :=
[
6 ↦→ (!6)∗-4 , 6 ↦→ (!6)∗.4

]
4
∈ )4� (2.2)

for all -4 , .4 ∈ )4�. The tangent space at the unit element together
with the inherited Lie bracket (2.2) is usually called the Lie algebra
of � and denoted by g := ()4�, [ · , · ]). Given that the Lie bracket
of g comes from the commutator of X(�) it is natural that g and
(X(�), [ · , · ]) are also isomorphic as Lie algebras.

structure constants. Suppose we have a basis (�8)=8=1 of X(�),
then we can express -,. ∈ X(�) as - =

∑=
8=1 -

8�8 and . =∑=
8=1.

8�8 for some - 8 , . 8 ∈ ℝ for all 8 = 1 . . . =. Then by linearity
of the Lie bracket we get

[-,.] =

=∑
8=1

- 8�8 ,

=∑
9=1

. 9� 9

 =

=∑
8 , 9=1

- 8. 8[�8 , � 9].

Since we know the Lie bracket of two left-invariant vector fields
yields another left-invariant vector field we can re-express the Lie
bracket of the basis vectors in terms of the same basis, i.e. there
exist constants 2:

89
∈ ℝ for all 8 , 9 , : = 1 . . . = so that

[�8 , � 9] =
:∑
:=1

2:89�: , (2.3)
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the coefficients 2:
89
are called the structure constants of � with re-

spect to the basis (�8)=8=1.

exponential maps . Let � be a Lie group, then a group homo-
morphism � : (ℝ,+) → � is called a one-parameter subgroup or
exponential curve of �. Being group homomorphisms, such curves
satisfy �(0) = 4 and �(B + C) = �(B)�(C) for all C , B ∈ ℝ.

Left-invariant vector fields naturally have an exponential curve
associated to them in the sense that if - is a left-invariant vector
field and � is an exponential curve with ¤�(0) = -4 then for all
C ∈ ℝ we have ¤�(C) = -�(C). Indeed exponential curves are exactly
the flow lines of left-invariant vector fields through the identity.
This can be verified as follows for any 5 ∈ �∞(�):

-�(C) 5 =
( (
!�(C)

)
∗ -4

)
5

= -4( 5 ◦ !�(C))
= ¤�(0)( 5 ◦ !�(C))

=

(
d
dB

)
0
( 5 ◦ !�(C))(�(B))

=

(
d
dB

)
0
5 (�(C + B))

=

(
d
dB

)
C

( 5 ◦ !�(B))

= ¤�(C) 5 .

Consequently, each exponential curve can be uniquely identi-
fied with its tangent vector at the identity ¤�(0) since each such
tangent vector can be uniquely extended to a left-invariant vec-
tor field 6 ↦→ (!6)∗ ¤�(0) and this left-invariant vector field subse-
quently yields the original curve again as an integral curve. Using
this we define the exponential map exp� : g → � as

exp�(-) := �(1) (2.4)

for every - ∈ g where � is the unique exponential curve with
¤�(0) = -4 . This can be restated in terms of a flow (1.7) as

exp�(C-) = Fl-C (4).
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In our applications
the exponential map
will generally be
surjective but not
injective, meaning
we often have + = �.

The exponential curve can easily be recovered as C ↦→ exp�(C-),
fromwhichwe can also see that exp�((B+C)-) = exp�(B-) exp�(C-)
and exp�(-)−1 = exp�(−-).

From the fact that exp�(- +.) = exp�(.+-) but in general we
have exp�(-) exp�(.) ≠ exp�(.) exp�(-)we can surmise that in
general exp�(- + .) ≠ exp�(-) exp�(.) unless [-,.] = 0.

Finally, we observe that for any 6 ∈ � and left-invariant vector
field - ∈ g left multiplication !6 must map integral curves of
- to integral curves of -. Consequently, C ↦→ !6 exp�(C-) is the
integral curve of - started at 6, which means it corresponds to
the flow C ↦→ Fl-C (6). We conclude that the flow of - is given by
right multiplication by exp�(C-) since Fl-C (6) = !6 exp�(C-) =
6 exp�(C-) = 'exp�(C-)6.

logarithmic map The exponential map is not necessarily in-
jective nor surjective but it can be restricted to a diffeomorphism
from a neighbourhood of 0 ∈ g to a neighbourhood of 4 ∈ � (Lee,
2012, Prop. 20.8). This allows us to locally invert the exponential
map. Say* is a neighbourhood of 0 ∈ g and+ is a neighbourhood
of 4 ∈ � so that the exponential map is a diffeomorphism between
them then we call its inverse the logarithmic map which we denote
by log� : + → * .

representations. Lie groups are often studied through their
actions on vector spaces. Given a Lie group � and vector space
+ , then a representation is a pair (+, )) with ) : � → GL(+) a
group homomorphism, i.e. it has the property that )(6261) =

)(62) ◦ )(61) for all 61 , 62 ∈ �. We say a representation is effective
or faithful if it is injective.

An irreducible representation, or irrep for short, is a representation
(+, )) such that there is no (non-trivial) linear subspace, ⊂ +

that is closed under ), i.e. )(6)F ∈, for all F ∈, and 6 ∈ �.

lie subgroups. A Lie group � is a Lie subgroup of a Lie group
� if (i) it is an immersed submanifold of � and (ii) it is a subgroup
of � seen as an abstract group. In practice, most Lie subgroups are
identified through Cartan’s closed subgroup theorem, which states
that any closed (in the topological sense) subgroup of a Lie group
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A left action can be
converted into a right
action and vice versa,

hence focusing on
one does not

represent a loss of
generality.

is a Lie subgroup. In this case the subgroup inherits the subspace
topology and differential structure from the Lie group.

One way to generate Lie subgroups is through the Lie algebra.
Let g be the Lie algebra of a Lie group � and h ⊂ g is a Lie sub-
algebra, then there is a unique (connected) Lie subgroup � ⊂ �

that has h as its Lie algebra. The reverse is also true, if � is a Lie
subgroup of � then its Lie algebra h is a subalgebra of the Lie
algebra g of � (Koda, 2009, Thm. 1.5).

2.2 group actions & homogeneous spaces

Lie groups are mostly interesting for how they can act on other
spaces and we will almost exclusively work in a setting where
data lives on a space that has a Lie group acting on it. Let � be a
Lie group and " a smooth manifold, then we say a smooth map
� : � ×" → " is a smooth left group action if

• �(62 , �(61 , ?)) = �(6261 , ?) for all 61 , 62 ∈ � and ? ∈ " and

• �(4 , ?) = ? for all ? ∈ ".

Right actions can be defined similarly, but in our work we only
require left actions, henceforth for the sake of brevity we will
understand 02C8>= to mean smooth left group action.

Next to the notation above it is also common to define �6 :=
�(6, · ) : " → "which is a diffeomorphism for each 6 ∈ �.When
it is understoodwhat the action is we can also write 6 ·? := �(6, ?).
We use these three notations interchangeably depending onwhich
is most convenient in any given setting.

Given an action we call � · ? := {6 · ? | 6 ∈ �} the orbit of the
point ? ∈ " under the action of �.

For each ? ∈ ", the stabilizer or isotropy group of ? is given by

�? := {6 ∈ � | 6 · ? = ?}, (2.5)

which is always a subgroup of� due to the properties of the action.
Moreover, since the action is smooth if follows that if (6=)=∈ℕ is a
sequence in �? with lim=→∞ 6= = 6 ∈ � then

�(6, ?) = �
(

lim
=→∞

6= , ?
)
= lim
=→∞

�(6= , ?) = ?.
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Hence �? is closed and so by Lie’s closed subgroup theorem we
can conclude that �? is a Lie subgroup of �.

By definition we have that �6(?) = ? for all 6 ∈ �? , so we
also have that (�6)∗ |? : )?" → )?" for all 6 ∈ �? . Since by
the properties of group actions we have �ℎ ◦ �6 = �ℎ6 it follows
that (�ℎ)∗ ◦ (�6)∗ = (�ℎ6)∗. From this we conclude that the map
�? : �? → GL()?") given by �?(6) := (�6)∗ is a representation, we
call this map the isotropy representation at ?.

If we have a Lie group �, a smooth manifold " and an action,
thenwe say" is a homogeneous space with respect to � if the action
is transitive, meaning: for all ?1 , ?2 ∈ " there exists at least one
6 ∈ � so that 6 · ?1 = ?2. More colloquially: for every two points in
the homogeneous space there is at least one group element whose
action takes the first point to the second.

principal & trivial homogeneous spaces. A Lie group
is a homogeneous space with respect to itself with the action
being simply group multiplication, i.e. 6 · ℎ := 6ℎ. This is called
the principal homogeneous space. On the other end is the trivial
homogeneous space {0} with the trivial action 6 · 0 = 0.

lie group quotients. An important property of homogeneous
spaces is that all of them are diffeomorphic to a group quotient of
� by one of its closed subgroups �, i.e. to some �/�. We can see
this by choosing a reference element ?0 ∈ " and considering its
stabilizer �?0 per (2.5). Recall that the stabilizer is a closed group
since 6 ↦→ �(6, ?0) is continuous and so �( · , ?0)−1 is closed in �
since {?0} is closed in ".

Now any ? ∈ " can be identified with a coset of �?0 in the
form 61�?0 where 61 ∈ � is any group element so that 61 · ?0 = ?

(which always exists since the action is assumed to be transitive).
This mapping is well defined since in the first place:

(61�?0) · ?0 = 61 · (�?0 · ?0) = 61 · ?0 = ?,

and in the second place: if we have another 62 ∈ � with 62 · ?0 = ?

then 61 · ?0 = 62 · ?0 and so 6−1
1 62 · ?0 = ?0 from which we

conclude that 6−1
1 62 ∈ �?0 . Since �?0 is a group itself we have

6−1
1 62�?0 = �?0 then we have

61�?0 = 616
−1
1 62�?0 = 62�?0 .
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The map from the left cosets of �?0 is a bijection that can be in-
verted by ? ↦→ 6?�?0 where 6? is any group element so that
6? · ?0 = ?. Since the action is smooth this map forms a diffeo-
morphism between �/�?0 and ", for formal proof see Lee (2012,
Thm. 21.18).

For brevity we can denote the left cosets of �?0 as

�?0→? := {6 ∈ � | 6 · ?0 = ?} (2.6)

and identify ? ≡ �?0→? . Then the action of a 6 ∈ � on a ? ∈ " is
just left multiplication with the corresponding �?0→? , i.e. 6 · ? ≡
6�?0→? = �?0→6·? .

Remark that the reference point ?0 ∈ " is entirely arbitrary
in this construction, so there is no special meaning to �?0 being
the only coset that is itself a subgroup of �. Choosing another
reference point will make that point’s corresponding coset a group
and the coset corresponding to ?0 will (generally) stop being a
group.

the quotient space is all you need. Since any homogeneous
space is diffeomorphic to some group quotient �/� with a closed
subgroup � we can also just work with the quotient space and
disregard the homogeneous space as a separate space. Any ? ∈
�/� is then a subset ? ⊂ � so that there exists at least one 6? ∈ �
so that ? = 6�. It then makes sense to say 6 ∈ ? in the same way
as we could say 6 ∈ �?0→? before. In this setting the reference
element ?0 from before is exactly the closed subgroup �. We
denote the quotient map as � : � → �/� given by

�(6) := 6�. (2.7)

The quotient map � is a smooth submersion by the homogeneous
space construction theorem in Lee (2012, Thm. 21.17).

2.3 some examples

Themain Lie group that we use in this work is the special Euclidean
group in two dimensions, or (�(2) for short, which we will discuss
extensively in Chapter 4. For now we introduce some other pair-
ings of Lie groups and homogeneous spaces that are also relevant
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for image processing applications but not directly used in our
work.

translation group. The space ℝ= can itself be seen as a Lie
group of translations where its group product is the usual vector
addition, i.e. GH := G + H for all G, H ∈ ℝ= . When we want to
emphasize the interpretation of ℝ= as a group of translations we
denote it as )= := (ℝ= ,+). The translation action on itself as the
principal homogeneous space is the obvious G · H = G+ H for every
G ∈ T= and H ∈ ℝ= .

scaling and translation group. The =-dimensional Lie
group of scalings and translations is defined as ST(=) = ℝ= o

ℝ>0 where the group product is given by (G2 , 02)(G1 , 01) = (G2 +
02G1 , 0201) for all (G1 , 01), (G2 , 02) ∈ ℝ= × ℝ>0. This group has
as unit element 4 = (0, 1) and the inverse is given by (G, 0)−1 =

( − G/0, 1/0). Notice that this group is not commutative.
The spaceℝ= is a homogeneous space of ST(=) under the action

(G, 0) · H = G + 0H for all (G, 0) ∈ ST(=) and H ∈ ℝ= .

similarity group. The =-dimensional Lie group of similarity
transforms is defined as SIM(=) = ℝ= o (SO(=) ×ℝ>0) where the
group product is given by

(G2 , '2 , 02)(G1 , '1 , 01) = (G2 + 02'2G1 , '2'1 , 0201)

for all (G2 , '2 , 02), (G1 , '1 , 01) ∈ ℝ=×SO(=)×ℝ>0. The unit element
of SIM(=) is 4 = (0, � , 1) and the inverse can be calculated as

(G, ', 0)−1 = (−0−1'−1G, '−1 , 0−1),

and again the group is not commutative.
The space ℝ= is a homogeneous space of SIM(=) under the

action
(G, ', 0) · H = G + 0'H

for all (G, ', 0) ∈ SIM(=) and H ∈ ℝ= .
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This construction
can be repeated for

right invariance and
right invariant vector

fields.

2.4 group invariant structures

Certain structures on the homogeneous space such as vector fields,
tensor fields, and metrics are special in that they are unaffected
by the action of the group.

invariant riemannian structure. Being smooth manifolds,
homogeneous spaces can be equipped with a Riemannian metric.
In this setting we are interested in the Riemannian metric being
(left) invariant under the (left) action of the group. This means
that under a group action � of a group � the Riemannian metric
G ∈ Γ()∗" ⊗ )∗") satisfies (�6)∗G = G for all 6 ∈ �.

If we are working in the principal homogeneous space, i.e. the
group � itself, then the group action is just left multiplication, so
the (left) invariance requirement can be phrased as (!6)∗G = G for
all 6 ∈ �. The invariance requirement can also be stated in terms
of the Lie algebra/left-invariant vector fields X(�) by requiring
that G(-,.) must yield a constant function for all -,. ∈ X(�).
This implies that there is a natural identification of left-invariant
Riemannian metrics and inner products on X(�).

In the general setting, where the homogeneous space " under
consideration is not necessarily the group itself, the existence of
an invariant Riemannian metric depends on the isotropy repre-
sentation. Let �? : �? → GL()?") be the isotropy representation
at ? ∈ ", then there exists a �-invariant Riemannian metric on
" if and only if the closure of �?(�?) is compact in GL()?"). This
result is detailed in Lee (2018, Thm. 3.17). In our applications the
isotropy group itself will usually be compact, in which case �?(�?)
will also be compact by continuity and an invariant Riemannian
metric exists.

pseudometrics on the group. If a �-invariant metric G exists
on a homogeneous space �/� then it has a natural counterpart on
�. Recall the quotientmap� : � → �/� (2.7) given by�(6) = 6�,
then

G̃ := �∗G ∈ Γ

(
)(0,2)�

)
(2.8)

is a pseudometric tensor field on the group �. It is not a full Rieman-
nian metric since it clearly is degenerate in the direction of �, i.e.
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‖ log�(ℎ)‖G̃ = 0 for all ℎ ∈ �. As such ‖ · ‖G̃ is a seminorm on any
given tangent space and not a full norm.

In the same fashion as § 1.7 this pseudometric tensor field in-
duces a pseudometric per

dG̃(61 , 62) := inf
�∈Lip([0,1], �)
�(0)=61 , �(1)=62

∫ 1

0
‖ ¤�(C)‖G̃ dC. (2.9)

By construction we have that

dG̃(61 , 62) = dG(61�, 62�)

and in particular dG̃(61 , 62) = 0 if 61 , 62 ∈ ? for some ? ∈ �/�.
By requiring � and � to be connected, we get the following

strong correspondence between the metric structure on the homo-
geneous space and the pseudometric structure on the group.

Lemma 2.1 Let 61 , 62 ∈ � so that �(62) is away from the cut
locus of �(61), then:

3G̃(61 , 62) = 3G(�(61),�(62)).

Moreover if � is a minimizing geodesic in the group � connect-
ing 61 with 62 then � ◦ � is the unique minimizing geodesic in
the homogeneous space �/� that connects �(61) with �(62).

Proof. Assuming it exists, let � ∈ Lip([0, 1], �) be a minimiz-
ing geodesic connecting �(0) = 61 with �(1) = 62 and let � ∈
!8?([0, 1], �/�) be the unique minimizing geodesic connecting
�(0) = �(61) with �(1) = �(62). Because of the pseudometric on
�, minimizing geodesics are not unique, i.e. � is not unique. On
�/� we have a full metric and so staying away from the cut locus
means � is both unique and minimizing.

Denote the length functionals with:

Len�(�) :=
∫ 1

0
‖ ¤�(C)‖G̃ dC ,

Len�/�(�) :=
∫ 1

0
‖ ¤�(C)‖G dC.
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Observe that by construction of the pseudometric tensor field G̃

on � we have: Len�(�) = Len�/�(� ◦ �).
Now we assume � ◦ � ≠ �. Then since � is the unique geodesic

we have
Len�/�(�) < Len�/�(� ◦ �) = Len�(�).

But then we can find some �lift ∈ Lip([0, 1], �) that is a preimage
of �, i.e. � ◦ �lift = �. The potential problem is that while �lift(0) ∈
�(61) and �lift(1) ∈ �(62), �lift does not necessarily connect 61 to 62.
But since the coset �(61) is connected we can find a curve wholly
contained in it that connects 61 with �lift(0), call this curve �head ∈
Lip([0, 1],�(61)). Similarly we can find a �tail ∈ Lip([0, 1],�(62))
that connects �lift(1) to 62. Both these curves have zero length
since � maps them to a single point on �/�, i.e. Len�(�head) =
Len�(�tail) = 0.

Now we can compose these three curves:

�new(C) :=


�head(3C) if C ∈ [0, 1/3],

�lift(3C − 1) if C ∈ [1/3, 2/3],

�tail(3C − 2) if C ∈ [2/3, 1].

This new curve is again in Lip([0, 1], �) and connects 61 with 62,
but also:

Len�(�new) = Len�(�lift) = Len�/�(�) < Len�(�),

which is a contradiction since � is a minimizing geodesic between
61 and 62. We conclude � ◦ � = � and thereby:

3G̃(61 , 62) = Len�(�) = Len�/�(�) = 3G(�(61),�(62)).

�

This result allows us to more easily translate results from Lie
groups to homogeneous spaces.

invariant vector fields. A vector field - ∈ Γ()") is said to
be �-invariant (the action � is inferred) if(

�6
)
∗ - = -
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for all 6 ∈ �. In the case of the principal homogeneous space these
are exactly the left-invariant vector fields but in general it may be
that very few vector fields satisfy this condition, down to only the
trivial vector field (i.e. the zero vector field) doing so.

invariant tensor fields. Since �6 is a diffeomorphism for any
6 ∈ � the two specific cases above can be generalized to mixed
higher-order tensors that can be both pushed forward and pulled
back per (1.5).





An image of an apple
(top) follows by three
geometric
transformations
(translation, rotation
and scaling), the
bottom image is an
example of a
non-geometric
transformation that
we will not consider.

3
EQUIVAR IANCE

A core notion in our work is that of equivariance, which is about
systems whose output transforms in a predictable manner when
their input is transformed in certain ways. Equivariance can be
understood very broadly but for our purposes we consider a very
specific type of geometric equivariance based on the Lie group
and homogeneous space theory of Chapter 2. This chapter is based
on Lee (2018, Ch. 7), Federer (2014, Ch. 2.7) , Cohen (2021) and
Smets (2023, Ch. 3).

In the first two sections we make formal what we mean by
equivariance in the homogeneous space setting, with emphasis
on equivariant linear operators. In § 3.3 we cover our equivariance
theorem in the setting of scalar valued maps on homogeneous
spaces that admit covariant integrals. This theorem underpins our
later design of equivariant neural networks.

3.1 equivariant maps & operators

Suppose � is a Lie group and " and # are smooth manifolds
with smooth (left) actions �" and �# . Then we can consider maps
� : " → # that are equivariant with respect to those group actions,
i.e.

�(�"(6, ?)) = �# (6, �(?))

for all 6 ∈ � and ? ∈ ", or more concisely:

�(6 · ?) = 6 · �(?).

49
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Equivalently, � is equivariant if the following diagram commutes
for each 6 ∈ �:

" #

" #.

�

�

�"6 �#6

actions on functions. This idea extends naturally to operators
between function spaces on those manifolds. Suppose - is some
function space on " with arbitrary codomain and 5 ∈ - then the
action �" : �×" → " naturally induces an action �- : �×- →
- by

�-(6, 5 ) := 5 ◦ �"(6−1 , · ). (3.1)
Straightforward computation allows us to verify that �- is indeed
a left action. We call �- the action on - induced by the action �"

on ".
If the space of functions - is a vector space, which it usually is,

then the action �- is linear in its second argument and so it is a
representation.

equivariant operators. Let - be a function space on " and
. a function space on # equipped with the corresponding repre-
sentations �- and �. per (3.1).

Then an operator � : - → . is equivariant if

� ◦ �-6 = �.6 ◦ �, ∀6 ∈ �. (3.2)

Or in words: for every group element doing the corresponding
transform on the input space - and then applying the operator �
gives the same results as first applying the operator � and then
performing the transform corresponding to the group element on
the output space .. Or in words: letting a group element act on an
input and then applying the operator � yields the same results as
first applying the operator � and then letting the group element
act on its output.

3.2 integral operators & covariant integration

Let us now examine what linear operators between functions
on homogeneous spaces are equivariant. Assume again that we
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have a Lie group � and two of its homogeneous spaces " and #
under the actions �" respectively �# . Denote the vector space of
bounded and continuous functions on a space " by

BC(") := �(") ∩ �("). (3.3)

Let - = BC(") and . = BC(#) be the spaces of bounded and
continous functions on " respectively # which are equipped
with the actions induced on them per (3.1). Note that the space of
bounded and continous functions BC(") is a Banach space under
the supremum norm ‖ 5 ‖∞ := sup?∈" | 5 (?)|.

integral operators. An integral operator � : - → . is given
by

(� 5 )(@) :=
∫
"

:�(?, @) 5 (?)d�"(?) (3.4)

where a measurable :� : " × # → ℝ is the so-called kernel of �
and �" is a choice of Radon measure on ". As long as the kernel
:� satisfies

sup
@∈#

∫
"

|:�(?, @)| d�"(?) < ∞ (3.5)

then � is a bounded (and so continous) linear operator from - to
. in the supremum norm (we prove this statement in Lemma 3.1).

We can now ask ourselves when operators of the type (3.4) are
equivariant, i.e. under what conditions do we have

�(6 · 5 ) = �(�-(6, 5 )) = �.(6, � 5 ) = 6 · (� 5 )

for all 5 ∈ -. It turns out we need two things for equivariance:

1. the integral needs to be invariant or covariant,

2. the kernel :� needs to have the correct symmetry.

We tackle the invariant/covariant integral first.

invariant integrals. When integrating over the Lebesgue mea-
sure on ℝ= we obtain an integral that is translation equivariant.
Ideally we want the integral on " to be similarly invariant under
action by �, or formally∫

"

(6 · 5 )(?)d�"(?) =
∫
"

5 (6−1 · ?)d�"(?) =
∫
"

5 (?)d�"(?)
(3.6)



52 equivariance

" being a character
means "(4) = 1 and
"(6ℎ) = "(6)"(ℎ).

for any integrable function 5 : " → ℝ and all 6 ∈ �. This imposes
a condition on themeasure �" , namely: for all measurable subsets
( ⊂ " and 6 ∈ � we require �"(6 · () = �"(() where 6 ·
( := {6 · ? | ? ∈ (}. In other words we need a (non-trivial) group
invariant measure to get the desired integral. When we integrate
with respect to such a measure we say we are using an invariant
integral. These �-invariant measures, or just invariant measures,
do not always exists but when they do not it is sometimes still
possible to obtain a covariant measure instead.

covariant integrals. A linear character or just character of a
Lie group � is a continuous group homomorphism from � to the
multiplicative group of positive real numbers (ℝ>0 , · ). A measure
�" on" is said to be covariant with respect to a character " : � →
ℝ>0 if

�"(6 · () = "(6)�"(()
for all 6 ∈ � and measurable ( ⊂ ". Integrating with a covariant
measure yields a covariant integral that satisfies∫

"

(6 · 5 )(?)d�"(?) = "(6)
∫
"

5 (?)d�"(?) (3.7)

for any integrable 5 : " → ℝ and all 6 ∈ �. The invariant
measure/integral is then just a special case of the covariant mea-
sure/integral where " ≡ 1.

haar integrals. In the special case of the principal homoge-
neous space, i.e. " = � with left multiplication as the action,
there always exists an invariant measure and therefor an invariant
integral. This measure is unique up to scalar multiplication and
is called the (left) Haar measure of �. Integrating with the (left)
Haar measure yields an invariant integral that we call the (left)
Haar integral. The right Haar measure and integral similarly exist
and are unique (up to scalar multiplication) but need not coincide
with their left-invariant counterparts. See Federer (2014, Ch. 2.7)
for details on this topic. We will only be use the left Haar integral
so we will just refer to it as the Haar integral.

notation. We will only be working in homogeneous spaces that
admit invariant or covariant integrals and only ever consider one
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per space, so we write integrals without naming the measure.
Hence

∫
"
. . . d? will by default mean an invariant/covariant inte-

gral and
∫
�
. . . d6 will mean the (left) Haar integral.

3.3 equivariant linear operators

Now that we have established the necessary properties of the in-
tegrals we can move on to examining what kernel symmetries are
required for an integral operator to be equivariant. Many equiv-
ariance results of this type exist for a plethora of settings, hence
ours is similar to existing work. Indeed, what we present here is
almost the general result from Cohen (2021, Ch. 9.4) restricted to
the scalar codomain, but ours is distinct in that we include the
option of a covariant integral and we make a statement about the
boundedness/continuity of our operators. Another similar result
is by Bekkers (2019) which uses the Radon-Nikodym derivative
to deal with non-invariant integration instead of our covariant
approach and uses different function spaces. For those reasons
we present our specific results as propositions with proofs.

Our main result is Theorem 3.3, which will be an important tool
in designing equivariant neural networks. We start with a lemma
that specifies which symmetries the 2-argument kernel from (3.4)
needs to have for its corresponding operator to be equivariant.
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Lemma 3.1 Let " and # be homogeneous spaces of a Lie
group � so that " admits a covariant integral with character
"" . Let � be an integral operator (3.4) from BC(") to BC(#)
with a kernel :� ∈ �(" × #). Then

�(6 · 5 ) = 6 · (� 5 )

for all 6 ∈ � and 5 ∈ BC(") if and only if

""(6) :�(6 · ?, 6 · @) = :�(?, @) (3.8)

for all 6 ∈ �, ? ∈ " and @ ∈ # .
Moreover � is bounded (and so continuous) in the supremum
norm if

sup
@∈#

∫
"

|:�(?, @)| d? < ∞. (3.9)

Proof.

“⇒”
Assuming � to be equivariant, take an arbitrary 6 ∈ � and 5 ∈

BC(") and substitute the definition of the group representation
and � in the equality 6−1 · �(6 · 5 ) = � 5 to find∫

"

:�(?, 6 · @) 5 (6−1 · ?) d? =

∫
"

:�(?, @) 5 (?) d? (3.10)

for all @ ∈ # .
Fix @ ∈ # and let �(?) := :�(6 · ?, 6 · @) 5 (?). Then observe that

(6 · �)(?) = :�(6 · 6−1 · ?, 6 · @) 5 (6−1 · ?) = :�(?, 6 · @) 5 (6−1 · ?),

which is the left integrand from (3.10). Since we have assumed
covariant integration we have∫

"

(6 · �) (?) d? = ""(6)
∫
"

�(?) d?.

Applying this to (3.10) we find

""(6)
∫
"

:�(6 · ?, 6 · @) 5 (?) d? =

∫
"

:�(?, @) 5 (?) d?. (3.11)
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Since 5 was arbitrary and ? ↦→ :�(?, @) continuous it follows that

""(6) :�(6 · ?, 6 · @) = :�(?, @)

for all ? ∈ ".

“⇐”
Assuming ""(6) :�(6 · ?, 6 · @) = :�(?, @) for all 6 ∈ �, ? ∈ "

and @ ∈ # then (3.11) follows for any choice of 5 ∈ BC("), 6 ∈ �
and @ ∈ # . Substituting the covariant integral the other way yields
(3.10), which implies 6−1 · �(6 · 5 ) = � 5 since @ ∈ # is arbitrary.
The function 5 and group element 6 were also chosen arbitrarily
so the result follows for all 5 ∈ BC(") and 6 ∈ �.

Finally, boundedness of � in the supremum norm follows from

‖� 5 ‖∞ = sup
@∈#

����∫
"

:�(?, @) 5 (?)d?
���� ≤ sup

@∈#

∫
"

|:�(?, @)| | 5 (?)| d?

≤ ‖ 5 ‖∞ · sup
@∈#

∫
"

|:�(?, @)| d?
(3.9)
< ∞.

�

The condition on the kernel (3.9) is partially redundant with
the symmetry requirement as the following lemma shows.

Lemma 3.2 In the same setting as Lemma 3.1. If the kernel
:� ∈ �("×#) satisfies the symmetry (3.8) and for some @ ∈ #
satisfies ∫

"

|:�(?, @)| d? < ∞

then
‖:�( · , @1)‖!1(") = ‖:�( · , @2)‖!1(")

for all @1 , @2 ∈ # .
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Proof. Since # is a homogeneous space then for all @1 , @2 ∈ #

there exists a 6 ∈ � so that @1 = 6 · @2, then∫
"

|:�(?, @1)| d? =

∫
"

|:�(?, 6 · @2)| d?

=

∫
"

��:�(6 · 6−1 · ?, 6 · @2)
��d?

(3.8) =
1

""(6)

∫
"

��:�(6−1 · ?, @2)
��d?

(3.7) =
""(6)
""(6)

∫
"

|:�(?, @2)| d?

=

∫
"

|:�(?, @2)| d?.

�

The condition on the kernel from Lemma 3.1 can be exploited to
express it as a function on " instead of " × # . If we fix a @0 ∈ #
and for all @ ∈ # we choose a 6@ ∈ �@0→@ (i.e. so that 6@ · @0 = @)
then by (3.8) we have

:�(?, @) = ""(6−1
@ ) :�(6−1

@ · ?, 6−1
@ · @)

= ""(6−1
@ ) :�(6−1

@ · ?, @0),

which fixes the second input of :�. Consequentlywe could contain
all the information of our kernel in a function that exists only on
" as ��(?) := :�(?, @0). This reduced 1-argument kernel �� still
has some restrictions placed on it for the resulting operator to be
equivariant, as the following theorem makes precise.
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Note that :� is
measurable even if
@ ↦→ 6@ is not. The
latter map could be
made not measurable
by pathological
choices of 6@ in each
equivalence class but
per (3.12) this does
not affect :�.

Theorem 3.3 (Equivariant linear operators) Let " and # be
homogeneous spaces of a Lie group � so that " admits a
covariant integral with respect to a character "" of �. Fix a
@0 ∈ # and let �� ∈ �(") ∩ !1(") be compatible, i.e. have the
property that

∀ℎ ∈ �@0 : ℎ · �� = ""(ℎ)��. (3.12)

For each @ ∈ # choose a 6@ ∈ � so that 6@ · @0 = @, then the
operator � defined by

(� 5 )(@) := 1
""(6@)

∫
"

(6@ · ��)(?) 5 (?) d?

is a well defined bounded linear operator from BC(") to BC(#)
that is equivariant with respect to �. Conversely every equivari-
ant integral operator with a kernel :� ∈ �(" × #) and with
:�( · , @) ∈ !1(") for some @ ∈ # is of this form.

Proof.
“⇒”

Assuming we have a �� ∈ �(") ∩ !1(") that satisfies (3.12).
Define :� ∈ �(" × #) by

:�(?, @) := 1
""(6@)

(6@ · ��)(?).

Then :� is well defined since it does not depend on the choice of
6@ for a given @ ∈ # . If 6′@ is another group element with 6′@ ·@0 = @

then there exists a ℎ ∈ �@0 so that 6′@ = 6@ℎ (recall § 2.2). We can
check :� is invariant under choice of ℎ ∈ �@0 :

1
""(6@ℎ)

(6@ · ℎ · ��)(?) =
""(ℎ)

""(6@)""(ℎ) (6@ · ��)(?)

=
1

""(6@)
(6@ · ��)(?).
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The kernel :� also satisfies the symmetry requirement (3.8) from
Lemma 3.1:

""(6) :�(6 · ?, 6 · @) = ""(6) 1
""(6(6·@))

(6(6·@) · ��)(6 · ?)

= ""(6) 1
""(66@)

(6 · 6@ · ��)(6 · ?)

=
""(6)

""(6)""(6@)
(6@ · ��)(6−16 · ?)

=
1

""(6@)
(6@ · ��)(?)

= :�(?, @).

By Lemma 3.2 we have

sup
@∈#

∫
"

|:�(?, @)| d? = ‖:�( · , @0)‖!1(") = ‖��‖!1(") < ∞.

Consequently, � also satisfies (3.9) and is a bounded equivariant
linear operator per Lemma 3.1.

“⇐”
Assuming we have an equivariant linear operator � with kernel
:� ∈ �("×#) then we pick a fixed @0 ∈ # and define �� ∈ �(")

��(?) := :�(?, @0).

This reduced kernel �� satisfies the compatibility condition (3.12)
since if ℎ ∈ �@0 then

(ℎ · ��)(?) = :�(ℎ−1 · ?, @0) = :�(ℎ−1 · ?, ℎ−1 · @0)
= ""(ℎ) :�(?, @0) = ""(ℎ)��(?).

Since we required :�( · , @) ∈ !1(") for some @ ∈ # , we apply
Lemma 3.2 to find

‖��‖!1(") = ‖:�( · , @0)‖!1(") = ‖:�( · , @)‖!1(") < ∞.

�
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group convolution. In the setting where both input and out-
put homogeneous space are the principal homogeneous spaces,
i.e. � = " = # , Theorem 3.3 simplifies greatly. Indeed " = �

admits a Haar integral so "" ≡ 1 and the isotropy group of any
group element is trivially {4}. Consequently, the compatibility
condition (3.12) is trivially satisfied and so any �� ∈ �(�) ∩ !1(�)
defines an equivariant linear operator � : BC(�) → BC(�) by

(� 5 )(ℎ) =
∫
�

(ℎ · ��)(6) 5 (6)d6 =

∫
�

��(ℎ−16) 5 (6)d6.

We also call this operation group cross-correlation and denote it as

(� ★� 5 )(ℎ) :=
∫
�

�(ℎ−16) 5 (6) d6.

As in the familiar ℝ= setting, group cross-correlation is closely
related to group convolution, which is defined as

(�̌ ∗� 5 )(ℎ) :=
∫
�

�̌(6−1ℎ) 5 (6) d6.

Group cross-correlation and group convolution are the same up
to inversion of the kernel, i.e. � ★� 5 = �̌ ∗� 5 if �(6−1) = �̌(6) for
all 6 ∈ �. If it is clear from the context that we are operating in a
group we drop the subscripts from the★ and ∗ symbols.





We use the
semi-direct product
symbol o here to
emphasize that SE(2)
is not the direct
group product but
that the right factor
enters the
computation of the
left factor.

4
THE L IE GROUP SE ( 2 )

The Lie group of primary interest in our research is the special
Euclidean group in two dimensions, also known as the group of two-
dimensional rigid bodymotions since it consists of the translations
and rotations of two-dimensional objects. This Lie group will
allow us tomake image processing algorithms that are equivariant
to both translation and rotation of the input image, which is a
desirable property for various image processing tasks.

4.1 definition & essential properties

The Lie group SE(2) is defined as SE(2) := (ℝ2 ,+) o SO(2), where
(ℝ2 ,+) is the usual ℝ2 as an additive group and SO(2) ⊂ GL(2)
is the one-dimensional group of planar rotations represented as
orthogonal 2 × 2 matrices with determinant 1. The semi-direct
group product of two elements (G1 , '1), (G2 , '2) ∈ SE(2) is given
by

(G2 , '2)(G1 , '1) := (G2 + '2G1 , '2'1). (4.1)

The unit element of SE(2) is then given by 4 = (0, �) and inversion
by (G, ')−1 = (−'−1G, '−1). Clearly, SE(2) is not commutative.

We often parametrize the matrices of SO(2) by their angle of
rotation � ∈ ℝ/(2�ℤ) as

'(�) :=

[
cos� − sin�

sin� cos�

]
,

with the group product given by '(�1)'(�2) = '(�1 + �2). Simi-
larly, it can be convenient to use the so called small angle identifica-
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The map SE(2) →
ℝ2 × [−�,�) is not a
chart since the image
is not an open subset
of ℝ3, though as long

as we are careful
around the periodic

boundary it serves as
a convenient

coordinate system.

tion SE(2) ≡ ℝ2 × [−�,�), in which case the group product can be
written as

(G2 , �2)(G1 , �1) = (G2 + '(�2)G1 , (�1 + �2 + � mod 2�) − �)

for all (G1 , '1), (G2 , '2) ∈ ℝ2 × [−�,�). The unit element then be-
comes 4 = (0, 0) and inversion is given by (G, �)−1 = (−'(−�)G,−�)
if � ∈ (−�,�) and (G,−�)−1 = (G,−�) if not.

haar integral & measure. The usual Lebesgue integral on
ℝ2 × [−�,�) ⊂ ℝ3 is also the Haar integral on SE(2). Consider
(H, �) ∈ SE(2) acting on some integral function 5 : SE(2) → ℝ.
Then ∫

ℝ2

∫ �

−�
((H, �) · 5 ) (G, �)d� dG

=

∫
ℝ2

∫ �

−�
5
(
(H, �)−1(G, �)

)
d� dG

=

∫
ℝ2

∫ �

−�
5 (I, ))

�������
cos(−�) − sin(−�) 0
sin(−�) cos(−�) 0

0 0 1

������� d) dI

=

∫
ℝ2

∫ �

−�
5 (I, ))d) dI.

Hence the integral is invariant under left translation of the function
5 . The left Haar integral implies the left Haar measure � through

�(() =
∫
(

d6

for any measurable ( ⊂ SE(2).

lie algebra basis. The Lie algebra of SE(2) is denoted by se(2).
Recall that the Lie algebra of a Lie group � is its tangent space at
the unit )4� and is isomorphic to the set of its left invariant vector
fields X(�). The identification of SE(2) ≡ ℝ2 × [−�,�) gives us a
natural basis of se(2) = )4 SE(2), namely

�1 := (%G1)4 , �2 := (%G2)4 , �3 := (%�)4 . (4.2)
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This basis of se(2) extends naturally to a basis (A1 ,A2 ,A3) for
X(SE(2)) through the pushforward of the left multiplication !6 for
all 6 ∈ SE(2):

(A1)6 := (!6)∗�1 , (A2)6 := (!6)∗�2 , (A3)6 := (!6)∗�3.

Working out these expressions leads to the following more tangi-
ble formulas where we let 6 ≡ (G, �) ≡ (G1 , G2 , �):

(A1)(G,�) = cos� (%G1)(G,�) + sin� (%G2)(G,�) ,
(A2)(G,�) = − sin� (%G1)(G,�) + cos� (%G2)(G,�) ,
(A3)(G,�) = (%�)(G,�).

(4.3)

These three vector fields are illustrated in Figure 4.1.
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1
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2�
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�
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Figure 4.1: Our preferred basis for left invariant vector fields on
SE(2) consists of the vector fieldsA1 ,A2 andA3 given
by (4.3).

Naturally, left invariant vector fields are group equivariant oper-
ators on smooth functions under the action of left multiplication.
Denote the induced action of left multiplication on a function
5 ∈ �∞(SE(2)) with 6 · 5 := 5 ◦ !6−1 , then

(A8)ℎ(6 · 5 ) = (A8)ℎ( 5 ◦ !6−1) =
(
(!6−1)∗(A8)ℎ

)
5 = (A8)6−1ℎ 5 ,

for all ℎ ∈ SE(2). At the same time we have

ℎ ↦→ 6 · ((A8)ℎ 5 ) = (A8)6−1ℎ 5 ,

so we may conclude that A8(6 · 5 ) = 6 · (A8 5 ) for all 6 ∈ �,
5 ∈ �∞(SE(2)) (or at least differentiable) and 8 = 1, 2, 3. Hence,
left invariant vector fields form an important class of equivariant
operators on a Lie group.
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dual basis. The dual basis ($1 , $2 , $3) ⊂ X(SE(2))∗ for the left
invariant covector fields is defined by $8(A9) = �8

9
and can be

expressed in terms of the usual duals (dG1 , dG2 , d�) as

($1)(G,�) = cos� (dG1)(G,�) + sin� (dG2)(G,�) ,
($2)(G,�) = − sin� (dG1)(G,�) + cos� (dG2)(G,�) ,
($3)(G,�) = (d�)(G,�).

(4.4)

Naturally, this dual basis is also left invariant in the sense that
(!6)∗$8 = $8 for all 6 ∈ SE(2) and 8 = 1, 2, 3.

structure constants. The structure constants of the left invari-
ant frame (A1 ,A2 ,A3) follow from straightforward computation
with the expressions in (4.3) that yield

[A1 ,A2] = 0, [A1 ,A3] = −A2 , [A2 ,A3] = A1. (4.5)

Consequently, the only non-zero structure constants are

22
13 = −1, 22

31 = 1, 21
23 = 1, 21

32 = −1.

Being noncommutative the vector fields A1 ,A2 ,A3 are not the
coordinate basis tangent vector of some chart.

4.2 invariant riemannian metric

On SE(2) a Riemannian metric G ∈ Γ()∗ SE(2) ⊗ )∗ SE(2)) can be
expressed in the above dual basis as

G =

3∑
8 , 9=1

G8 9 $
8 ⊗ $ 9 (4.6)

where each G8 9 ∈ �∞(SE(2)) so that [G8 9(6)] is a symmetric positive
definite matrix at each 6 ∈ SE(2).
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A1

A2

A3

Interpretation of the
standard bases of
X(SE(2)) and se(2)
in terms of the
movements of a car:
forward and
backward along A1,
lateral slip along A2
and rotation along
A3.

We generally want the Riemannian metric to be left invariant,
i.e. (!6)∗G = G for all 6 ∈ �. This requires that

3∑
8 , 9=1

G8 9 $
8 ⊗ $ 9 = G = (!6)∗G

=

3∑
8 , 9=1

(
G8 9 ◦ !6

) (
(!6)∗$8

)
⊗

(
(!6)∗$ 9

)
=

3∑
8 , 9=1

(
G8 9 ◦ !6

)
$8 ⊗ $ 9

which requires that for all 8 , 9 = 1, 2, 3 and 6 ∈ SE(2) that G8 9 ◦!6 =
G8 9 . Since for any ℎ1 , ℎ2 ∈ SE(2) we can always find a 6 ∈ SE(2) so
that ℎ2 = 6ℎ1, the above equality can only hold if all the functions
G8 9 are constant. From which we conclude that all (left) invariant
Riemannian metrics on SE(2) are of the form (4.6) with constants
G8 9 ∈ ℝ that form a symmetric positive definite matrix [G8 9] ∈ ℝ3×3.
Hence, all invariant Riemannian metrics on SE(2) have only 6
degrees of freedom.

diagonal metric. Most of the timewe give a canonical interpre-
tation to the left invariant vector fieldsA1 ,A2 andA3. We interpret
A1 as being the main direction and interpret moving along it as
going forward, similarly we think of A2 as pointing sideways and
moving along or against it as moving laterally to the left or right.
Finally we think of moving along or against A3 as rotating coun-
terclockwise or clockwise.

Under this interpretation itmakes sense to consider Riemannian
metrics that are diagonal with respect to this basis, that is, the
Riemannian metrics that are given by

G =

3∑
8=1

G88 $
8 ⊗ $8 (4.7)

where G88 ∈ ℝ>0 for 8 = 1, 2, 3 are the 3 degrees of freedom of this
family of Riemannian metrics. The parameters G11 , G22 and G33
can be thought of as the cost of moving longitudinally, the cost of
moving laterally and the cost of rotating respectively. We will use
this type of Riemannian metric in several applications.
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Using the small
angle identification

implies � mod 2� ∈
[−�,�) for the

purpose of numerical
computations.

4.3 exponential and logarithmic map

The exponential map expSE(2) : se(2) → SE(2) is given in terms
of the basis �1 , �2 , �3 and the small angle identification (G, �) ∈
ℝ2 × [−�,�) by

expSE(2)(21�1 + 22�2 + 23�3) =



(
21 cos 23

2 − 22 sin 23

2

)
sinc 23

2(
21 sin 23

2 + 22 cos 23

2

)
sinc 23

2

23 mod 2�


,

(4.8)
for any 21 , 22 , 23 ∈ ℝ, where the sinc : ℝ → ℝ function is given
by

sinc(G) :=


sin G
G if G ≠ 0,

1 if G = 0.

See also Bekkers (2017, §2.3.3.). Clearly, (4.8) is not injective. It
is surjective however, as can be seen from the logarithmic map
logSE(2) : SE(2) → se(2) given in terms of the same basis and small
angle coordinates as

logSE(2)(G1 , G2 , �) =
G1 cos �

2 + G2 sin �
2

sinc �
2

�1

+
−G1 sin �

2 + G2 cos �
2

sinc �
2

�2

+ � �3.

(4.9)

Computation verifies that the logarithmic map is a right inverse
of the exponential map, i.e. expSE(2) ◦ logSE(2) = idSE(2), but it is not
a left inverse. Technically we choose a branch of the logarithmic
map here since we can replace (4.9) by

� + 2�=
�

·
G1 cos �

2 + G2 sin �
2

sinc �
2

�1

+ � + 2�=
�

·
−G1 sin �

2 + G2 cos �
2

sinc �
2

�2

+ (� + 2�=)�3
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for any = ∈ ℤ and still get a right inverse of the exponential map
but one that maps to a different subset of se(2).

exponential coordinates of the first kind. The coeffi-
cients from (4.9) can also serve as a coordinate system when taken
on their own:

21(G1 , G2 , �) :=
G1 cos �

2 + G2 sin �
2

sinc �
2

22(G1 , G2 , �) :=
−G1 sin �

2 + G2 cos �
2

sinc �
2

23(G1 , G2 , �) := �

(4.10)

which are called the exponential coordinates of the first kind.

4.4 the space of position and orientations M2

The space of positions and orientations in 3 dimensions is defined
as the smooth manifold M3 := ℝ3 × (3−1. For the case 3 = 2 we
have M2 = ℝ2 × (1 ≡ SE(2), though for 3 > 2 it is not the case
that M3 is equivalent to SE(3) ≡ ℝ3 o SO(3) since the former has
23 − 1 dimensions and the latter has 1/23(3 − 1) dimensions. Since
M2 ≡ SE(2) and each Lie group is a homogeneous space of itself,
M2 is a homogeneous space of SE(2).

It may seem redundant to assign a different name and symbol
to what is essentially the same object but the two different names
emphasize the two roles a Lie group can play: first as a space in
which we do geometry and let functions live (the homogeneous
space) and second as a set of transformations that can act on that
space and encodes its symmetries (the Lie group). We will use
both the designations M2 and SE(2) when we want to emphasize
those different roles.
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4.5 ℝ2 as a homogeneous space

actions. The standard way by which SE(2) acts onℝ2 is by trans-
lating and rotating the plane, or more formally through the (left)
action � : SE(2) ×ℝ2 → ℝ2 given by

6 · H = (G, �) · H = �6(H) = �(6, H) := G + '(�)H (4.11)

for any 6 ≡ (G, �) ∈ SE(2) and H ∈ ℝ2. We choose any of the
equivalent notations depending on what is convenient in a given
setting. This action naturally induces an action on functions on
ℝ2 through (6 · 5 )(H) := 5 (6−1 · H) for any 5 : ℝ2 → ℝ.

The standard frame on ℝ2 is given by the vector fields %H1 and
%H2 whose duals we denote with dH1 and dH2. In terms of the frame
(%H1 , %H2), the pushforward of the action with a group element
6 ∈ SE(2) on a vector field is determined by

(�6)∗%H1 = (�(G,�))∗%H1 = cos� %H1 + sin� %H2 ,

(�6)∗%H2 = (�(G,�))∗%H2 = − sin� %H1 + cos� %H2 .
(4.12)

Similarly for the coframe (dH1 , dH2) we have

(�6)∗ dH1 = (�(G,�))∗ dH1 = cos� dH1 + sin� dH2 ,

(�6)∗ dH2 = (�(G,�))∗ dH2 = − sin� dH1 + cos� dH2 ,
(4.13)

so that (
(�6)∗ dH 8

) (
(�6)∗%H 9

)
= �89

for all 6 ∈ SE(2). Note how the previous equations only depend
on angular coordinate � and not on the translation coordinates
G = (G1 , G2), this is expected since the vector fields %H1 , %H2 and
covector fields dH1 , dH2 are translation invariant but not rotation
invariant.

invariant integral. The Lebesgue integral on ℝ2 is invariant
under action by SE(2) since the Lebesgue measure is rotation and
translation invariant, i.e. rotating a translating a shape does not
change its Lebesgue measure/surface area. Hence we have∫

ℝ2
(6 · 5 )(H)dH =

∫
ℝ2
5 (H)dH

for all 6 ∈ SE(2) and (integrable) 5 : ℝ2 → ℝ.
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invariant riemannian metric. Riemannian metrics on ℝ2

that are invariant under action by SE(2) are very limited. In fact,
only isotropic metrics are invariant under SE(2) , that is, the met-
ric has to be a scalar multiple of the standard Euclidean metric
Geuclid := dH1 ⊗ dH1 + dH2 ⊗ dH2.





Part II

DEEP LEARNING

The second part of the thesis details our research
into neural networks. Our chief effort here consists of
developing a neural network architecture for image
processing and related tasks that is based on partial
differential equations. We call this new type of neural
network a PDE-based group convolutional neural network
or PDE-G-CNN for short. Such an architecture adds
a strong geometric prior to the network that is benefi-
cial in low-data applications that require strong equiv-
ariance. The PDE based approach complements the
group equivariance approach by giving us a set of
equivariant operators for any choice of group or ho-
mogeneous space. We first summarize group equivari-
ant convolutional neural networks in Chapter 5 before
we develop PDE-based networks on top of them in
Chapter 6.





Saying a model is
group equivariant
and convolutional is
technically
redundant since the
group equivariance
requirement will
enforce a
convolutional
structure on its
linear operators.

5
GEOMETR IC EQUIVAR IANCES IN NEURAL
NETWORKS

In this chapterwe cover the design of group equivariant convolutional
networks for imaging applications. In many image processing tasks
it is desirable for a system to exhibit equivariance with respect
to typical geometric transforms such as translation, rotation and
scaling. Group equivariant convolutional networks (or G-CNNs)
as put forward by Cohen (2021), Cohen, Geiger, and Weiler
(2020), and Cohen and Welling (2016) provide a framework for
designing neural networks that includes these symmetries as a
structural part of the network. Their work builds on earlier rigid-
motion scattering networks by Sifre (2014) and Sifre and Mallat
(2013, 2014) that also take equivariant processing as per Duits
(2005, Thm. 21) and Duits and Burgeth (2007) as their starting
point.

The G-CNN framework has yielded many follow-on works that
can be roughly categorized as

• discrete G-CNNs (Cohen and Welling, 2016; Dieleman,
De Fauw, and Kavukcuoglu, 2016; Dieleman, Willett, and
Dambre, 2015; Winkels and Cohen, 2018; Worrall and
Brostow, 2018),

• regular continuous G-CNNs (Bekkers, 2019; Bekkers, La-
farge, et al., 2018; Finzi, Stanton, Izmailov, and Wilson,
2020; Lafarge, Bekkers, Pluim, Duits, and Veta, 2021; Oy-
allon and Mallat, 2015),

• and steerable continuousG-CNNs (Esteves,Allen-Blanchette,
Makadia, and Daniilidis, 2018; Kondor and Trivedi, 2018;
Weiler and Cesa, 2019; Weiler, Hamprecht, and Storath,
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LeCun et al. (1989)
is also known as the

LeNet paper and
Krizhevsky,

Sutskever, and
Hinton (2012) as
the AlexNet paper.

2018; Worrall, Garbin, Turmukhambetov, and Brostow,
2017) that rely on Fourier transforms onhomogeneous spaces
(Chirikjian and Kyatkin, 2000; Duits, Bekkers, and Mash-
takov, 2019).

Both regular and steerable G-CNNs arise naturally from linear
mappings between functions on homogeneous spaces that have
equivariance constraints placed on them. Regular G-CNNs have to
extend the domain and lift feature maps to a higher homogeneous
space to obtain equivariance, as we will see in this chapter.

Steerable CNNs on the other hand extend the codomain by gen-
erating fiber bundles inwhich a steerable feature vector is assigned
to each position in the base domain. Although steerable operators
have benefits in terms of computational efficiency (Franken, van
Almsick, Rongen, Florack, and ter Haar Romeny, 2006; Reisert,
2008), working with steerable representations puts constraints
on activations within the network which limits its representation
power. Hence, we take regular continuous G-CNNs as our point
of departure.

chapter outline. After a brief re-examination of traditional
convolutional neural networks (CNNs) from the viewpoint of
equivariance we will develop the general architecture of G-CNNs
starting from the theory in Chapter 3 and thenwork out the details
for the rotation-translation setting where we use the Lie group
SE(2).

5.1 convolutional neural networks

The early convolutional neural networks from LeCun et al. (1989)
and later Krizhevsky, Sutskever, and Hinton (2012) are the origi-
nal group equivariant neural network avant la lettre. Convolutional
neural networks are commonly abbreviated to CNNs or ConvNets.
These networks have three main ingredients:

1. convolution layers,
2. pointwise activation functions,
3. pooling operations.

We will discuss the pooling operations separately in § 5.3. In this
section we cover the first two ingredients.
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‘Traditional’ neural
network should be
understood as having
trainable linear
operators and
pointwise activation
functions as in
Bengio,
Goodfellow, and
Courville (2017,
Ch. 6).

cnn from translation equivariance. We can in retrospect
derive the CNN architecture from first principles using trans-
lation equivariance. Take the =-dimensional translation group
)= = (ℝ= ,+) that acts on the homogeneous space ℝ= via the ac-
tion G · H := G + H for every G ∈ )= and H ∈ ℝ= . Then by applying
Theorem 3.3we find that an equivariant linear integral operator be-
tween bounded and continuous functions � : BC(ℝ=) → BC(ℝ=)
has to be of the form

(� 5 )(G) =
∫
ℝ=

(G · ��)(H) 5 (H)dH

=

∫
ℝ=

��(G−1 · H) 5 (H)dH

=

∫
ℝ=

��(H − G) 5 (H)dH,

where we use the Lebesgue measure (which is translation invari-
ant) and where the compatibility condition on �� ∈ �(ℝ=) ∩
!1(ℝ=) is trivial since we are working in the principal homoge-
neous space of )= . This last equation is nothing more than the
usual cross-correlation equation or convolution equation if we
invert ��.

discretization. To implement a CNN one naturally needs to
discretize the continuous convolution/cross-correlation opera-
tion, usually on a regular finite grid. Our continuous notion of
equivariance makes little sense in the discrete world. So when we
say a discrete implemented network is equivariant wemean that it
would be equivariant in the continuous setting. We could call this
equivariance up to discretization. For practical applications we count
on being able to discretize finely enough to have good enough
discrete equivariance for a given application’s requirements.

cnn layers. We conclude that for a traditional neural network
that operates on spatial or temporal data (such as images and au-
dio) to be translation equivariant it must be based around convolu-
tion. In addition to convolution any type of pointwise computation
with data is of course also equivariant, which we will need for the
combining of channels and the activation function. Hence, given
a set of input functions (Din

8
)�in
8=1 ⊂ BC(ℝ=) we can construct a con-
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The activation
functions can be

considered as part of
the convolution layer
as we do here or as a

separate layer.

volutional layer that outputs a set of functions (Dout
9

)�out
9=1 ⊂ BC(ℝ=)

as follows:

Dout
9 = �

(
�in∑
8=1

08 9 (:8 ∗ Din
8 ) + 1 9

)
(5.1)

where each :8 : ℝ= → ℝ is a trainable kernel and each 08 9 ∈ ℝ

is a trainable coefficient, the bias term 1 9 ∈ ℝ is optional and
� : ℝ → ℝ is some choice of activation function that is applied
pointwise. As is conventional in deep learning literature we will
also refer to these D functions as feature maps. When not referring to
a specific instance of a featuremapwe also refer to themas channels,
so we would say about the above operator (Din

8
)�in
8=1 ↦→ (Dout

9
)�out
9=1 as

having �in input channels and �out output channels. The layer in (5.1)
is called a single channel convolution layer or depthwise convolution
layer. Figure 5.1 illustrates this type of layer in the 2-dimensional
discretized setting.

★

★

★ [
0 1 1
1 0 2

] �

�

inputs ℝ3×4×4 kernels ℝ3×2×2 matrix ℝ2×3 outputs ℝ2×3×3

convolutions pointwise linear
combinations

activation
function

Figure 5.1: In a single channel convolution layer, also called
depthwise convolution layer, each input channel is
assigned a single kernel. After doing a cross-
correlation/convolution on each input channel we
take pointwise linear combinations of the resulting
maps to generate the desired number of output chan-
nels. The biases (1 in (5.1)) are omitted.

The alternative to the single channel convolution layer is the
multi channel convolution layer, which is given by the formula

Dout
9 = �

(
�in∑
8=1

:8 9 ∗ Din
8 + 1 9

)
(5.2)

where each for each 8 = 1 . . . �in and 9 = 1 . . . �out, :8 9 : ℝ= → ℝ is
a trainable kernel. Hence, in this setup each combination of input
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0, 3 2, 3 2, 3

0, 2 2, 2 2, 2

0, 1 1, 1 2, 1

0, 0 1, 0 2, 0

G

H

0, 0 0, 1 0, 2 0, 3

1, 0 2, 1 3, 2 4, 3

2, 0 2, 1 2, 2 2, 3

81

82

Several image
coordinate
conventions exist.
The Cartesian index
convention (top) is
perhaps more natural
mathematically but
the array index
convention (bottom)
is ubiquitous in
implementations and
used in Figure 5.3
and 5.4.

and output channel is assigned its own kernel. This type of layer
is illustrated in Figure 5.2.

★

★

★

★

★

★

∑
∑

�

�

inputs ℝ3×4×4 kernels ℝ2×3×2×2 outputs ℝ2×3×3

convolutions pointwise sums activation
function

Figure 5.2: In amulti channel convolution layer each output channel
is assigned a stack of kernels, where each stack has
a kernel for each input channel. This results in �out ·
�in kernels. The resulting outputs of the �out · �in
cross-correlations/convolutions are then summed up
pointwise for each output channel resulting in �out
output channels. The biases (1 in (5.2)) are omitted.

The single and multi-channel convolution designs are equiva-
lent in the sense that for every network using one type of layer
an equivalent network can be constructed using the other type
(possibly with more layers when going from multi-channel to
single-channel convolution layers). The benefit of the single chan-
nel convolution layer is that it logically separates intra channel
processing (the convolutions) and inter channel processing (the
linear combination of channels) while these are intermingled in a
multi channel convolution layer.

discretizing. To be implemented (5.1) and (5.2) need to be dis-
cretized, we will briefly summarize how this is normally done.
For imaging and other temporal/spatial modalities, discretizing
is usually done using a uniform rectangular grid. In this case both
the input and kernel are samples on a finite rectangular grid and
the kernel slides over the input grid. The finite pointwise multipli-
cation and sum of the kernel elements with their corresponding
input elements yields an output element. This is illustrated in
Figure 5.3.

Since the input grid is in practice finite and the kernel consists of
more than one element, the output size of the discrete convolution



78 geometric equivariances in neural networks

:
5

0,0
: ★

5

:

0,1

:

1,0

:

1,1

Figure 5.3: An illustration of discrete convolution (or cross-
correlation) in 2D. Here the input 5 ∈ ℝ4×4 (colored
blue) is convolved with the kernel : ∈ ℝ3×3, which
yields an output (:★ 5 ) ∈ ℝ2×2 (colored purple). There
is no padding applied to the input and the kernel
moves strides of 1 in each direction which shrinks the
output.

does not need to match the size of the input as is the case in
Figure 5.3. When shrinking of the feature maps is not desirable
we add padding as in Figure 5.4 to be able to preserve the feature
map dimensions.

:
5̃

0,0
: ★

5̃

:

2,3

Figure 5.4: Adding padding to the input 5 ∈ ℝ4×4 creates a larger
effective input 5̃ ∈ ℝ6×6 that allows the output of
the convolution operation to retain the size of the
original input. The most common type of padding
is zero-padding, where each out-of-bounds value is
assumed to be zero.

In the examples from Figure 5.3 and Figure 5.4 the kernel is
translated over the input in single element increments. We can
also move the kernel multiple steps each time. How many steps
the kernel is moved each time in any given direction is called the
stride. An example of convolution with strides larger than 1 is
shown in Figure 5.5.
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:
5

0,0
: ★

5

:

0,1

:

1,0

:

1,1

Figure 5.5: In discrete convolution (or cross-correlation) the ker-
nel can stride over the input multiple elements at a
time. Here the kernel has a stride of 2 in each dimen-
sion.

adding equivariances to a cnn. Now suppose we wish to
add an additional equivariance to a 2-dimensional CNN, say with
respect to rotation or scaling, both natural requirements in many
image processing applications.

Starting with adding rotation equivariance we would upgrade
to the group SE(2) and take the setting fromChapter 4. The Lebesgue
measure on ℝ2 is rotation and translation invariant, so we have
an invariant integral. But this time, the homogeneous space ℝ2

(that we use both on the input and output side) is not the principal
homogeneous space of SE(2) and so as per Theorem 3.3 we have a
non-trivial compatibility condition on our kernels. Specifically, let
the origin 0 = (0, 0) ∈ ℝ2 be the reference element of the homo-
geneous space. Then its stabilizer is �0 = {0} × SO(2) ⊂ SE(2), i.e.
just the roto-translations mapping the origin to itself. The compat-
ibility condition on any kernel : : ℝ2 → ℝwe use is then ℎ · : = :

for all ℎ ∈ �0, or more concretely

:('(�)G) = :(G)

for all � ∈ [0, 2�) and G ∈ ℝ2, meaning that the kernels need to
be isotropic. This is a severely restrictive condition on the kernels,
one that would cripple a network since it precludes any detection
of directional features.

Thingwill get evenworse if wewant to add scaling equivariance
on top of rotation equivariance. To be equivariant with respect to
the SIM(2) group the kernel would need to be rotation and scale
invariant, i.e.

:(0'(�)G) = :(G)
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for all 0 > 0, � ∈ [0, 2�) and G ∈ ℝ2. This only holds if the kernel
is constant, which would preclude any meaningful processing.
Clearly, to design a neural network architecture for image pro-
cessing (and other spatial/temporal modalities) that has these
equivariances another approach is called for. The answer is the
G-CNN that we will explore next.

5.2 group equivariant convolutional neural network

Say we need a neural network layer that takes in a set of scalar
functions on a space " and outputs a set of scalar functions on a
space # . We will restrict ourselves to continuous and bounded
functions as in Chapter 3. We call the input function space - =

BC(") and the output function space . = BC(#). We assume "
and # are both homogeneous spaces with respect to some Lie
group � so that we can talk about equivariances in the sense of
Chapter 3.

From Theorem 3.3 we know how to construct an equivariant
linear operator from - to .. The symmetry of the kernel of the
operator is dictated by the compatibility condition (3.12) which
depends only on the choice of output homogeneous space # . In-
deed, the larger dimensional # is, the easier the compatibility
condition. When # is the principal homogeneous space the con-
dition is trivial with no extra symmetry requirement placed on
the kernel. This is then how we will escape the overly restrictive
kernel symmetries we stumbled over in the previous section: by
expanding the output domain of our operators.

lifting to SE(2). If we apply Theorem 3.3 for " = ℝ2 and
# = M2 = SE(2) we obtain an equivariant linear operator � :
BC(") → BC(#) of the form

(� 5 )(G, �) =
∫
'2

((G, �) · :) (H) 5 (H)dH. (5.3)
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where 5 , : : ℝ2 → ℝ and : has no further symmetry requirements
for � to be equivariant. We can rework this equation by noting
that

((G, �) · :) (H) = ((G, 0) · (0, �) · :) (H)
= ((0, �) · :) ((G, 0)−1 · H)
= ((0, �) · :) (H − G),

and so we can rewrite the expression for � as

(� 5 )(G, �) =
∫
ℝ2

((0, �) · :) (H − G) 5 (H)dH =
(
((0, �) · :)★ 5

)
(H).
(5.4)

This means that we can express the operator � as a convolution
with various rotated versions of the kernel : given by (0, �) · : =
G ↦→ :('(−�)G) for each � ∈ [0, 2�). This process is called lifting
to SE(2). This operation can readily be discretized as is illustrated
in Figure 5.6. This is the approach taken by Bekkers, Lafarge,
et al. (2018) and Lafarge, Bekkers, Pluim, Duits, and Veta (2021).

★

★

★

★

★

★

★

★

input on ℝ2 rotated instances
of a kernel on ℝ2

output on M2

convolutions stack

Figure 5.6: An illustration of how (discrete) feature maps on ℝ2

are lifted to M2 (or SE(2)) in an equivariant manner.
A set of rotated instances of the same ℝ2 kernel is
made and a convolution is performed on the input
map with each instance of the kernel. Not shown is
the padding needed tomaintain the size of the spatial
dimensions, the colors are strictly illustrative.

The lifting of images or other spatial/temporal data to higher
dimensional homogeneous spaces is a very general technique not
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confined to SE(2). In Figure 5.7 the same idea is illustrated for
the scaling and translation group ST(2) (recall § 2.3) where the
input maps are convolved with scaled versions of the same kernel.
Lifting to SIM(2) would work the same way by making a set of
rotated and scaled versions of a kernel.

★

★

★

★

input on ℝ2 scaled instances
of a kernel on ℝ2

output on ST(2)

convolutions stack

Figure 5.7: An illustration of how (discrete) feature maps on ℝ2

are lifted to ST(2) in an equivariant manner. A set of
scaled instances of the same ℝ2 kernel is made and
a convolution is performed on the input map with
each instance. Not shown is the padding needed to
maintain the size of the spatial dimensions, the colors
are strictly illustrative.

Lifting has a rich mathematical history outside of its recent use
in G-CNNs. We will cover this topic more in Chapter 9 when we
use lifting outside the confines of neural networks.

lifting layer. We can incorporate the lifting operator by replac-
ing the convolution operations in the first layer of a CNN. Say we
have a set of feature maps (Din

8
)�in
8=1 ⊂ BC(ℝ2) and wish to generate

a set of lifted feature maps (Dout
8

)�out
8=1 ⊂ BC(M2). We can do this by

modifying (5.2) to use the lifting expression from (5.4) as follows:

Dout
9 (G, �) = �

(
�in∑
8=1

( (
(0, �) · :8 9

)
★ Din

8

)
(G) + 1 9

)
(5.5)

for 9 = 1 . . . �out, where the kernels :8 9 ∈ �(ℝ2)∩!2(ℝ2) and biases
1 9 ∈ ℝ are the trainable parts of the layer and � : ℝ → ℝ is a scalar
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activation function that is applied pointwise. Discretizing (5.5)
yields the construction in Figure 5.8 for a 3-to-2 channel lifting
layer.

kernels on ℝ2 lifts on M2inputs on ℝ2

∑

∑

pointwise
sum

activation
function

�

�

outputs on M2

lifting

Figure 5.8: The architecture of a ℝ2 (3 channel) to M2 (2 channel)
lifting layer is based on the multi channel convolution
layer from Figure 5.2 but instead of convolving the
kernels with the inputs we perform a lift as per (5.3)
and Figure 5.6. The 3-dimensional feature maps on
M2 produced by this are summed up for each output
channel and passed through an activation function
to yield the output maps.

group convolution layer. Once the lifting layer has pro-
duced feature maps that live on M2 we can once again apply The-
orem 3.3 to build an equivariant operator that works on feature
maps on M2. Let the operator � : BC(M2) → BC(M2) be given by

(� 5 ) (G, �) =
∫
ℝ2

∫ 2�

0
((G, �) · :)(H, �) 5 (H, �)d� dH

for every 5 ∈ BC(M2), (G, �) ∈ M2 and some kernel : ∈ �(M2) ∩
�(M2). Since this operation works with functions on the group (i.e.
the principal homogeneous space) instead of lower-dimensional
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homogeneous spaces it is also referred to as SE(2) group cross
correlation and denoted by(

: ★SE(2) 5
)
(G, �) :=

∫
ℝ2

∫ 2�

0
:
(
(G, �)−1(H, �)

)
5 (H, �)d� dH

(5.6)
or by inverting the kernel referred to as SE(2) group convolution:(

: ∗SE(2) 5
)
(G, �) :=

∫
ℝ2

∫ 2�

0
:
(
(H, �)−1(G, �)

)
5 (H, �)d� dH.

(5.7)
When the group we are working in is clear we drop the subscripts
on the★ and ∗ symbols.

In deep learning it is conventional to refer to both cross-correlation
and convolution as simply convolution. Indeed, convolutional lay-
ers in neural networks generally implement the cross-correlation
operation. We will distinguish the two when talking about the
operation being performed, but in keeping with convention we
will still refer to the networks and layers as convolutional regardless
of whether the underlying implementation uses cross-correlation
as in (5.6) or convolution as in (5.7).

We can now insert this operation into the single channel convo-
lution layer from (5.1) to obtain a single channel group convolution
layer. Let �in , �out ∈ ℕ be the number of input respectively out-
put channels of the layer and let

(
Din
8

)�in
8=1 ⊂ BC(M2) be the input

feature maps, then the output feature maps
(
Din
9

)�out

9=1
⊂ BC(M2)

are given by

Dout
9 = �

(
�in∑
8=1

08 9

(
:8 ★SE(2) D

in
8

)
+ 1 9

)
(5.8)

for 9 = 1 . . . �out, where :8 ∈ !1(M2) ∩ �(M2) are the trainable
kernels and 08 9 , 1 9 ∈ ℝ the trainable coefficients and biases for
8 = 1 . . . �in and 9 = 1 . . . �out. Once we discretize (5.8) we get the
layer architecture illustrated in Figure 5.9.

projecting back down. Generally we are not interested in
higher-dimensional feature maps but in an output that is a pro-
cessed image or some form of categorical classification. In other
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[
0 1 1
1 0 2

]
★SE(2)

★SE(2)

★SE(2)

�

�

inputs (ℝ5×5×5)3 kernels (ℝ3×3×3)3 matrix ℝ2×3 outputs (ℝ5×5×5)2

SE(2) group convolutions pointwise linear
combinations

activation
function

Figure 5.9: The architecture of an SE(2) equivariant M2 to M2
group convolution layer is based on the single chan-
nel convolution layer from Figure 5.1 except that the
feature maps and kernels live on M2 and the conven-
tional spatial convolution is replaced by the SE(2)
group convolution.

words, we need to go back down to a lower-dimensional homo-
geneous space, either the original ℝ2 in case we desire an image
output or the trivial homogeneous space {0} in the case of classi-
fication tasks. Going from higher to lower-dimensional homoge-
neous spaces is referred to as projection.

We can apply Theorem 3.3 once again to obtain an operator
with trainable kernel. In practice, trainable projection operators
are rarely used for two reasons. First, they are not necessary since if
more network expressivity is required another group convolution
layer can be inserted before the projection. Second, while lifting
and group convolution layers have no restrictions on the kernel, in
the case of projection the kernel compatibility condition (3.12) will
not be trivial and so the kernel will require certain symmetries.
This presents an added complication for implementation that can
be avoided by fixing the projection operation.
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Two variants are common for projecting a feature map on M2
to one on ℝ2. The first is the linear projection that integrates over
the orientations per

(%lin 5 )(G) :=
∫ 2�

0
5 (G, �)d� (5.9)

for any 5 : M2 → ℝ and all G ∈ ℝ2. The second is the maximum
projection that takes the maximum over the orientations per

(%max 5 )(G) := max
�∈[0,2�)

5 (G, �) (5.10)

for any 5 : M2 → ℝ and all G ∈ ℝ2. These projections are natu-
rally SE(2) equivariant. Once we have conventional spatial feature
maps once again we can use more conventional neural network
operations to obtain the desired final output.

lifting layer group convolution layers projection layer

inputs on ℝ2 intermediate feature maps on M2 outputs on ℝ2

Figure 5.10: An example of an SE(2) equivariant CNN that takes
in 3 two-dimensional feature maps on the left and
outputs 2 two-dimensional featuremaps on the right
(say for segmenting an RGB image into two classes).
The kernels of the lifting and group convolution
layers have no symmetry requirements.

overall architecture. The three layers we presented, the
lifting, group convolution and projection layers, constitute the
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core ingredients of a group equivariant convolutional neural net-
work (G-CNN). Since all these layers perform only equivariant
operations, a network built with them will be equivariant as a
whole. This overall lift-convolve-project architecture is illustrated in
Figure 5.10.

non trainable lifting. Having a trainable lifting layer as in
(5.5) and Figure 5.8 is not the only option for lifting the input of the
network to a higher homogeneous space. Indeed the orientation
score transform that we use in Chapter 9 can be used instead of a
lifting layer to transform the input image to a set of feature maps
on M2 directly. The actual neural network can then start straight
away with group convolution layers. This approach was shown
to work in Bellaard, Pai, Bescos, and Duits (2023). In our work
on PDE-based CNNs in the the following chapters we restrict
ourselves to the trainable lifting layer.

5.3 pooling

Another common operation in CNNs is pooling, which is used to
coarsen the spatial discretization of feature maps going through
the network. Pooling is conceptually similar to convolution in that
a window slides over the input much like a kernel does in convo-
lution. The difference is that instead of taking a weighted sum of
the kernel elements with their corresponding input elements a
fixed collating function is applied to the input elements in each
window. This collation function typically consists of taking the
maximum, the minimum or the average of the elements in the
window. This type of operation is illustrated in Figure 5.11 for a
conventional CNN.

pooling in the continuous setting. Pooling operations are
rarely discussed outside of the discrete setting but they can be
formulated in the continous setting as well. We can think of the
conventional discrete pooling operation as actually doing two
separate things:

1. replacing each element in the grid with a collation of ele-
ments in its window and
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F

0,0

F

2,1

Figure 5.11: Pooling operations slide a window over the input
feature maps and collate the elements inside the win-
dow through a choice of � : ℝ#window elements → ℝ.
Usually � is taking the maximum, minimum or aver-
age and the stride of the window is chosen to equal
the size of the window.

This logical splitting
of ‘strided’ pooling
into a non-strided
pooling step and a
subsampling step

was also proposed in
Cohen (2021,

§ 2.4.3).

2. subsampling the grid.
The second operation is one that only makes sense in the discrete
setting, but the first can also be formulated in the continous setting
and captures the essence of the pooling operation.

Staying in the ℝ= setting, let us define a window as a compact
subset, ⊂ ℝ= , possibly but not necessarily centered around the
origin and having a single component. A maximum and minimum
pooling operation with window, on a function 5 : ℝ= → ℝ can
then be formulated as

MaxPool( 5 ,,)(G) := sup
H∈,

5 (G + H),

MinPool( 5 ,,)(G) := inf
H∈,

5 (G + H).
(5.11)

An average pooling operation can be defined as

AvgPool( 5 ,,)(G) := 1
vol(,)

∫
,

5 (G + H)dH. (5.12)

If we let the window, be some hypercube around the origin,
say , = [−�, �]= for some � > 0, then we have continuous
operations that will match the familiar pooling operations from
Figure 5.11 once discretized and combined with downsampling
of the output.
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Recall that �?0→? is
the set of group
elements that map ?0
to ? as per (2.6).

Recall that �?0 is the
isotropy group of ?0
as per (2.5).

Observe how these pooling operations are translation equivari-
ant, i.e. for all I ∈ ℝ=

MaxPool(? ↦→ 5 (? + I),,)(G) = sup
H∈,

5 (G + H + I)

= MaxPool( 5 ,,)(G + I)

and similarly for the other pooling variants.
We can now wonder if we can formulate these type of pooling

operations on homogeneous spaces in a way that makes them
equivariant. This was done by Cohen (2021, §2.4.3) for princi-
pal homogeneous spaces, i.e. the groups themselves, but not for
homogeneous spaces in general.

equivariant max pooling. We first generalize maximum and
minimum pooling to homogeneous spaces. Let " be a homoge-
neous space of a Lie group � with reference element ?0. Let the
window of the pooling operator, now be a compact subset of
the group, potentially but not necessarily consisting of a single
component containing the unit element.

If" was the principal homogeneous space, i.e." = �, then we
could proceed as per Cohen and Welling (2016, §6.3) and Cohen
(2021, §2.4.3) and define

MaxPool( 5 ,,)(?) := sup
6∈?,

5 (6) (5.13)

for any 5 : " → ℝ. This construction does not directly translate
to non-principal homogeneous spaces and will require some work
in the same vein as we saw for Theorem 3.3.

We start by modifying (5.13) by picking a 6? ∈ � that satisfies
6? · ?0 = ? for every ? ∈ ", i.e. 6? ∈ �?0→? . Then we could write
the maximum pooling of a function 5 : " → ℝ with window
, ⊂ � as

MaxPool( 5 ,,)(?) := sup
6∈6?,

5 (6 · ?0). (5.14)

This properly generalizes (5.13) since if " = � and we let ?0 = 4

then 6? = ? and 6 · ?0 = 6. The problem here is well-posedness,
the result should not depend on our choice of 6? ∈ �?0→? . Take
two group elements 6? , 6′? ∈ �?0→? then there exists an ℎ ∈ �?0
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so that 6′? = 6?ℎ, consequently

sup
6∈6′?,

5 (6 · ?0) = sup
6∈6? ℎ,

5 (6 · ?0)
?
= sup

6∈6?,
5 (6 · ?0)

should hold, but the last equality only holds if ℎ, =, . Thus, in
general, (5.14) is only well-posed if

∀ℎ ∈ �?0 : ℎ, =,, (5.15)

or in words: the window should be invariant under the action of
the stabilizer of the reference element ?0. It is no accident that this
condition on the window is essentially the same as the condition
on the kernel (3.12) that we found was required for equivariant
linear operators to be well-posed in Theorem 3.3.

We can now check with, ⊂ � satisfying (5.15) that (5.14) is
indeed equivariant. Let ℎ ∈ � and 5 : " → ℝ then

MaxPool(ℎ · 5 ,,)(?) = sup
6∈6?,

5 (ℎ−16 · ?0)

= sup
ℎ6′∈6?,

5 (6′ · ?0)

= sup
6′∈ℎ−16?,

5 (6′ · ?0)

= sup
6′∈6

ℎ−1?,

5 (6′ · ?0)

= (ℎ · MaxPool( 5 ,,)) (?),

from which we conclude that MaxPool( · ,,) : �(") → �(") is
indeed an equivariant operator. Naturally, equivariant minimum
pooling works the same way except we take the infimum instead
of the supremum.

morphological convolution. Observe that (5.14) can also
be written as

MaxPool( 5 ,,)(?) = sup
@∈6?, ·?0

5 (@)

= sup
@∈"

5 (@) + ι, ·?0(6−1
? · @)

(5.16)
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where we define the morphological indicator function ι( : " →
{0,∞} as

ι((?) :=


0 if ? ∈ (,

−∞ else.
(5.17)

We used the morphological indicator function ι here in the same
way we use the conventional indicator function 1 : " → {0, 1} to
say something like∫

(

5 (?)d? =

∫
"

5 (?)1((?)d?

for some ( ⊂ ".
The benefit of writing maximum (or minimum) pooling as in

(5.16) is that is reveals a convolutional structure similar to Theo-
rem 3.3 if one replaces the integral by the supremum and replaces
multiplying the function with the kernel by adding them to each
other. Indeed if one defines morphological convolution of a kernel
: : " → ℝ ∪ {∞} and function 5 : " → ℝ by

(:�" 5 ) (?) := inf
@∈"

(6? · :)(@) + 5 (@)

(assuming appropriate symmetries on : analogous to (5.15) for
well-posedness), then one can also define maximum and mini-
mum pooling by

MaxPool( 5 ,,) := −
(
ι, ·?0�"(− 5 )

)
MinPool( 5 ,,) := ι, ·?0�" 5 .

We will come back to the topic of morphological convolutions in
the next chapter.

average pooling. Average pooling can rely on our previous
results from Theorem 3.3 since it is a linear operator. Let " admit
an invariant integral and measure �. We define the kernel we will
use as the normalized indicator function of, · ?0:

�, (?) := 1
�(, · ?0)

1, ·?0(?),
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which is in !1(") if, is compact. Then we define the average
pooling operator AvgPool( · ,,) : BC(") → BC(") as

AvgPool( 5 ,,)(?) := 1
�(, · ?0)

∫
"

1, ·?0(6−1
? · @) 5 (@)d�(@)

=
1

�(, · ?0)

∫
"

16?, ·?0(@) 5 (@)d�(@)

=
1

�(, · ?0)

∫
6?, ·?0

5 (@)d�(@).

(5.18)

The kernel �, is not continuous so we do not strictly satisfy the
conditions of Theorem3.3 but as long as, is compactAvgPool( · ,,)
is still a bounded linear operator on BC("). We verify equivari-
ance since we cannot technically apply Theorem 3.3. Let 6 ∈ �
then

AvgPool(6 · 5 ,,)(?)

=
1

�(, · ?0)

∫
"

16?, ·?0(@) 5 (6−1 · @)d�(@)

=
1

�(, · ?0)

∫
"

16−16?, ·?0(6
−1 · @) 5 (6−1 · @)d�(@)

=
1

�(, · ?0)

∫
"

16−16?, ·?0(@) 5 (@)d�(@)

=
1

�(, · ?0)

∫
"

16
6−1 ·?, ·?0(@) 5 (@)d�(@)

=
1

�(, · ?0)

∫
"

16
6−1 ·?, ·?0(@) 5 (@)d�(@)

=
(
6 · AvgPool( 5 ,,)

)
(?),

since 5 and 6 were arbitrary we conclude that AvgPool( · ,,) is
indeed equivariant.

We have nowgeneralized all traditional CNNoperators to equiv-
ariant counterparts in the continous setting. These generalized
operators are the first step towards developing PDE-based equiv-
ariant neural networks.



6
PDE -BASED CONVOLUT IONAL NEURAL
NETWORKS

In this chapter we introduce PDE-based group CNNs or PDE-G-
CNNs for short. Built on the group CNNs from the previous Chap-
ter 5 we present a PDE-based framework that replaces the usual
CNN trifecta of convolution, pooling and activation function with
aHamilton-Jacobi type evolution PDE, or rather a numerical solver
for such a PDE.

Formulating these PDEs on homogeneous spaces allows us to
retain the equivariance properties of G-CNNs while adding an
additional prior in the form of PDE-based data processing. We
will work out the specifics of this approach for our primary case
of interest: roto-translation equivariance.

This chapter is based on the initial work in Smets, Portegies,
Bekkers, andDuits (2022) whichwas followed up on by Bellaard,
Bon, Pai, Smets, andDuits (2023), Pai,Bellaard, Smets, andDuits
(2023) and Bellaard, Pai, Bescos, and Duits (2023).

6.1 inspiration

kernels as green’s functions. Convolutional neural network
already carry a certain resemblance to numerical PDE solvers.
Consider how many inhomogeneous linear differential equations
are solvable by convolving the initial valuewith a Green’s function.
For example, in the ℝ= setting the diffusion equation

%CD( · , C) = ΔD( · , C)

D( · , 0) = D0

93
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is solved by convolution with the Gaussian kernel �C as D( · , C) =
�C ∗ D0.

This means that convolutional layers in neural network as in
Figure 5.1 and 5.9 are already closely related to numerical solvers
of linear PDEs. The ‘solvers’ learned are restricted in the sense
that they are necessarily linear and limited by the generally small
discrete size of the kernels used in neural network. On the other
hand these ‘solvers’ are unrestricted in the sense that there is no
structure imposed on the kernel outside it discrete size and so no
particular control over what type of PDEs (if any) can be learned.

pooling as a morphological pde. Another analogue can
be found between maximum and minimum pooling in neural
network and morphological PDEs. In mathematical morphology
one is concerned with the analysis of shapes, for an overview see
Serra and Vincent (1992). The two fundamental operations in
mathematical morphology are dilation and erosion. They roughly
correspond to maximum respectively minimum pooling with a
variable sizedwindow.Dilation and erosion relate to theHamilton-
Jacobi initial value problem on ℝ= :

%CD( · , C) = ±H(dD( · , C)),

D( · , 0) = D0( · ),

corresponding to dilation with (+) and erosion with (−). Under
appropriate conditions on the Hamiltonian H|G : )∗

Gℝ
= → ℝ

(Evans, 2022, §3.3.2) the solution is given by the Hopf-Lax formula

D(G, C) = inf
H∈ℝ=

{
D0(H) + CL

( G − H
C

)}
, (6.1)

where L : ℝ= → ℝ is the Lagrangian associated to the Hamilto-
nianH. We can write minimum pooling (5.11) in a similar manner
as

MinPool( 5 ,,)(G) = inf
H∈,

5 (G + H)

= inf
H∈ℝ=

( 5 (G + H) + :, (H))

= inf
H∈ℝ=

( 5 (H) + :, (H − G))
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�

DC

convolution

batch norm

�

convolution

batch norm

⊕
DC+1 = DC + �(DC )

Residual connections
(He, Zhang, Ren,
and Sun, 2016)
(above) are similar to
a step of the forward
Euler method.

where we let

:, (H) :=


0 if H ∈,,

∞ else.

These types of PDEs have a rich history in image processing (van
den Boomgaard and Smeulders, 1994; Breuß andWeickert, 2009;
Maragos, 2005; Soille et al., 1999) and their appearance in dis-
guise in classical CNNs is encouraging towards our approach.

residual connections as euler steps. Additive residual con-
nections, where the input of a neural network’s layer (or set of
layers) is added to its output have become ubiquitous (Liu et al.,
2022; Woo et al., 2023) in CNNs since their introduction by He,
Zhang, Ren, and Sun (2016). See the margin figure for an illustra-
tion. An additive residual is reminiscent of solving an evolution
equation %CD = �(D) using the forward Euler method where one
iteratively computes D(C +ΔC) = D(C) +ΔC �(D(C)). This connection
is is further explored by linking neural networks with ordinary dif-
ferential equations (Chen,Rubanova, Bettencourt, andDuvenaud,
2018; Kidger, 2022; Sander, Ablin, and Peyré, 2022).

6.2 related work

domain extension. With G-CNNs being the starting point for
developing PDE-G-CNNs we take a domain extension viewpoint
where input featuremaps are lifted to higher homogeneous spaces
as in Figure 5.6 or 5.7. This idea previously originated from coher-
ent state theory (Ali, Antoine, Gazeau, et al., 2000), orientation
score theory (Duits, 2005; Duits, Duits, van Almsick, and Flo-
rack, 2004), cortical perception models (Citti and Sarti, 2006)
and rigid-body motion scattering (Sifre, 2014; Sifre and Mallat,
2014).

We will mainly be concerned with the Lie group SE(2) and
its principal homogeneous space M2 but other Lie groups/ho-
mogeneous spaces have been used as extended domains such as
the Heisenberg groups (Barbieri, Citti, Cocci, and Sarti, 2014;
Duits, Führ, et al., 2013), SIM(2) (Baspinar, 2018) and SE(3)/SO(2)
(Bolelli, 2023; Portegies, 2018) for example.
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probabilistic-cnns. Our geometric PDEs relate to 
-stable
Lévy processes (Duits, Bekkers, and Mashtakov, 2019) and cost-
processes akin to (Akian, Quadrat, and Viot, 1994), but then on
the homogeneous spaces likeM3 rather than the usualℝ3. This re-
lates to probabilistic equivariant numerical neural networks (Finzi,
Bondesan, and Welling, 2020) that use anisotropic convection
and diffusion on ℝ3.

In contrast to these networks, the PDE-G-CNNs that we pro-
pose allow for simultaneous spatial and angular diffusion on M3.
Furthermore we include nonlinear Bellman processes (Akian,
Quadrat, and Viot, 1994) for maximum and minimum pooling
over Riemannian balls on M2.

kercnns. An approach to introducing horizontal connectivity in
CNNs that does not require a Lie group structure was proposed
by Montobbio, Bonnasse-Gahot, Citti, and Sarti (2019) and
Montobbio, Sarti, and Citti (2020) in the form of KerCNNs. In
this biologically inspired metric model a diffusion process is used
to achieve intra-layer connectivity.

While our approach does require a Lie group structure it is
not restricted to diffusion but also includes convection and dila-
tion/erosion.

differential equations and neural networks. The con-
nection between neural networks and differential equations be-
came widely known in 2017, when Weinan (2017) explicitly ex-
plained the connection between neural networks and dynamical
systems especially in the context of very deep ResNets (He,Zhang,
Ren, and Sun, 2016). This point of view was further expanded
by Lu, Zhong, Li, and Dong (2018), showing how many very
deep neural networks can be viewed as discretizations of ordinary
differential equations.

The somewhat opposite point of view was taken by Chen,
Rubanova, Bettencourt, and Duvenaud (2018), who introduced
a new type of neural network which no longer has discrete layers,
replacing them by a field parameterized by a continuous time
variable. Weinan E also indicated a relationship between CNNs
and PDEs, or rather with evolution equations involving a nonlocal
operator. Implicitly, the connection between neural networks and
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differential equations was also explored by the early works of
Chen, Yu, and Pock (2015) who learn parameters in a reaction-
diffusion equation. This connection between neural networks and
PDEs was then made more explicit by Long, Lu, Ma, and Dong
(2018) who made it possible to learn a much wider class of PDEs
with their PDE-Net. More recent work in PDE inspired neural
networks includes Ruthotto andHaber (2020) and Shen,He, Lin,
and Ma (2020).

Basing neural network computations on PDEs formulated on
manifolds also makes the processing independent with respect to
the choice of coordinates on the manifold in the fashion of Weiler,
Forré, Verlinde, and Welling (2021).

More recent work in this direction includes integrating equiv-
ariant partial differential operators in steerable CNNs (Jenner and
Weiler, 2021), drawing a strong analogy between deep learning
and physics.

A useful aspect of the connection between neural networks and
differential equations is the observation that the stability of the
differential equation can give insight into the stability and general-
ization ability of the neural network (Haber and Ruthotto, 2017).
Moreover, there are intriguing analogies with numerical PDE ap-
proximations and specific network architectures (e.g. ResNets), as
can be seen in the comprehensive overview article by Alt, Peter,
Weickert, and Schrader (2021).

6.3 the pde in question

our approach. Given the similarities noted in §6.1 we propose
to make the link between CNNs and PDEs more explicit by choos-
ing a PDE as a starting point for building a neural network ar-
chitecture. The PDE we propose to use for this purpose comes
from the geometric image analysis world (Burger, Sawatzky, and
Steidl, 2016;Dubrovina-Karni,Rosman, andKimmel, 2014;Duits
and Burgeth, 2007; Duran, Moeller, Sbert, and Cremers, 2016;
Morel and Solimini, 2012; Peyré, Péchaud,Keriven,Cohen, et al.,
2010; Sapiro, 2006; Sethian et al., 1999; Weickert, 1996; Weick-
ert, Grewenig, Schroers, and Bruhn, 2016; Welk and Weickert,
2019). It was chosen based on the following criteria:
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The fractional
diffusion parameter �

can in principle be
given a value larger
than 1 but then the

associated heat-kernel
is no longer

guaranteed to be
non-negative, see
Grigor’yan, Hu,

and Lau (2014,
§1.2.2).

1. it exhibits similar behaviour to a CNN’s existing convolution,
pooling and activation operations,

2. it can be formulated on general homogeneous spaces and
not just ℝ= ,

3. a numerical solver for it can be efficiently implemented on
modern parallel hardware and integrated in existing deep
learning frameworks.

Let " be a homogeneous space of some Lie group �, then we
propose the following evolution equation:



%D

%C
(?, C) = − c? D( · , C) (convection)

− (−ΔG1)�? D( · , C) (diffusion)

+ 1







(∇G+
2
D( · , C)

)
?







G+

2

(dilation)

− 1







(∇G−
2
D( · , C)

)
?







G−

2

(erosion)

for all ? ∈ ", C ≥ 0,

D(?, 0) = D0(?) for all ? ∈ ".

(6.2)

where c ∈ X(") is a smooth vector field, G1 , G
+
2 , G

−
2 ∈ Γ()(0,2)")

are metric tensor fields, 0 < � ≤ 1, 
 > 1 are smoothness parame-
ters¹ and D is the viscosity solution (Evans, 2022, §10.1; Strömberg,
2002). The smoothness parameters we choose as some constants,
we will come back to them later. That leaves

{
c, G1 , G

+
2 , G

−
2
}
as the

actual trainable parts of this PDE, each of which controls one of
the four terms of the generator. To ‘train‘ these tensor fields we
will need to parametrize them in some fashion so that we can
train the actual scalar parameters. Demanding equivariance will
severely restrict the degrees of freedom available to us and and

1 In Smets,Portegies,Bekkers, andDuits (2022)we adopted a different convention
for the smoothness parameters. Here we separate the smoothness parameters
for diffusion and dilation/erosion and use the 1/
 factor and 
 exponent from
Bellaard, Bon, Pai, Smets, and Duits (2023, §3) instead of the less convenient
2
 exponent.
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We could for
example use the
unconstrained
parameterization of
symmetric positive
definite matrices by
Pinheiro and Bates
(1996).

yield natural parametrizations with a limited number of param-
eters, we will detail this later in the chapter. As labeled in (6.2)
these four terms are called the convection, diffusion, dilation and
erosion terms. Convection can be understood as transporting data,
diffusion as regularization and dilation and erosion as a ‘soft’ form
of max respectively min pooling.

equivariant generator. Naturally we would like the evo-
lution caused by (6.2) to be equivariant in the sense that if we
have two solutions to the PDE D1 , D2 ∈ " ×ℝ≥0 with initial condi-
tions that are related as per D2( · , 0) = 6 · D1( · , 0) for some 6 ∈ �
then we would like D2( · , C) = 6 · D1( · , C) for all C ≥ 0. Or in words:
applying a group transform on the initial conditions and then
evolving yields the same result as first evolving and then applying
the group transform.

For the convection generator we want that

−c?(6 · 5 ) = − (6 · (c 5 )) (?),

or stated equivalently by labeling the action of � on" by �6(?) =
6 · ?:

c?( 5 ◦ �6−1) = c6−1·? 5

for all 5 ∈ �1(") and 6 ∈ �. This only holds if(
�6

)
∗ c = c,

for all 6 ∈ �, i.e. c needs to be a �-invariant vector field. In the
principal case " = � these are the left-invariant vector fields
which form a vector space with the same number of dimensions
as ", in the more general case the space of �-invariant vector
fields will have fewer or equal number of dimensions than ".

The equivariance of the three remaining terms depends on their
associatedmetricsG1 , G

+
2 andG−

2 , whichwill need to be�-invariant
as well for the generator to be equivariant. This again restricts
the degrees of freedom of the metrics to a finite number. In the
principal case" = �where" is =-dimensional we have 1

2=(=+1)
free parameters. In the more general case of lower dimensional
homogeneous spaces we have less than that. In fact, recalling §2.4,
such a Riemannian metric need not always exists.
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operator splitting. Our PDE solver takes an operator splitting
approach.We split numeric timesteps into substeps, each of which
only evolves the data according to a single term at a time. Let
D0 : ℝ2 → ℝ be the initial condition (of appropriate regularity)
and say we want to compute D( · ,ΔC), i.e. the solution to (6.2) at
time ΔC. Then we would first solve

%D1
%C

(?, C) = −c? D( · , C)

with initial condition D( · , 0) = D0 with a timestep of ΔC, i.e. we
compute D1 ( · ,ΔC). We take this solution as the initial condition
for a PDE with the next term:

%D2
%C

(?, C) = − (−ΔG1)� D(?, C)

with D2( · , 0) = D1( · ,ΔC) and then compute D2( · ,ΔC). Moving on
we apply dilation per

%D3
%C

(?, C) = + 1






∇G+
2
D3(?, C)






G+

2

with initial condition D3( · , 0) = D2( · ,ΔC) and compute D3( · ,ΔC).
Finally we apply erosion per

%D4
%C

(?, C) = − 1





∇G−
2
D4(?, C)





G−

2

with initial condition D4( · , 0) = D3( · ,ΔC) and compute D4( · ,ΔC).
We then take D4( · ,ΔC) as an approximation to the true solution
D( · ,ΔC).

The order of of the substeps used is not essential, the order
presented above matches the order we will cover each term in this
chapter.

6.4 interpretation

Before going into the technical details of solving (6.2) in general,
we first want to get a feeling for what it does in a familiar setting
so that we can better interpret it in a more general setting later.
In this section we will therefor have a look at the effects of the
four terms of the PDE in the familiar ℝ2 setting and how they are
solved there, see Figure 6.1 for an illustration.
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Initial Transport Regularization Max pooling Min pooling

D( · , 0) : ℝ2 → ℝ −c D −(−∇G1)�D + 1






∇G+
2
D





G+

2

− 1





∇G−
2
D




G−

2

Figure 6.1: Geometric interpretation of the terms of (6.2) illus-
trated for the translation equivariant case on ℝ2. The
effect of each of the four terms of (6.2) separately on
the initial value on the left is demonstrated.

transport. Consider the translation equivariant setting � =

" = ℝ2. The left-invariant (i.e. translation invariant) vector fields
on ℝ2 are of the form

c = 21 %G1 + 22 %G2

for any 21 , 22 ∈ ℝ where G1 , G2 are the usual ℝ2 coordinates. In
this case the solution to (6.2) with just the first term %CD = −cD is
accomplished by

D(?, C) = D0

(
? − C (21 , 22))

)
,

which has the effect of transporting the input along the vector field
c, this is illustrated in the second image of Figure 6.1.

As this transport along c just amounts to a time-dependent
translation of the initial value it can be readily implemented for
discrete feature maps by resampling the grid with appropriate
interpolation.

invariant metrics. For the other three terms we require a
translation invariant metric. On ℝ2 these are of the form

F11 dG1 ⊗ dG1 + F12 dG1 ⊗ dG2 + F21 dG2 ⊗ dG1 + F22 dG2 ⊗ dG2

so that the Gram matrix[
F11 F12

F21 F22

]
∈ ℝ2×2

is symmetric positive definite.
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Recall we also
discussed max

pooling as a
morphological
convolution in

(5.16).

The solution concept
used here is that of a
viscosity solution as

per Evans (2022,
§10.1).

regularization. Given a translation-invariant metric G1 the
(fractional) diffusion PDE %CD = − (−∇G1)� D is solved (Podlubny,
1998) by convolution with a kernel  �

C ∈ �∞((0,∞) ×ℝ2) as per

D(?, C) =
(
 �
C ∗ D0

)
(?),

for any ? ∈ ", C > 0. When � = 1, we revert to the normal diffu-
sion equation in which case the kernel is simply an appropriately
shapedGaussian. The effect produced is one of regularization of the
initial feature map as can be seen in the third image of Figure 6.1.

Regardless of the choice of � in this setting, the kernel  �
C will

be a function of just C and the Riemannian distance 3G1 induced
by the metric G1, i.e. just the skewed Euclidean norm. Specifically,
there exists a  ̃�

C : (0,∞) × [0,∞) → ℝ so that

 �
C (?) =  ̃�

C (dG1(?, 0)) =  ̃�
C (‖�?‖) ,

for some invertible � ∈ ℝ2 where ‖ · ‖ is the Euclidean norm. We
will get back to fractional diffusion on homogeneous spaces in
§6.7.

pooling. The remaining two morphological terms are solved in
a manner similar to the diffusion term but using morphological
convolution instead of linear convolution. Let the metrics G+

2 and
G−

2 be translation invariant. Then the PDE

%CD =
1






∇G+
2
D





G+

2

,

with initial condition D( · , 0) = D0 can be solved by the Hopf-Lax
formula (Evans, 2022, §10.3) as

D(?, C) = sup
@∈ℝ2

{
D0(@) − :
C (? − @)

}
,

where the kernel :
 : ℝ>0 ×ℝ2 → ℝ∪ {∞} depends on the choice
of 
. We will detail the kernel used later in §6.8. The point we
would like to make now is that the way the solution is obtained
is very similar to our previous formulation of continuous max
pooling in (5.16). The effect obtained is indeed very reminiscent
to max pooling as can be seen in the 4ᵗʰ panel of Figure 6.1. Addi-
tionally, for a given 
 and time C the kernel only depends on the
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distance between ? and @, just like in the case of diffusion on ℝ2

above, and so is essentially a scalar function of the distance.
The erosion PDE

%CD = − 1





∇G−
2





with initial condition D( · , 0) = D0 is solved similarly by

D(?, C) = inf
@∈ℝ2

{
D0(@) + :
C (? − @)

}
,

with the same kernel :
 as before. The effect produced is similar
to that of min pooling as can be seen in the last panel of Figure 6.1.

generalization potential. The advantage of generating these
effects through (6.2) is thatwe can nowgeneralize them to other ho-
mogeneous spaces of our choice. Indeed, we can take as Lie group
� = SE(2) and homogeneous space " = M2 and walk through
this section again and get roto-translation equivariant transport,
regularization and pooling from the same PDE. The result is il-
lustrated in Figure 6.2, where we now obtain SE(2)-equivariant
processing of feature maps that live on M2.

Compare and contrast Figure 6.2 with the previous Figure 6.1;
the effects obtained are similar but distinct. In Figure 6.1 one can
imagine that the effects applied to the ‘A’ would indeed commute
with translations but not with rotations. In Figure 6.2 one can
imagine that the effects on the ‘A’ commute with both translations
and rotations.

Now that we have a high-level understanding of what the PDE
(6.2) does we can start looking at the technical details.

6.5 convection

As we will be calculating approximate solutions to (6.2) using
operator splitting we tackle each term separately, starting with
the convection term in the general case of the homogeneous space
" = �/�. With only the convection term we are left with the
following PDE:

%D1
%C (?, C) = −c? D1( · , C) for all ? ∈ ", C ≥ 0,

D1(?, 0) = D0(?) for all ? ∈ ",
(6.3)
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Initial

Transport Regularization

Max pooling Min pooling

D( · , 0) : M2 → ℝ

−c D −(−∇G1)�D

+ 1






∇G+
2
D





G+

2

− 1





∇G−
2
D




G−

2

Figure 6.2: Geometric interpretation of the terms of (6.2) illus-
trated for the SE(2)-equivariant case onM2. We made
an idealized lift of the letter ‘A’ toM2 (shown in blue),
each of the three strokes of the letter is placed at its
corresponding orientation. For clarity we also added
a maximum projection to the base plane (shown in
black and white). The effect of each of the four terms
of (6.2) separately on the initial value on the left is
demonstrated.

where c ∈ Γ()") is �-invariant.
This PDE can be solved using the method of characteristics as per

the following result.
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Theorem 6.1 Let D0 ∈ �∞(�/�), then the convection PDE
(6.3) is solved by

D1(?, C) = D0(6?�c(−C)?0)

where 6? ∈ ? (i.e. 6??0 = 6?� = ?) and �c : ℝ → � is an
exponential curve that satisfies

�∗ ¤�c(0) = c?0 ,

where � : � → �/� is the quotient map (2.7). The solution is
again smooth for all C > 0.

Proof. Since � is a smooth submersion it follows that there always
exists a ¤�c(0) ∈ )4� so that �∗ ¤�c(0) = c?0 ∈ )?0(�/�). Let �c(C) =
exp�(C ¤�c(0)) be the corresponding exponential curve.

Denote the action of 6 ∈ � on �/� by �6 and left multiplication
in the group as !6 . Since c is assumed to be G-invariant we have

c? = (�6? )∗c?0

for all ? ∈ �/� and any 6? ∈ ?. This implies

c? = (�6? )∗c?0 = (�6? )∗�∗ ¤�c(0) = �∗(!6? )∗ ¤�c(0)

since �6? ◦ � = � ◦ !6? and consequently C ↦→ 6?�c(C)?0 are the
integral curves of c centered at the point ? for any choice of 6? ∈ ?.

Finally, let ? ∈ �/� and C ≥ 0 then

−c?D1( · , C) = − lim
ℎ→0

D1 (?, C) − D1
(
6?�c(−ℎ)?0 , C

)
ℎ

= lim
ℎ→0

D0
(
6?�c(−ℎ)�c(−C)?0

)
− D0

(
6?�c(−C)?0

)
ℎ

= lim
ℎ→0

D0
(
6?�c(−(C + ℎ))?0

)
− D0

(
6?�c(−C)?0

)
ℎ

= lim
ℎ→0

D1(?, C + ℎ) − D1(?, C)
ℎ

=
%D1
%C

(?, C).

�
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temporal rescaling. Note that D0(6?�c(−C)?0) = D0(6?�Cc(−1)?0).
This means that there is a redundancy between scaling the con-
vection vector-field and how long we let time run. In the context
of training a neural network there is therefore no need to consider
the end-time of the convection as trainable. In other words we can
take ? ↦→ D0(6?�c(−1)?0) as our output and only train c as this
will cover the full range of possible outputs.

convection on M2 . In the case of M2 ≡ SE(2), the �-invariant
vector fields are exactly the left-invariant vector fields that are of
the form

c = 21A1 + 22A2 + 23A3

per (4.3) with 21 , 22 , 23 ∈ ℝ being the free parameters. The expo-
nential curve associated to this vector field is given in (G1 , G2 , �)
coordinates by (4.8) as:

�c(C) =

G1(C21 , C22 , C23)
G2(C21 , C22 , C23)
�(C21 , C22 , C23)

 =



(
C21 cos C23

2 − C22 sin C23

2

)
sinc C23

2(
C21 sin C23

2 + C22 cos C23

2

)
sinc C23

2

C23 mod 2�


.

As we discussed in the previous paragraph, it is sufficient to
consider �c(−1). Additionally, since we are in the principal ho-
mogeneous space and the exponential map on SE(2) is surjec-
tive it follows that we are training no more than a group ele-
ment ℎ = expSE(2)(−

∑3
8=1 2

8�8) ∈ SE(2) to right multiply with, i.e.
D1(6, 1) = D0(6ℎ), since ?0 = 4.

This covers the first term of the PDE (6.2). To solve the remaining
threewe first need to cover away of efficiently estimating distances
in homogeneous spaces.

6.6 logarithmic metric estimate

Previously we saw that in the ℝ2 setting diffusion, dilation and
erosion are solvable with the help of a kernel. We referenced that
these kernels were actually scalar functions of the distance map
from the origin, i.e. dG( · , 0) if G is a translation invariant metric
on ℝ2. This holds more generally for the morphological kernels
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Recall §1.7 for the
relation between G

and 3G and §2.4 for
the group invariance
of G.

Recall §2.2 and the
equivalence of every
homogeneous space
with a quotient with
a closed subgroup �.

on homogeneous spaces: they are scalar functions of the distance
map to the reference element ?0 ∈ " given by dG( · , ?0), where
the Riemannian metric G is invariant under action of the group.
For the diffusion equation the kernel need not be a scalar function
of the distance map, though estimates and bounds can still be
constructed from the distance map and we will be making use of
those.

While calculating these distances on ℝ= is straightforward, this
is not the case for distances on general homogeneous spaces. In-
deed, in our main case of interest " = M2 there is no closed
formula that we can conveniently plug in. To obtain a numeric dis-
tance map we would normally apply some iterative solver to the
eikonal equation, but this presents an unacceptable computational
overhead for our purposes. We intend to train the parameters of
our Riemannian metrics, meaning the Riemannian metrics will
not only vary across the neural network but also change constantly.
This would force us to endlessly recompute the solution to the
eikonal equation which would slow the training process down by
orders of magnitude.

What we need tomake our approach viable is an approximation
that is easy to compute while still being accurate enough. Since
the most important part of both the diffusion and morphological
kernels are localized around the point of reference, our approx-
imation only needs be locally accurate. The approximation that
will use is the logarithmic metric estimate that we cover next.

Definition 6.1 (Logarithmic metric estimate) Let G be a �-
invariant metric tensor field on the homogeneous space �/�,
let � : � → �/� be the quotient map (2.7). Then we define
the logarithmic metric estimate �G : �/� → ℝ≥0 as

�G(?) := inf
6∈?



log�(6)



�∗G

= inf
6∈?

√
G

(
�∗ log�(6),�∗ log�(6)

)
.

(6.4)

We can interpret this metric estimate as finding all exponential
curves in � whose actions on the homogeneous space connect ?0
(at C = 0) to ? (at C = 1), and then, from that set we choose the
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exponential curve that has the lowest constant velocity according
to the seminorm given by �∗G and use that velocity as the distance
estimate.

Note that scaling the metric, scales the metric estimate just like
it would scale the actual metric.

Corollary 6.2 (Logarithmic metric estimate scaling) In the
setting of Definition 6.1 we have that ��G = ��G for all � > 0.

Intuitively, Definition 6.1 can be reformulated as ‘instead of the
length of the geodesic connecting two points of the homogeneous space,
we take the length of the shortest exponential curve connecting those two
points’.

The following lemma quantifies how well our estimate �G ap-
proximates the true distance map dG(?0 , · ).

Lemma 6.3 (Bounds on the logarithmic metric estimate) For
all ? ∈ �/� sufficiently close to ?0 = �, we have

dG(?0 , ?)2 ≤ �G(?)2 ≤ dG(?0 , ?)2 + $
(
3G(?0 , ?)4

)
which has as a weaker corollary that for all compact neighbor-
hoods of ?0 there exists a �metr > 1 so that

3G(?0 , ?) ≤ �G(?) ≤ �metr 3G(?0 , ?)

for all ? in that neighborhood. Note that the constant �metr
depends on both the choice of compact neighborhood and the
metric tensor field.

Proof. Let G̃ := �∗G. The left inequality follows directly from the
observation that �G(?) is exactly the Riemannian length of the
curve

C ↦→ exp�(C log�(6?)) ?0

for C ∈ [0, 1] and 6? = arg min6∈?


log� 6




G̃
. This continuous

curve connects ?0 with ? and as such has a greater length than
the minimal-length curve between those two points.

For the right inequality, consider the function � : )4� → ℝ

given by
�(E) := 3G(?0 ,� ◦ exp�(E))2 ,
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where we recall that � : � → �/� was given by (2.7). With the
goal of making a Taylor expansion for this function we note that:

• at the origin we have �(0) = 0,
• due to the chain rule applied to the squaringwe have (�)∗ |0 =

0.
Moreover, due to the �-invariance of 3G, the function � is even
since

�(E) = 3G(?0 , � ◦ exp�(E))2

= 3G(?0 , exp�(E) · ?0)2

= 3G(exp�(E)−1 · ?0 , ?0)2

= 3G(� ◦ exp�(−E), ?0)2

= �(−E)

and consequently the 3rd order term of the Taylor expansion of �
is zero.

For the second order term, we are looking for the Hessian H of
� at E = 0. We split � into �1 := � ◦ exp� and �2 := 3G(?0 , · )2 and
find the Hessian of the composed function is

H(�2 ◦ �1)|0(E, F)
= H�2 |?0 ((�1)∗ |0(E), (�1)∗ |0(F))
= 2G|?0

(
�∗ |4 ◦ (exp�)∗ |0(E), �∗ |4 ◦ (exp�)∗ |0(F)

)
= 2 G̃|4

(
(exp�)∗ |0(E), (exp�)∗ |0(F)

)
= 2 G̃|4 (E, F) .

Putting these facts together we find:

�(E) = G̃|4(E, E) + $(‖E‖4), (6.5)

where ‖ · ‖ denotes some arbitrary norm on )4�.
Now we take a linear subspace + of )4� that is independent

from )4� but so that the span of )4� and + equals the entire
)4�, i.e. )4� ⊕ + = )4�. Note that G̃|4 is only degenerated along
)4�, and so is a full norm when restricted to + , i.e. for all E ∈ + ,
G̃|4(E, E) = 0 only if E = 0. Therefore, there exists a 2 > 0 such that
for all E ∈ + ,

G̃|4(E, E) > 2‖E‖2 ,
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and so by (6.5) we have:

�(E) = 3G(?0 ,� ◦ exp�(E))2 > 2‖E‖2 + $
(
‖E‖4

)
. (6.6)

Hence, for all E ∈ + close enough to 0 we have:

3G(?0 ,� ◦ exp�(E))2 >
2

2 ‖E‖
2. (6.7)

In a neighborhood of the origin the Lie group exponential map
exp� : )4� → � is a diffeomorphism to a neighborhood of 4,
at the same time � : � → �/� is a smooth submersion by the
homogeneous space construction theorem (Lee, 2012, Thm. 21.17). Con-
sequently (�◦exp�)∗ |0 : + → )?0(�/�) has full rank since�◦exp�
is a local diffeomorphism between two spaces (+ and �/�) with
the same dimension, it follows by the inverse function theorem
that there exists a neighborhood +0 of 0 in + and a neighborhood
%0 of ?0 in �/� such that � ◦ exp� is a diffeomorphism from +0
to %0. By possibly choosing +0 smaller, we may assume by (6.6)
that there exists a �′ > 0 such that for all E ∈ +0:

G̃|4(E, E) ≤ �(E) + �′ ‖E‖4 ,

which, by using (6.7) yields

G̃|4(E, E) ≤ 3G(?0 ,� ◦ exp�(E))2 + �3G(?0 ,� ◦ exp�(E))4 ,

for all E ∈ +0 and � = �′ 2
2 > 0.

Now take a ? ∈ %0, then there exists a F ∈ +0 so that

� ◦ exp� F = ?.

Call 6? = exp� F, then the previous inequality gives

log� 6?


2
G̃
≤ 3G(?, ?0)2 + �3G(?, ?0)4 .

Clearly 6? ∈ ?. Since �G(?) is the infinum of ‖ log� 6‖ for all 6 ∈ ?
it follows that �G(?) must also satisfy:

�G(?)2 ≤


log� 6?



2
G̃
≤ 3G(?, ?0)2 + �3G(?, ?0)4 ,

for all ? ∈ %0, i.e. all ? sufficiently close to ?0.
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As a corollary we get that for any compact neighborhood  ⊂
�/� of ?0

�G(?) ≤ �metr 3G(?0 , ?)

for all ? ∈  .We can see this by choosing�2
1 = 1+� sup?∈%) 3G(?0 , ?)2,

then for all by choosing ? ∈ %0 we have

�G(?) ≤ �13G(?0 , ?).

Let  ⊂ �/� be compact so that it contains %0. Then on  \ %0 we
have that both �G and 3G(?0 , · ) are strictly positive, continuous
and so bounded functions. Consequently

�G(?) ≤ sup
?∈ \%0

�G(?) =: " < ∞,

and
3G(?0 , ?) ≥ sup

?∈%0

3G(?0 , ?) =: < > 0,

for all ? ∈  \ %0, which leads to

�G(?) ≤ " ≤ "

3G(?0 , ?)
3G(?0 , ?) ≤

"

<
3G(?0 , ?).

for all ? ∈  \%0. Now choose �metr = max{�1 , �2} thenwe obtain
the corollary. Remark that �metr depends on both the parameters
of the metric tensor field and the choice of  , and so may become
very large indeed. �

When we take the principal homogeneous space, such as in the
case ofM2 ≡ SE(2), with a left-invariant Riemannian metric G then
the metric estimate simplifies to

�G(6) = ‖ log�(6)‖G ,

hence we see that this construction generalizes the logarithmic
metric estimate, as used in Portegies, Sanguinetti,Meesters, and
Duits (2015) and ter Elst and Robinson (1998), to homogeneous
spaces other than the principal.
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on M2 . Consider those Riemannian metrics on M2 that are diag-
onal with respect to the basis of �-invariant vector fields as per
(4.7). Using the usual (G1 , G2 , �) coordinates, these metrics are of
the form

G =

3∑
8=1

F2
8 $

8 ⊗ $8 , (6.8)

where we refer to F1 > 0 as the cost in the main direction, F2 > 0
as the cost in the lateral direction and F3 > 0 as the angular cost.
Then we can formulate the logarithmic metric estimate in terms
of the exponential coordinates of the first kind (4.10) as

�G(G1 , G2 , �) =

√√√ 3∑
8=1

(
F8 2 8(G1 , G2 , �)

)2
.

This estimate is illustrated in Figure 6.3 where it is contrasted
against the ‘exact’ distance map obtained by solving the eikonal
equation.

Out[ ]= 0.2 0.4 0.6 0.8 1.0

Figure 6.3: Comparing the ‘exact’ Riemannian distance (left) obtained
through numerically solving the Eikonal equation (Bekkers,
Duits, Mashtakov, and Sanguinetti, 2015) versus the loga-
rithmic metric estimate (right) on M2 endowed with a left-
invariant Riemannian metric tensor field (6.8) with F2

1 = 1,
F2

2 = 2, F2
3 = 1/�. The relative !1 error in the plotted volume

is 0.20.

We can see that the metric estimate �G (and consequently any
function of �G) has the necessary symmetry to be a kernel used in
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the operators of Theorem 3.3. The proof of this statement relies
on the following lemma.

Lemma 6.4 Let � be a Lie group, for all 6 ∈ � let !6 : � → �,
'6 : � → � be the left respectively right group multiplication.
Let � be a closed subgroup of � with the quotient map � :
� → �/� given by �(6) = 6�. Then for all ℎ ∈ � we have
the following relations for the push forwards:

1. �∗ ◦ ('ℎ)∗ = �∗,

2. (!ℎ)∗ ◦ �∗ = �∗ ◦ (!ℎ)∗.

Which implies in particular that

�∗(!ℎ)∗ = (!ℎ)∗�∗ and �∗('ℎ)∗ = �∗

for all ℎ ∈ �.

Proof.

1. � ◦ 'ℎ = � since 6ℎ� = 6�,

2. !ℎ ◦ � = � ◦ !ℎ since ℎ(6�) = (ℎ6)�.

�

We can now show that the metric estimate is indeed compatible
in the sense of (3.12).

Theorem 6.5 (Kernel compatibility of �G) Let G be a �-
invariant metric tensor field on �/�, then we have

∀? ∈ �/�, ∀ℎ ∈ � : �G(ℎ?) = �G(?). (6.9)

Note that, since we use left cosets, ?ℎ = ? but ℎ? ≠ ? in general.

Proof. Consider the set of all exponential curves in the group
whose action connects ?0 ∈ �/� to ? ∈ �/�:

Γ?0 ,? =

{
� ∈ Lip([0, 1], �)

��� �(0) = 4 , �(1)?0 = ?, �(C + B) = �(C)�(B)
}
.

We can then restate �G equivalently in terms of these curves as

�G(?) := inf
6∈%

‖ log� 6‖G̃ = inf
�∈Γ?0 ,?

‖ ¤�(0)‖G̃
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since for each 6 ∈ ?wehave an exponential curve C ↦→ exp�(C log� 6)
in Γ?0 ,? and for each exponential curve � in Γ?0 ,? we have �(1) ∈ ?.

Let � ∈ Γ?0 ,? and let ℎ ∈ � then

1. ℎ�(0)ℎ−1 = ℎ4ℎ−1 = 4,

2. ℎ�(1)ℎ−1?0 = ℎ�(1)?0 = ℎ?,

3. ℎ�(0 + 1)ℎ−1 = ℎ�(0)�(1)ℎ−1 = (ℎ�(0)ℎ−1)(ℎ�(1)ℎ−1),

from which we conclude that ℎ�( · )ℎ−1 ∈ Γ?0 ,ℎ? and so there is a
bijection between Γ?0 ,? and Γ?0 ,ℎ? given by

Γ?0 ,ℎ? = ℎΓ?0 ,?ℎ
−1.

Moreover, the bijection preserves the seminorm due to the G-
invariance of G:


(ℎ�( · )ℎ−1

)
(0)





G̃
= ‖(!ℎ)∗ ('ℎ−1)∗ ¤�(0)‖G̃
= ‖�∗ (!ℎ)∗ ('ℎ−1)∗ ¤�(0)‖G

(using the previous lemma) = ‖(!ℎ)∗ �∗ ('ℎ−1)∗ ¤�(0)‖G
= ‖(!ℎ)∗ �∗ ¤�(0)‖G

(using the G-invariance of G) = ‖�∗ ¤�(0)‖G
= ‖ ¤�(0)‖G̃ .

It follows that

�G(?) = inf
�∈Γ?0 ,?

‖ ¤�(0)‖G̃

= inf
�∈Γ?0 ,?

‖ℎ ¤�(0)ℎ−1‖G̃

= inf
�∈Γ?0 ,ℎ?

‖ ¤�(0)‖G̃

= �G(ℎ?).

�

better estimates for M2 . The distance estimate from Defini-
tion 6.1 and its associated bounds from Lemma 6.7 from Smets,
Portegies, Bekkers, and Duits (2022) are very general since they
apply to all homogeneous spaces. When we restrict ourselves to
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For an overview of
nonlinear and
fractional diffusion in
the Euclidean setting
see Vázquez (2017).

M2 improved distance estimates and bounds can be made as has
been done by Bellaard, Bon, Pai, Smets, andDuits (2023). It turns
out that on M2 with a diagonal Riemannian metric (6.8), that the
quality of the approximation (6.4) depends entirely on the spatial
anisotropy

� = max
{
F1
F2
,
F2
F1

}
, (6.10)

see Bellaard, Bon, Pai, Smets, and Duits (2023, Thm. 1). As our
original work (Smets, Portegies, Bekkers, and Duits, 2022) uses
the distance estimate from Definition 6.1 we will continue with
using it here.

Now that we have developed and analyzed the logarithmic
metric estimate we can use it to construct an approximation of the
diffusion kernel.

6.7 fractional diffusion

Diffusion—whether fractional or not— is a linear process that can
be solved with the help of its Green’s function, i.e. the heat kernel,
even in the more general setting of a metric space (Grigor’yan,
2009; Grigor’yan, Hu, and Lau, 2014). Taken separately (frac-
tional) diffusion on some homogeneous space " solves the equa-
tion

%D2
%C

(?, C) = − (−ΔG)�? D2( · , C) (6.11)

with some initial condition D2( · , 0) = D0, which could be the
output D1( · , 1) of the previous convection substep. The solution
to (6.11) is obtained by

D2(?, C) =
∫
"

�C(?, @) D0(@)d@ (6.12)

where �� ∈ �∞(ℝ>0 ×" ×") is called the heat kernel for a given
choice of � > 0. The parameter � can in principle be any positive
value, though if � < 1 then the heat kernel is guaranteed to be
positive which is not the case if � > 1. For image processing
application � is usually chosen in the range [1/2, 1].

In our by now familiar setting we assume that " is a homoge-
neous space with respect to some Lie group �, that the integral



116 pde-based convolutional neural networks

Gaussians (6.14)
(top) and Poisson

kernels (6.15)
(bottom) on ℝ for

different values of C.

∫
"

d@ is at least covariant with a character "" : � → ℝ>0 as in §3.2
and that the Riemannian metric G ∈ Γ()(0,2)") is �-invariant as in
§2.4. Hence, the evolution brought about by (6.11) is equivariant
with respect to �. This brings us in the setting of the equivariant
linear operators of Theorem 3.3, implying we can formulate a
one-argument heat kernel  � : ℝ>0 ×" → ℝ as

 �
C (?) := ��

C (?, ?0).

for a choice of reference element ?0 ∈ ". The reduced kernel
necessarily has the symmetry

ℎ ·  �
C = ""(ℎ) �

C

for all ℎ ∈ �?0 and C > 0 as per (3.12). This gives the solution to
the diffusion equation as

D2(?, C) =
1

""(6?)

∫
"

(6? ·  �
C )(@) 5 (@)d@ (6.13)

where a 6? ∈ �?0→? is freely chosen for all ? ∈ ", recall (2.6).

gaussian & poisson kernel. The heat kernel in theℝ= case for
regular diffusion, i.e. � = 1, is given by the well known Gaussian
function:

 1
C (G) =

1
(4�C)=/2

exp
(
− |G |2

4C

)
, (6.14)

which is also known simply as the Gaussian. For the fractional
case � = 1/2 the heat kernel on ℝ= is called the Poisson kernel and
is given by

 
1/2

C (G) =
Γ( =+1

2 )
�

=+1
2 C=

(
1 + |G |2

C2

)− =+1
2

. (6.15)

Outside of ℝ= or for other values of � the situation is less
straightforward, while for some cases such as the Heisenberg group
(Gaveau, 1977) and M2 (Duits and Van Almsick, 2008) explicit
formulas for their respective heat kernels exist, these are seldom
convenient for numerical computation and so not suitable for re-
peated recomputation as is required for our application that uses
spatial convolutions. In the more general setting of Riemannian
manifolds, no closed formula exists and the kernel need not be a
scalar function of the Riemannian distance in the same way as it
is on ℝ= .
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two-sided bounds. The best we can do in general is bound the
heat kernel from above and below with Gaussian-like functions.
There is much work available in this domain (Grigor’yan, 2009;
Grigor’yan, 2006;Grigor’Yan,Hu, and Lau, 2009;Maheux, 1998;
Mustapha, 2000; Varadhan, 1967). Our work is based on the
bounds from Maheux (1998) for homogeneous spaces whose Lie
group is of polynomial growth.

Definition 6.2 (Polynomial growth) A Lie group � with left-
invariant Haar measure �� is of polynomial growth when the
volume of a sphere of radius A around any 6 ∈ �:

�(6, A) := {6′ ∈ � | dG(6, 6′) < A} ,

can be polynomialy bounded as follows: there exists constant
� > 0 and �grow > 0 so that

1
�grow

A� ≤ ��(�(6, A)) ≤ �growA
�

for all A ≥ 1. Take note that the exponent � is the same on both
the lower and upper bound. Since �� is always left-invariant
in our applications the choice of 6 is perfunctory.

On homogeneous spaces of Lie groups of polynomial growth,
the following two-sided bound can be made on the two-argument
heat kernel �1 (6.12) as per Maheux (1998, Thm. 2.12) for non-
fractional diffusion.
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Lemma 6.6 (Maheux heat kernel bounds) Let " = �/� be a
homogeneous space with � being of polynomial growth as per
Def. 6.2 then there exists constants �1 , �2 > 0 and for every
� > 0 there exists a �� > 0 so that

�1�@,C exp
(
−

dG(?, @)2
4�2C

)
≤ �1

C (?, @) ≤ ���@,C exp
(
−

dG(?, @)2
4(1 + �)C

)
(6.16)

for all ?, @ ∈ " and all C > 0 where G is the Riemannian metric
with its associated distance 3G and the normalization constant
�@,C is given by

�@,C := 1

�G

(
�(@,

√
C)
) .

where �G is the volume measure induced by G.

differences with our setting. Weadapted the formulation of
Lemma 6.6 to our setting, which is distinct (but equivalent) to that
of Maheux (1998) in two ways. Firstly, Maheux (1998, Thm. 2.12)
proves this result for right cosets, while we use left cosets. We can
translate the results by inversion in view of (6�)−1 = �−16−1 =

�6−1.We then apply the result ofMaheux to the correct�-invariant
metric tensor field on �/�.

Secondly, Maheux relates distances on the group with distances
on the homogeneous space in a distinct (but equivalent) way.
While we use a pseudometric on � induced by a metric on �/�
using the pullback of the quotient map (2.8), Maheux does it the
other way around and uses a metric on �/� induced by a metric
on � by:

3maheux
�/� (?1 , ?2) = inf

61∈?1
inf
62∈?2

3maheux
� (61 , 62)

= inf
62∈?2

3maheux
� (@1 , 62),

(6.17)

for any choice of @1 ∈ ?1 and where 3� is the initial metric on �.
We avoid having to minimize inside the cosets as in (6.17) thanks
to the inherent symmetries in our pseudometric.

an approximate kernel. That brings us to our proposed ap-
proximation of the  1 heat kernel. This approximation for � = 1
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will also serve as the basis for our approximation of  � for other
values of �.

Definition 6.3 (Approximate � = 1 kernel) On a homoge-
neous space �/� with �-invariant Riemannian metric G we
define

 
1,appr
C (?) := �C exp

(
−�G(?)2

4C

)
(6.18)

where �C is a normalization constant for a given C > 0, this
can either be the !1 normalization constant or in the case of
groups of polynomial growth we set

�C := 1

�G

(
�(?0 ,

√
C)
) .

We can squeeze our approximate kernel  1,appr on both sides
by scaled real kernels  1 as follows.

Lemma 6.7 Let � be of polynomial growth and let  1 be the
heat kernel for the � = 1 diffusion equation (6.11) on the ho-
mogeneous space �/�. Then there exists constants � ≥ 1 ,
�1 ∈ (0, 1) and �2 > �1 so that the following holds:

1
�
 1
�1C

(?) ≤  
1,appr
C (?) ≤ � 1

�2C
(?). (6.19)

for all ? ∈ �/� and C > 0.

Proof. Onagroup of polynomial growthwehave�C = �G

(
�(?0 ,

√
C)
)−1

.
If � is of polynomial growth we can apply Lemma 6.6 to find that
there exists constants �1 , �2 > 0 and for all � > 0 there exists a
constant �� > 0 so that:

�1�C exp
(
−3G(?0 , ?)2

4�2C

)
≤  1

C (?) ≤ ���C exp
(
−3G(?0 , ?)2

4(1 + �)C

)
for all ? ∈ �/� and C > 0.

Now using the inequalities from Lemma 6.3 we obtain:

�1�C exp
(
−
�G(?)2
4�2C

)
≤  1

C (?) ≤ ���C exp

(
−

�G(?)2

4�2
metr(1 + �)C

)
,
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which leads to:

�1
�C
�22C

 
1,appr
�2C

(?) ≤  1
C (?) ≤ ��

�C
��2

metr(1+�)C
 

1,appr
�2

metr(1+�)C
(?).

The group � being of polynomial growth also implies �/� is a
doubling space (Maheux, 1998, Thm. 2.17). Using the volume dou-
bling and reverse volume doubling property of doubling spaces
(Grigor’Yan, Hu, and Lau, 2009, Prop. 3.2 and 3.3) we find that
there exist constants �3 , �4 , �, �′ > 0 so that:

�C
�22C

≥ �3

( √
C√
�2C

)�
= �3�

−�/2
2 ,

�C
��2

metr(1+�)C
≤ �4

©­­«
√
C√

�2
metr(1 + �)C

ª®®¬
�′

= �4

(
�2

metr(1 + �)
)−�′/2

.

Applying these inequalities we get:

�′
1 := �1�3�

−�/2
2

and
�′
� := ���4

(
�2

metr(1 + �)
)−�′/2

.

From which we obtain:

�′
1 

1,appr
�2C

(?) ≤  1
C (?) ≤ �′

� 
1,appr
�2

metr(1+�)C
(?).

Reparametrizing C in both inequalities gives:

1
�′
�
 1
C/(�2

metr(1+�))
(?) ≤  

1,appr
C (?) ≤ 1

�′
1
 1
�−1

2 C
(?).

Finally we fix � > 0 and relabel constants:

� := max
{
�′−1

1 , �′
� , 1

}
,

�1 := 1
�2

metr(1 + �)
,

�2 := 1
�2
,

observe that since � > 0 and �metr ≥ 1 we have 0 < �1 < 1. �
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Depending on the actually achievable constants, Lemma 6.7
provides a very strong or very weak bound on how much our
approximation deviates from the actual solution. Fortunately in
the M2 case our approximation is very close to the exact kernel
in the vicinity of the origin, as can be seen in Figure 6.4. In our
experiments we sample the kernel on a grid around the origin,
hence this approximation is good for reasonable values of the
metric parameters (i.e. low spatial anisotropy, � < 4 ideally, recall
(6.10)), which we may expect from Lemma 6.3 providing a second
order relative error.

Figure 6.4: Comparing the numerically computed heat kernel  1
C (left)

with our approximation  
1,appr
C based on the logarithmic

norm estimate (right) for �/� = M2. Shown here at C =

1 with the same metric as in Fig. 6.3. Especially in deep
learning applications where discretization is very coarse our
approximation is sufficiently accurate as long as the spatial
anisotropy (6.10) does not become too high. In this case with
� = F2/F1 = 2 we have a relative !2 error of 0.23 in the
plotted volume.

fractional kernel approximation. Now let us develop an
approximation for values of � other than 1. From semigroup the-
ory (Yosida, 1968) it follows that semigroups generated by taking
fractional powers of the generator (in our case ΔG → −(−ΔG)�)



122 pde-based convolutional neural networks

amounts to the following key relation between the �-kernel and
the diffusion kernel:

 �
C (?) :=

∫ ∞

0
@C ,�(�) 1

�(?)d�, (6.20)

for � ∈ (0, 1) and C > 0 where @C ,� is defined as follows.

Definition 6.4 LetL−1 be the inverse Laplace transform then

@C ,�(�) := L−1
(
A ↦→ 4−CA

�
)
(�) for � ≥ 0.

For explicit formulas of this kernel see Yosida (1968, Ch. IX:11
eq. 17). Since 4−CA� is positive for all A it follows that @C ,� is also
positive everywhere.

Now instead of integrating  1
C to obtain the exact fundamen-

tal solution, we can replace it with our approximation  1,appr
C to

obtain an approximate �-kernel.

Definition 6.5 (Approximate � ∈ (0, 1) kernel) Akin to (6.20)
we set � ∈ (0, 1), C > 0 and define:

 
�,appr
C (?) :=

∫ ∞

0
@C ,�(�) 1,appr

� (?) d� ≥ 0, (6.21)

for ? ∈ �/�.

The bound on  1
C we obtained in Lemma 6.7 transfers directly

to our approximation for other �.

Theorem 6.8 Let � be of polynomial growth and let  �
C be

the heat kernel of the � ∈ (0, 1] diffusion equation (6.11) on the
homogeneous space �/�, then there exists constants � ≥ 1 ,
�1 ∈ (0, 1) and �2 > �1 so that the following holds:

1
�
 �
��

1 C
(?) ≤  

�,appr
C (?) ≤ � �

��
2 C
(?) (6.22)

for all C > 0 and ? ∈ �/�.
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The dilation and
erosion PDEs yield
non-linear scale
spaces as per van
den Boomgaard
and Smeulders
(1994) and Schmidt
and Weickert
(2016).

Proof. The statement is an consequence of Lemma 6.7 and the fact
that @C ,� is positive, applying the integral from (6.21) yields:

 
�,appr
C (?) =

∫ ∞

0
@C ,�(�) 1,appr

� (?)d�

(Lem. 6.7) ≤ �

∫ ∞

0
@C ,�(�) 1

�2�
(?)d�

(�′=�2�) = �

∫ ∞

0

1
�2

@C ,�

(
�′

�2

)
 1
�′(?)d�′

(Bromwich
integral

)
= �

∫ ∞

0
@��

2 C ,

(�′) 1

�′(?)d�′

= � �
��

2 C
(?).

The other inequality follows the same way. �

Although the approximation (6.21) is helpful in the proof above
it contains some integration and is not an explicit expression. Our
initial experiments with diffusion for � = 1 showed that (for the
applications under consideration at least) adding diffusion did
not improve performance. For that reason we chose not to focus
further on diffusion in this work. We leave developing a more
explicit and computable approximation for diffusion kernels for
0 < � < 1 for future work.

6.8 dilation & erosion

The last part of (6.2) to discuss are the morphological terms that
control dilation and erosion. In isolation the dilation or erosion
processes solve the PDE

%D3
%C (?, C) = ± 1







(∇GD3( · , C))?





G

∀? ∈ ", C ≥ 0,

D3( · , 0) = D0

(6.23)

where 
 > 1 and with ‘+’ indicating dilation and ‘-’ erosion from
an initial condition D0 which could be the output D2( · , 1) of the
previous substep. When the smoothness parameter 
 is greater
than 1 then we are looking at the viscosity solution of (6.23), we
can also take the limit of those viscosity solutions as 
 → 1 to talk
about the solution of this PDE for 
 = 1 as we will see.
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Recall that the
musical isomorphism
♯ : )∗" → )" is

defined so that
G(�♯ , · ) = � for all

� ∈ )∗".

‖�‖

‖E‖

Hamiltonians (6.25)
(top) and

Lagrangians (6.26)
(bottom) for


 = 2, 3, 4 in
function of the

norms.

hamiltonian & lagrangian. The PDE (6.23) is a Hamilton-
Jacobi equation

%D3
%C (?, C) = ±H


(
(dD3( · , C))?

)
∀? ∈ ", C ≥ 0,

D3( · , 0) = D0

(6.24)

where the Hamiltonian H
 : )∗" → ℝ≥0 is given by

H
(�) := 1


‖�‖
∗G := 1







�♯





G

(6.25)

for any � ∈ )∗". Going forward we will suppress the G subscript
from the norm ‖ · ‖ and dual norm ‖ · ‖∗ as it is understood that
these depend on the Riemannian metric G ∈ Γ()(0,2)").

Clearly, the Hamiltonian is a strictly convex, H
(0) = 0 and
moreover is superlinear since

H
(�)
‖�‖∗

→ ∞

if ‖�‖ → ∞. The associated Lagrangian is found by applying the
Fenchel transform.

Lemma 6.9 (Morphological Lagrangian) The Lagrangian
L
 : )" → ℝ≥0 belonging to the Hamiltonian (6.25) for 
 > 1
is given by

L
(E) =
1
�
‖E‖� (6.26)

for all E ∈ )" and where � > 1 is the complement of 
 given
by

1


+ 1

�
= 1 (6.27)

Proof. Let E ∈ )?" at some ? ∈ ", then

L
(E) := sup
�∈)∗

?"

{�(E) −H
(�)} = sup
�∈)∗

?"

{
�(E) − 1



‖�‖


}
.

Clearly, the optimal � ∈ )∗
?" satisfies �♯ = �E for some � ≥ 0 so

we can rewrite

L
(E) = sup
�≥0

{
G(�E, E) − 1



‖�E‖


}
= sup

�≥0

{
�‖E‖2 − 1



�
‖E‖


}
.



6.8 dilation & erosion 125

Taking the derivative of the objective gives ‖E‖2−�
−1‖E‖
, which
is zero only if � = ‖E‖ 2−



−1 . Filling it in into the objective function
yields

L
(E) = ‖E‖ 2−


−1 ‖E‖2− 1




(
‖E‖ 2−



−1

)

‖E‖
 =

(
1 − 1




)
‖E‖ 



−1 =
1
�
‖E‖� .

�

Note that both the Hamiltonian (6.25) and Lagrangian (6.26)
are scalar functions of norms on their respective domains. So,
we could just as easily express the Hamiltonian and Lagrangian
in function of those ‘1D’ scalar functions H1D


 : ℝ → ℝ and
L1D


 : ℝ → ℝ as

H
(�) = H1D

 (‖�‖∗) := 1



‖�‖
∗ ,

L
(E) = L1D

 (E) := 1

�
‖E‖� ,

(6.28)

for all � ∈ )∗", E ∈ )" and where 
, � > 1 are related as per
(6.27). Some works refer to the scalar functions H1D


 and L1D

 as

the Hamiltonian respectively Lagrangian, we make the distinction
here.

morphological convolution. Inℝ= , a PDE of the type (6.23)
is solved with the help of a morphological convolution as in (6.1).
Analogously to how we generalized linear convolutions to homo-
geneous spaces in Theorem 3.3 we can generalize morphological
convolutions in a similar manner.
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Definition 6.6 (Morphological convolution) Let �/� be a
homogeneous space of a Lie group �, 5 ∈ !∞(�/�) and let
: : �/� → ℝ ∪ {∞} be proper (i.e. not everywhere ∞) then
we define the morphological convolution of 5 with kernel : as:

(: ��/� 5 )(?) := inf
@∈�/�

{
(6? · :)(@) + 5 (@)

}
(6.29)

where 6? ∈ ? is freely chosen for all ? ∈ �/�. For this expres-
sion to be well-defined we require that the kernel : satisfies
the compatibility condition:

∀ℎ ∈ � : ℎ · : = :. (6.30)

When it is clear on what space we are applying the morpholog-
ical convolution we drop the subscript from ��/� and just write
�.

analogy with the linear setting. Compare and contrast
the operators from Definition 6.6 with those of Theorem 3.3. The
overall construction of the two types of operators is very similar
except thatmultiplication is changed into addition and the integral
is changed into an infimum. The compatibility condition (6.30) is
slightly simpler than in the linear case (3.12) since we do not have
an analogue to the measure in the morphological case and taking
an infimum (or supremum) is always invariant, i.e.

inf
?∈�/�

(6 · 5 )(?) = inf
?∈�/�

5 (?)

for all 6 ∈ �.
It is also straightforward to show that the operators of Defini-

tion 6.6 are equivariant.

Lemma 6.10 (Morphological convolution is equivariant) In
the setting of Definition 6.6 it holds that

6 · (: ��/� 5 ) = : ��/� (6 · 5 )

for all 6 ∈ �.
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Proof. Take 6 ∈ � and ? ∈ �/�, then(
6 · (: ��/� 5 )

)
(?) = (: ��/� 5 )(6−1?)

= inf
@∈�/�

{
(66−1? · :)(@) + 5 (@)

}
= inf

@∈�/�

{
(6−16? · :)(@) + 5 (@)

}
= inf

@∈�/�

{
:(6−1

? 6@) + 5 (@)
}

(@′=6@ and invariance of inf) = inf
@′∈�/�

{
:(6−1

? @′) + 5 (6−1@′)
}

=
(
: ��/� (6 · 5 )

)
(?).

�

Naturally we also need a kernel to do the morphological convo-
lution with. The kernel of interest is closely related to the PDE’s
scalar Lagrangian as in (6.28).

Definition 6.7 (Morphological kernel) Let 
 > 1 and let
�/� be a homogeneous space of a Lie group � equipped
with a �-invariant Riemannian metric G, then we define the
morphological kernel :
C : " → ℝ as

:
C (?) := C

�

(
3G(?0 , ?)

C

)�
(6.31)

for all C > 0 and where � > 1 relates to 
 as per (6.27).

Note that we do not include the dependence of :
C on the Rie-
mannian metric G in the notation since it is normally clear which
metric we are using but this dependence should still be kept in
mind.

Since we required the Riemannian metric G to be �-invariant
it follows that ? ↦→ dG(?0 , ?) is �-invariant, which in particular
implies that for all ℎ ∈ �?0 the following holds

dG(?0 , ?) = dG(ℎ · ?0 , ℎ · ?) = dG(?0 , ℎ · ?).

Fromwhich it follows that the morphological kernel itself satisfies
the compatibility condition (6.30).
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Corollary 6.11 (Morphological kernel compatibility) The
morphological kernel from Definition 6.7 satisfies (6.30), i.e.
ℎ · :
C = :
C for all ℎ ∈ �, C > 0 and 
 > 1.

This gives us all the elements to state our claim that using this
kernel with morphological convolution solves the dilation/ero-
sion PDE (6.23).

Theorem 6.12 (Morphological solution) Let �/� be a homo-
geneous space of a Lie group� of polynomial growth, let 
 > 1
and let D0 : �/� → ℝ be Lipschitz. Let G2 denote either G+

2
or G−

2 depending on whether we are solving the dilation or
erosion variant of (6.23). Then D3 : �/� × (0,∞) → ℝ given by

D3( · , C) = :
C � D0 (6.32)

solves the erosion variant of (6.23) (i.e. the ‘-’ variant) while

D3( · , C) = −
(
:
C � (−D0)

)
(6.33)

solves the dilation variant of (6.23) (i.e. the ‘+’ variant) where
the kernel :
C is based on the appropriate metric 3G2 . The solu-
tions are in the sense of Balogh, Engulatov, Hunziker, and
Maasalo (2012, Thm. 2.1) and are both Lipschitz themselves.

Proof. The Riemannian manifold (�/�, G2) is a proper length
space and therefore the theory of Balogh, Engulatov, Hunziker,
and Maasalo (2012) applies. Moreover, since � is of polynomial
growth, we have that �/� is a doubling space as per Maheux
(1998, Thm. 2.17) and also admits a Poincaré constant Maheux
(1998, Thm. 2.18). Hence we satisfy the additional requirements
of Balogh, Engulatov, Hunziker, and Maasalo (2012, Thm. 2.3
(vii) and (viii)).

The (scalar) Hamiltonian, as used in Balogh, Engulatov, Hun-
ziker, and Maasalo (2012), is given by (6.28) and is indeed su-
perlinear, convex and satisfies H1D


 (0) = 0. The corresponding
(scalar) Lagrangian is also given by (6.28), according to Balogh,
Engulatov, Hunziker, and Maasalo (2012), the solution — in
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the sense of their Theorem 2.1 — to the erosion variant of (6.23) is
given by

D3(?, C) = inf
@∈�/�

{
CL1D




(
3G2(?, @)

C

)
+ D0(@)

}
= inf

@∈�/�

{
C

�

(
3G2(6??0 , @)

C

)�
+ D0(@)

}
(�−invariance of G2) = inf

@∈�/�


C

�

(
3G2(?0 , 6

−1
? @)

C

)�
+ D0(@)


= inf

@∈�/�

{
(6? · :
C )(@) + D0(@)

}
=

(
:
C � D0

)
(?).

The dilation variant of (6.23) is proven analogously. �

Moreover, as a consequence of Theorem 2.1(ii) in Balogh, En-
gulatov, Hunziker, and Maasalo (2012) the kernels :
C satisfy
the semigroup property as one would expect since they solve an
evolution equation.

Corollary 6.13 For all 
 > 1 the morphological kernels from
Definition 6.7 satisfy

:
C � :


B = :
C+B ,

for all C , B > 0. That is to say: they forms a semigroup together
with the morphological convolution.

solution concept. The solution concept used in Theorem 6.12
is that proposed by Balogh, Engulatov,Hunziker, andMaasalo
(2012). This solution concept is (potentially) different from that of
the strong, weak or viscosity solution. Their point of departure is
to replace the norm of the gradient with a metric subgradient, i.e.
we replace ‖∇G2D3‖G2 by

|∇D3 | (?, C) := lim sup
@→?

max {D3(?, C) − D3(@, C), 0}
3G2(?, @)

,
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and we obtain a solution in terms of this slightly different notion
of a gradient. See Balogh, Engulatov, Hunziker, and Maasalo
(2012, §2.1) for details.

the case 
 = 1. When we set 
 = 1 we lose the superlinearity of
the Hamiltonian H
 and can no longer apply the approach from
Balogh, Engulatov, Hunziker, and Maasalo (2012).

The solutions for 
 > 1 do converge pointwise to the solution
for 
 = 1 as 
 ↓ 1. However the solution concept changes from
that of one in terms of a metric subgradient to that of a viscosity
solution (Azagra, Ferrera, and López-Mesas, 2005; Dragoni,
2007). In the general Riemannian homogeneous space setting the
result byAzagra, Ferrera, and López-Mesas (2005, Thm. 6.24) ap-
plies. It states that viscosity solutions of Eikonal PDEs on complete
Riemannian manifolds are given by the distance map departing
from the boundary of a given open and bounded set. As Eikonal
equations directly relate to geodesically equidistant wavefront
propagation on manifolds (Rund, 1966, §3; Bekkers, Duits, Mash-
takov, and Sanguinetti, 2015, §4, app. E; Evans, 2022) one expects
that we can solve (6.23) for 
 = 1 using the kernel that results from
taking the limit 
 ↓ 1 as follows.

Definition 6.8 (Morphological kernel for 
 = 1) In the same
setting as Definition 6.7 we let

:1
C (?) := lim


↓1
:
C (?) =


0 if 3G(?0 , ?) ≤ C

∞ if 3G(?0 , ?) > C.
(6.34)

Compare this kernel against the tropical indicator function
(5.17), applying morphological convolution with (6.34) as in Theo-
rem 6.12 comes down to doing max or min pooling over a Rieman-
nian ball of a certain radius that is proportional to the time C in the
fashion we discussed in §5.3. Since morphological convolution
with :1

C constitutes conventional hard max/min pooling, we can
think of dilation and erosion with 
 > 1 as soft max respectively
min pooling.

In many matrix Lie group quotients, such as the Heisenberg
group (Manfredi and Stroffolini, 2002) or in M2, morphological
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convolution with the above kernel would indeed provide a viscos-
ity solution. One can describe �-invariant vector fields via explicit
coordinates and transfer Hamilton-Jacobi-Bellman (HJB) systems
on �/� directly towards HJB-systems on ℝ= or ℝ=1 ×(=2 , with
= = =1 + =2 = dim(�/�). Then one can directly apply results by
Dragoni (2007, Thm. 4) and deduce that applying morphological
convolution with the kernel (6.34) solves the PDE (6.23) for 
 = 1
in the same manner as Theorem 6.12 does for 
 > 1. Details are
left for future work and we will contend ourselves with the results
we obtained for 
 > 1 for now.

ℝ as a representative example. To get an idea of how the
kernel in (6.31) operates in conjunction with morphological convo-
lution we take � = �/� = ℝ and see how the operation evolves
simple data, the kernels and results at C = 1 are shown in Fig-
ure 6.5. Observe that with 
 close to 1 (kernel and result in red)
we obtain what amounts to an equivariant version of max/min
pooling in the fashion of §5.3.
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Figure 6.5: In the center we have kernels of the type (6.31) on ℝ

(or the signed distance on a manifold of choice) for
some 
 ≥ 1 and C = 1, which solves dilation/erosion.
For 
 → 1 this kernel converges to the type in (6.34),
i.e. the solution is obtained by max/min pooling. On
the left we morphologically convolve a spike (in gray)
with a few of these kernels, we see that if 
 → 1
we get max pooling, conversely we can call the case

 > 1 soft max pooling. On the right we similarly
erode a plateau (in gray), which for 
 → 1 yields min
pooling. The effects of these operations in the image
processing context can also be seen in the last two
columns of Figure 6.1.
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The level sets of the kernels :
C for 
 > 1 are of the same shape
as for the distance map, see Figure 6.3 (left). For 
 = 1 these are
the windows or the stencils over whichwewould perform pooling
as in (5.11). The level sets in Figure 6.3 are balls in �/� = M2 that
do not depend on 
. It is only the growth of the kernel values
when passing through these level sets that depends on 
. As such
the example �/� = ℝ and Figure 6.5 is very representative to the
general �/� case. For general homogeneous spaces Figure 6.5 still
applies when one replaces the horizontal ℝ-axis with a signed
distance along a minimizing geodesic passing through the ori-
gin or point of reference. The parameter 
 can be understood as
regulating the softness of the max/min pooling.

approximate kernel. Of course we still cannot conveniently
calculate the distancemap 3G2(?0 , · ) onM2 or homogeneous spaces
in general and instead substitute our logarithmic metric estimate
(6.4) as we did for the heat kernel.

Definition 6.9 (Approximate morphological kernel) Let G
be a �-invariant Riemannian metric on homogeneous space
�/� and �G its associated logarithmic metric estimate as per
Definition 6.1. Then we define the approximate morphological
kernel for 
 > 1 as

:

,appr
C (?) := C

�

(
�G(?)
C

)�
(6.35)

and for 
 = 1 as

:
1,appr
C (?) :=


0 if �G(?) ≤ C ,

∞ if �G(?) > C ,
(6.36)

for all ? ∈ �/�. Recall that we relate 
, � > 1 as per (6.27).

Since we have already established in Theorem 6.5 that the loga-
rithmicmetric estimate satisfies the kernel compatibility condition
(6.30) it follows that the approximate morphological kernel also
satisfies this condition.
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Corollary 6.14 (Approximate morphological kernel compati-
bility) The approximate morphological kernel from Defini-
tion 6.9 satisfies (6.30), i.e. ℎ · :
,apprC = :


,appr
C for all ℎ ∈ �,

C > 0 and 
 ≥ 1.

Unlike the approximate heat kernel from Definition 6.5 the
approximate morphological kernel only has a single level of ap-
proximation: replacing the true distance map with the logarith-
mic estimate. This makes bounding the approximate morpholog-
ical kernel with the exact ones straightforward by substituting
Lemma 6.3 into the definition since

G ↦→ C

�

( G
C

)�
is monotonic for G, C > 0.

Corollary 6.15 Let �/� be a homogeneous space of a Lie
group � of polynomial growth. Let 
 > 1, then for all compact
neighborhoods of ?0 ≡ � there exists a � > 1 so that for all
C > 0 we have

:
C (?) ≤ :

,appr
C (?) ≤ �:
C (?) (6.37)

for all ? ∈ �/�. The constant � depends on 
, the choice
of compact neighborhood and the Riemannian metric as in
Theorem 6.3. For the case 
 = 1, the approximation is exact in
the inner and outer regions:

:
1,appr
C (?) = :1

C (?) =


0 if �G(?) ≤ C

∞ if 3G(?0 , ?) > C ,
(6.38)

but in the intermediate region where �
�
G
> C and 3G(?0 , · ) ≤ C

we have that :
,apprC = ∞ while :
C = 0.

Alternatively, instead of bounding by value we can bound in
time, in which case we need not distinguish different cases of 
.
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Corollary 6.16 Let �/� be a homogeneous space of a Lie
group � of polynomial growth. Let 
 ≥ 1, then for all compact
neighborhoods of ?0 ≡ � there exists a � > 1 so that for all
C > 0 we have

:
C (?) ≤ :

,appr
C (?) ≤ :
�C(?) (6.39)

for all ? ∈ �/�. The constant � depends on 
, the choice
of compact neighborhood and the Riemannian metric as in
Theorem 6.3.

temporal rescaling. With convection and diffusion we could
trade scaling of the convection vector field respectively Rieman-
nian metric against scaling time, the same holds for the morpho-
logical terms. For just this section we reintroduce the dependence
of the (approximate) morphological kernel on the metric G into
the notation: let :
,appr

C ,G
be the approximate morphological kernel

induced by the Riemannian metric G for some 
 ≥ 0. Then we
have for all C ≥ 0 and � > 0 that

:

,appr
C ,G

=
C

�

(�G
C

)�
=

1
�

(
C−1/
�G

1

)�
= :


,appr
1,C−1/
G

,

since Corollary 6.2 holds. From which we conclude — as in the
convection and diffusion case — that choosing an evolution end-
time is perfunctory and we may as well fix it at time C = 1 and
use only the Riemannian metric G to control how much dilation
and/or erosion we wish to perform.

With this in mind we end our theoretical results and move on
to introducing a neural network architecture that incorporates the
operations we have discussed so far.

6.9 the general pde layer

Now we finally get back to neural networks. We propose to take
a group convolution layer as in Figure 5.9 but do away with the
convolutions and activation function and instead evolve the in-
coming feature maps as per the PDE (6.2). We then still make
point-wise linear combinations of feature maps as before. Since
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we constructed (6.2) to be equivariant with respect to the relevant
Lie group it follows that such a layer is still equivariant, just like a
group convolution layer (5.8) is. The architecture of such a PDE
layer is illustrated in Figure 6.6. Next we will detail the elements
depicted in that figure.

D3( · , 0)

D2( · , 0)

D1( · , 0)

D3( · , ))

D3( · , ))

D3( · , ))

%D3
%C = Ψw3(D3)

%D2
%C = Ψw2(D2)

%D1
%C = Ψw1(D1)

F

[
0 1 1
1 0 2

]

inputs PDE parameters evolved inputs matrix outputs

channelwise
PDE evolution

pointwise linear
combinations

Figure 6.6: An example of a PDE layer. The convolutions, pool-
ing operations and activation functions are removed
from a single channel convolution layer (as in Fig-
ure 5.1 or 5.9) and replaced with an evolution PDE
(6.2). The PDE has a certain amount of parameters as
part of its generator, labeledΨ here, each channel has
its own independent parameters. Together with the
coefficients of the pointwise linear combinations the
PDE parameters form the trainable parameters of the
layer.

for homogeneous spaces in general. Say that we are work-
ing on a homogeneous space �/�. Let �in , �out ∈ ℕ be the num-
ber of input respectively output channels of the layer and let
Din
8

: �/� → ℝ for 8 = 1 . . . �in be the input feature maps. We use
the input feature maps as the initial conditions to the PDE (6.2)
where each channel has its own independent set of parameters.
Since we have established previously that all terms of (6.2) have
a temporal rescaling property we can fix the evolution time of
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the PDE at time ) = 1 without losing any potential solutions. We
then process each input feature map in substeps according to the
operator splitting scheme from §6.3.

timesteps. In a scientific computing setting we would naturally
want to takemultiple timesteps, iterating over each of the substeps
of the operator splitting approach until we reach our target stop-
ping time. Indeed we would expect the accuracy of the numerical
result to improve as we choose smaller timesteps and we would
normally choose a timestep as small as our computational bud-
get allows. In a deep learning setting we are however so severely
computationally constrained — due to having to repeatedly re-
compute solutions during the training process — that we want to
take as few timesteps as possible.

Hence, in experiments we only ever do a single timestep, apply-
ing each substep only a single time. While this maymake for a less
than accurate numerical approximation it does not degrade the
performance of a PDE-based neural network in our experiments.
Indeed, increasing the number of timesteps had a barely measur-
able effect on the performance of the networks while drastically
increasing their computational requirements. We will therefor
proceed under the assumption that we only wish to take a single
timestep.

convection substep. We have established that equivariant con-
vection can be solved as per Theorem 6.1. This means that we
are looking to train a 6 ∈ �, i.e. the �c(−C) for C = 1 in Theo-
rem 6.1. The parametrization of 6 can be freely chosen, but if the
exponential map is surjective then it is convenient to use it. Say
-1 , . . . , -= ∈ )4� is a basis for )4� with =1 = dim(�) and let
wconv,8 = (F1

conv,8 , . . . , F
=1
conv,8) ∈ ℝ=1 be the trainable convection

parameters for each 8 = 1, . . . , �in. Then we take the first substep
as follows:

D
(1)
8
(?) := Din

8

©­«6? exp�
©­«
=1∑
9=1

F
9

conv,8-8
ª®¬ · ?0

ª®¬ (6.40)

per Theorem 6.1 for each input channel 8 = 1, . . . , �in.
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diffusion substep. The results D(1)
8

: �/� → ℝ of the first
substep are the starting points for the next substep, being diffu-
sion. We restrict ourselves to non-fractional diffusion � = 1 here
since that is the case for which we have an easy-to-compute ap-
proximation. We perform (approximate) diffusion to the nominal
time C = 1 by convolution (6.13) with the approximate heat ker-
nel  �,appr

1 from Definition 6.3 to generate the next intermediate
results.

The kernel depends on the �-invariant Riemannian metric G1
in (6.2). �-invariant Riemannian metrics have finite degrees of
freedom and so we can parametrize them with a finite number
of parameters. We may opt to further restrict the Riemannian
metric beyond being �-invariant, for example by only allowing
Riemannian metrics that are diagonal with respect to certain pre-
ferred vector fields. Say we have chosen a family of �-invariant
Riemannian metrics parametrized by =2 ∈ ℕ parameters which
we label as wdiff,8 = (F1

diff,8 , . . . , F
=2
diff,8) ∈ ℝ=2 for each channel

8 = 1, . . . , �in.
These parameters then form the trainable parameters of the

diffusion substep. If we include the dependency of the heat kernels
on the metric parameters explicitly in the notation by writing the
kernel as  1,appr

1 (wdiff,8) then the diffusion substep is performed
as

D
(2)
8

:=  
1,appr
1 (wdiff,8) ∗�/� D(1)8 (6.41)

for each 8 = 1, . . . , �in.

dilation & erosion substeps. The dilation and erosion sub-
steps work essentially the same as the diffusion substep in that
they depend on �-invariant metrics G+

2 respectively G−
2 . Using the

same parametrization of the Riemannian metrics as before we
have a set of parameterswdil,8 = (F1

dil,8 , . . . , F
=2
dil,8) ∈ ℝ=2 to control

the dilations and a set wero,8 = (F1
ero,8 , . . . , F

=2
ero,8) ∈ ℝ=2 to control

the erosions for each channel.
Solving the dilation involves the approximate morphological

kernel fromDefinition 6.9 using Theorem 6.12. Themorphological
kernel once again depends on the Riemannian metric and so on
the parameters wdil,8 , which we make explicit again by writing
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the (approximate) kernel as :
,apprC (wdil,8) for each channel 8 =
1, . . . , �in. The dilation substep is then computed as

D
(3)
8

:= −
(
:

,appr
1 (wdil,8) ��/�

(
−D(2)

8

))
. (6.42)

The erosion substep is similarly computed using Theorem 6.12 as

D
(4)
8

:= :

,appr
1 (wero,8) ��/� D(3)8 , (6.43)

which completes the PDE-based processing of the PDE layer.

the 
 parameter. The value of 
 ≥ 1we consider a non-trainable
hyper-parameter that is part of the design of a given network. In
the experiments that we discuss in the next chapter we found
empirically that values around 
 = 1.3 gave the best result. This
is likely the result of the morphological kernel having a good
trade-off between smoothness and sharpness around that value,
see Figure 6.5.

linear combinations. The final step of the PDE layer is mak-
ing pointwise linear combinations of the �in processed input fea-
ture maps to make the �out output feature maps. The coefficients
(08 9) ∈ ℝ�out×�in of the linear combinations are part of the trainable
parameters of the layer. Optionally, biases (18) ∈ ℝ�out can be in-
clude as well. The final output of the PDE layer is then computed
as

Dout
8 :=

�in∑
9=1

08 9 D
(4)
9

+ 18 (6.44)

for all 8 = 1, . . . , �out.
We can group the trainable parameters of the substeps (6.40)

(6.41) (6.42) (6.43) togetherwith the linear combination coefficients
and biases as

w :=
(
wconv

1 ,wdiff
1 ,wdil

1 ,wero
1 , . . . ,wconv

�in
,wdiff

�in
,wdil

�in
,wero

�in
, (08 9), (18)

)
.

Training of the layer then comes down to performing gradient
descent on w ∈ ℝ�in(=1+3=2+�out)+�out .
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Unconstrained
parameters are
preferable when
using gradient
descent since no
additional checks
need to be made to
ensure the
parameters remain in
the constrained range
after updates.

nonlinearity. Not all four terms of (6.2) need to be used all the
time. Which of the substeps (6.40)(6.41)(6.42)(6.43) are included
is a design choice that may depend on the application under con-
sideration. The main caveat being that at least one morphological
substep needs to be present to avoid the layer as a whole being a
linear operator since convection and (non-fractional) diffusion are
linear.

6.10 the M2 pde layer

To close this chapter we detail how the PDE layer from the pre-
vious section §6.9 is constructed for our primary case of interest:
the homogeneous space M2.

convection substep. On M2 — or any principal homogeneous
space — the degrees of freedom of the �-invariant (i.e. left invari-
ant) vector fields equals the number of dimensions of the space.
This means we have 3 degrees of freedom (the =1 ∈ ℕ from above)
in the convection substep (6.40). The natural parametrization to
use is the exponential map (4.8) from §4.3 and compute the con-
vection substep as

D
(1)
8
(?) := Din

8

(
? expSE(2)

(
21
8 �1 + 22

8 �2 + 23
8 �3

))
(6.45)

for all ? ∈ M2 ≡ SE(2) and where Din
8

: M2 → ℝ are the input
feature maps for all 8 = 1, . . . , �in. Recall that �in is the number
of input channels. Taken together, there are 3�in trainable param-
eters here that we label wconv :=

(
21
8
, 22
8
, 23
8

)�in
8=1. Note that these

parameters are unconstrained, i.e. any value in ℝ is valid.

metric based substeps. The diffusion (6.41), dilation (6.42) and
erosion (6.43) substeps are all three dependent on their under-
lying SE(2)-invariant Riemannian metrics. We saw in §4.2 that
these metrics have 6 degrees of freedom. The general form of a
SE(2)-invariant Riemannian metrics (4.6) uses a symmetric pos-
itive definite 3 × 3 matrix to represent it. With the matrix being
symmetric we might be tempted to use the 6 upper or lower tri-
angle coefficients as parameters, but these are constrained in a
non-trivial manner if the matrix is to be positive definite. The
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Figure 6.7: Unit spheres in M2 for different SE(2)-invariant diag-
onal metrics (6.8). These shapes are essentially what
is being trained for the diffusion, dilation and erosion
substeps and control to what degree and in what di-
rections those substeps perform their action.

unconstrained parameterization scheme of symmetric positive
definite matrices by Pinheiro and Bates (1996) is then more con-
venient in a deep learning context.

For our experiments — in the next chapter — we further re-
stricted the metrics to be diagonal with respect to our preferred
frame as per (6.8) as

G =

3∑
8=1

F2
8 $

8 ⊗ $8 .

Here the actual metric coefficients F2
1 , F

2
2 , F

2
3 are always non-

negative courtesy of the square. The only remaining constraint is
that the three parameters F1 , F2 , F3 all have to be non-zero but
this is easy to check and enforce during training by setting a small
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minimum value. Figure 6.7 shows some unit balls on M2 for these
types of diagonal metrics for different values of F1 , F2 , F3.

Using diagonal metrics we assign a set of three parameters as
per input channel for eachmetric based substep:wdiff ,wdil ,wero ∈
ℝ�in×3. When including the coefficients for the pointwise linear
combinations and we end up with a total of �in(12 + �out) param-
eters, with an extra �out parameters if we include biases.

This concludes our exposition on the design of PDE-based con-
volutional neural networks. In the next chapter we see how these
networks perform in image processing applications.





7
APPL ICAT IONS OF PDE -BASED CNNS

To demonstrate the viability of PDE-based CNNs we perform two
experiments where we compare the performance of PDE-G-CNNs
against G-CNNs and classic CNNs. We will be doing vessel seg-
mentation and digit classification problem: two straightforward
applications of CNNs. Examples of these two applications are
illustrated in Fig. 7.1.

The goal of the experiments is to compare the basic building
blocks of the different types of networks in clearly defined feed-
forward network architectures. So we test networks of modest
size only and do not just aim for the performance that would be
possible with large-scale networks.

These experiments were first presented in Smets, Portegies,
Bekkers, and Duits (2022).

7.1 implementation

We implemented our PDE-based operators in an extension to
the PyTorch deep learning framework (Paszke et al., 2019). Our
package is called LieTorch and is open source.

The package is available at https://gitlab.com/bsmetsjr/lietorch
and through the pip and conda package managers.

The operations we have proposed in the paper have been im-
plemented in C++ for CPUs and CUDA for Nvidia GPUs but can
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Figure 7.1: Top: example from the DRIVE dataset (Staal, Abrà-
moff, Niemeijer, Viergever, and Van Ginneken,
2004), showing a retinal image and its vessel segmen-
tation. Bottom: examples from the RotNIST dataset
(Baweja, 2018).

be used from Python through PyTorch. Our package was also
designed with modularity in mind: we provide a collection of
PyTorch modules that can be used together to implement the
PDE-G-CNNs we proposed but that can also be used separately
to experiment with other architectures.

All the modules we provide are differentiable and so our PDE-
G-CNNs are trainable through stochastic gradient descent (or its
many variants) in the usual manner. In our experiments we have
had good results with using the ADAM optimizer from Kingma
and Ba (2014).

All the network models and training scripts used in the experi-
ments are also available in the repository.
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7.2 network design choices

Several design choices are common to both experiments, we will
go over these in this section.

Firstly, we choose � = SE(2) and �/� = M2 for our G-CNNs
and PDE-G-CNNs and so go for roto-translation equivariant net-
works. In all instances we lift to 8 orientations, the lifting layer
being constructed as in Figure 5.8 with lifting in the manner of
Figure 5.6.

Secondly, we use the convection, dilation and erosion version
of the PDE (6.2), thus not incorporating the diffusion term, hence
we refer to these networks as PDE-CNNs of the CDE-type. Each
PDE-layer is implemented as in Figure 6.6 with a single timestep
being performed. So no explicit diffusion is used and the layer
consists of just resampling and two morphological convolutions.
Since we do the resampling using trilinear interpolation this does
introduce a small amount of implicit diffusion.

Thirdly, we fix 
 = 1.3. We came to this value empirically; the
networks performed best with 
-values in the range 1.2 − 1.4.
Looking at Figure 6.5 we can conjecture that 
 = 1.3 is the “sweet
spot” between sharpness and smoothness. When the kernel is too
sharp (
 close to 1) minor perturbations in the input can have
large effects on the output, when the kernel is too smooth (
 close
to 2 or even larger) the output will be smoothed out too much.

Fourth, all our networks are simple feed-forward networks lack-
ing such features as residual connections.

Finally, we use the ADAM optimizer (Kingma and Ba, 2014)
together with !2 regularization uniformly over all parameters
with a factor of 0.005.

role of diffusion. When doing preliminary experiments we
found no benefit to adding diffusion to the networks for the ap-
plications we are interested in here. Diffusion likely would be of
benefit when the input data is noisy but neither datasets we used
are noisy. In other applications than classification or segmenta-
tion where more regularisation is desirable (such as inpainting
perhaps) the diffusion term is likely of more use. We leave these
investigations for future work.
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7.3 retinal vessel segmentation

The first experiment uses the DRIVE retinal vessel segmentation
dataset (Staal, Abràmoff, Niemeijer, Viergever, and Van Gin-
neken, 2004). The object is the generate a binary mask indicating
the location of blood vessels from a color image of a retina as
illustrated in the top image of Figure 7.1.

We test 6- and 12-layer variants of a CNN, a G-CNN and a
CDE-PDE-CNN. The layout of the 6-layer networks is shown in
Figure 7.2, the 12-layer networks simply add more convolution,
group convolution or CDE layers. All the networks were trained
on the same training data and tested on the same testing data.

The output of the network is passed through a sigmoid function
to produce a 2D map 0 of values in the range [0, 1] which we
compare against the known segmentation map 1 with values in
{0, 1}. We use the continuous DICE coefficient as the loss function:

loss(0, 1) = 1 − 2
∑
01 + �∑

0 +∑
1 + �

,

where the sum
∑

is over all the values in the 2D map. A relatively
small � = 1 is used to avoid divide-by-zero issues and the 0 ≡ 1 ≡ 0
edge case.

The 6-layer networks were trained over 60 epochs, starting with
a learning rate of 0.01 that we decay exponentially with a gamma
of 0.95. The 12-layer networkswere trained over 80 epochs, starting
from the same learning rate but with a learning rate gamma of
0.96.

We measure the performance of the network by the DICE coeffi-
cient obtained on the 20 images of the testing dataset. We trained
each model 10 times, the results of which are summarized in
Table 7.1 and Figure 7.3.

We achieve similar or better performance than CNNs or G-
CNNs but with a vast reduction in parameters. Scaling from 6 to
12 layers even allows us to reduce the total number of parameters
of the PDE-G-CNN while still increasing performance, this is
achieved by reducing the number of channels (i.e. the width) of
the network, see also Table 7.2.
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Figure 7.2: Schematic of the 6-layer models used on our segmen-
tation experiments. Kernel sizes and number of fea-
ture channels in each layer are indicated, depth in-
dicates that the data lives on M2. Omitted are acti-
vation functions, batch normalization, padding and
dropout modules. The 12-layer models are essentially
the same but with double the number of layers and
with reduced number of channels per layer (i.e. re-
duced width) for the CDE-PDE-CNN (hence the re-
duction in parameters going from 6 to 12 layers).

7.4 digit classification

The second experiment we performed is the classic digit classifica-
tion experiment. Instead of using the plain MNIST dataset we did
the experiment on the RotNIST dataset (Baweja, 2018). RotNIST
contains the same images asMNIST but rotated to various degrees.
Even though classifying rotated digits is a fairly artificial problem
we include this experiment to show that PDE-based CNNs also
work in a context very different from the first segmentation exper-
iment. While our choice of PDEs derives from more traditional
image processing methods, this experiment shows their utility in
a basic image classification context.
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Model Parameters DICE score ± std.dev.
CNN 6 47, 352 0.8058 ±0.0017

G-CNN 6 39, 258 0.8085 ±0.0022

CDE-PDE-CNN 6 4, 128 0.8115 ±0.0018

CNN 12 129, 432 0.8189 ±0.0005

G-CNN 12 114, 378 0.8192 ±0.0012

CDE-PDE-CNN 12 3, 678 0.8220 ±0.0007

Table 7.1: Average DICE coefficient achieved on the 20 images of
the DRIVE testing dataset and the number of trainable
parameters of each model. The G-CNNs and CDE-
PDE-CNNs are roto-translation equivariant by con-
struction. Note the vast reduction in parameters al-
lowed by using PDE-based networks.

Type of parameter CDE-PDE-CNN 6 CDE-PDE-CNN 12
Lifting layer 2352 1470
Convection 192 300
Dilation 192 300
Erosion 192 300
Linear combinations 1040 1076
Batch normalization 160 232

Table 7.2: Allocation of parameters for the 6- and 12-layer CDE-
PDE-CNNs used in the vessel segmentation experi-
ment. The added depth of the networks allows us to
shrink the overall width. With the network having less
channels over all we can also shrink the number of
channels in the lifting layer, which drastically reduces
the total number of parameters.

We tested three networks: the classic LeNet5 CNN (LeCun et
al., 1989) as a baseline, a 4-layer G-CNN and a 4-layer CDE-PDE-
CNN. The architectures of these three networks are illustrated in
Figure 7.4.

All three networks were trained on the same training data and
tested on the same testing data. We train with a learning rate of
0.05 and a learning rate gamma of 0.96. We trained the LeNet5
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Figure 7.3: Comparison of PDE-based CNNs vs. G-CNNs vs.
CNNs on the retinal vessel segmentation task. We
test 6- and 12-layer variants of conventional CNNs,
G-CNNs and our CDE-PDE-CNNs, each network is
trained 10 times, the chart shows the distribution of
DICE performances on the test dataset, a higher score
is better.

model for 120 epochs and theG-CNNandCDE-PDE-CNNmodels
for 60 epochs.

We measure the performance of the network by its accuracy on
the testing dataset. We trained each model 10 times, the results of
which are summarized in Table 7.3 and Figure 7.5.

We manage to get better performance than classic or group
CNNs with far fewer parameters.

7.5 computational performance

Care was taken in optimizing the LieTorch implementation to
show that PDE-based networks can still achieve decent running
times despite their higher computational complexity. In Table 7.4
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Figure 7.4: Schematic of the three models tested with the Rot-
NIST data. Kernel sizes and number of feature chan-
nels in each layer are indicated. Omitted are acti-
vation functions, batch normalization and dropout
modules.

Model Parameters Error rate ± std.dev.
CNN (LeNet5) 44, 426 2.59% ±0.66%

G-CNN Classifier 4 12, 700 1.14% ±0.21%

CDE-PDE-CNN Classifier 4 2, 542 1.10% ±0.10%

Table 7.3: Accuracy of the digit classification models on the Rot-
NIST testing dataset and number of parameters for
each model.

we summarized the inferencing performance of each model we
experimented with.

Our approach simultaneously gives us equivariance, a decrease
in parameters and higher performance but at the cost of an in-
crease in flops and memory footprint. While our implementation
is reasonably optimized it has had far less development time ded-
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Figure 7.5: Performance comparison of digit classification on
the RotNIST dataset. We compare the classic 5-layer
LeNet against a 4-layer G-CNNandPDE-CNN. LeNet
was trained for 120 epochs, the other two for 60
epochs.

icated to it than the traditional CNN implementation provided by
PyTorch/cuDNN, so we are confident more performance gains
can be found.

In comparison with G-CNNs our PDE-based networks are gen-
erally a little bit faster. Our G-CNN implementation is however
less optimized compared to out PDE-G-CNN implementation.
Were our G-CNN implementation equally optimized we expect
G-CNNs to be slightly faster than the PDE-G-CNNs in our experi-
ments.

7.6 concluding remarks

In the previous Chapter 6 we presented the general mathematical
framework of geometric PDEs on homogeneous spaces that under-
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CNN G-CNN CDE-PDE-CNN
DRIVE 6-layer 1.7s 6.5s 6.8s
DRIVE 12-layer 2.2s 14.1s 9.8s
RotNIST 0.1s 0.9s 0.7s

Table 7.4: Time in seconds it took to run each model on the test-
ing dataset of its respective experiment. The DRIVE
testing dataset contains 20 images while the RotNIST
testing dataset contains 10,000 digits.

lies our PDE-G-CNNs. PDE-G-CNNs allow for a geometric and
probabilistic interpretation of CNNs opening up new avenues for
the study and development of these types of networks.We showed
in this chapter that, additionally, PDE-G-CNNs have increased
performance with a reduction of parameters.

PDE-G-CNNs ensure equivariance by design just like G-CNNs.
The trainable parameters are geometrically relevant: they are
group-invariant vector and tensor fields.

PDE-G-CNNs have three types of layers: convection, diffusion
andmorphological— dilation & erosion— layers.We have shown
that these layers generalize the standard nonlinear operations in
CNNs such as max pooling and ReLU activation.

To efficiently evaluate PDE evolution in the layers, we provided
tangible analytical approximations to the relevant kernel operators
on homogeneous spaces. We have underpinned the quality of the
approximations in Theorem 6.8 and Theorem 6.12 of Chapter 6.

With two experiments we have verified that PDE-G-CNNs can
improve performance over G-CNNs in the context of automatic
vessel segmentation and digit classification. Most importantly, the
performance increase is achieved with a vast reduction in the amount of
trainable parameters.



8
SEMIR ING ACT IVAT ION

In the previous chapters, we built neural networks that lacked the
traditional activation function. Instead, we used a class of trainable
nonlinear operators based on dilation/erosion PDEs. Specifically,
we performed morphological convolutions as per Definition 6.6.
While morphological convolution is not linear, that does not mean
it is completely lacking in structure. Indeed, let :, 51 , 52 be some
appropriate functions—the domain is not important right now—
and let 01 , 02 ∈ ℝ ∪ {∞} be some scalars. Then morphological
convolution has the property that

:�(min{01 + 51 , 02 + 52}) = min{01+(:� 51), 02+(:� 52)}, (8.1)

which is structurally similar to normal convolution being linear:

: ∗ (01 51 + 02 52) = 01(: ∗ 51) + 02(: ∗ 52),

onlywithmultiplication changed to addition and addition changed
to taking the minimum.

Looking at (8.1) as a separate property, we can say that PDE-G-
CNNs add 3 ingredients to neural networks:

(i) equivariance,
(ii) trainable operators with the semiring-linear property (8.1),
(iii) kernels derived from PDEs to be used in (ii).

Taking just ingredient (i) gives you (G-)CNNs, taking (i) & (ii) gives
youmorphological convolutions and finally adding (iii) gives PDE-
G-CNNs. In this chapterwewonder about the impact of ingredient
(ii) on the final result and how viable it is to replace activation
functions with just trainable operators that have a similar semiring-
linear property as in (8.1). We will make precise what we mean
with semiring-linear in general later in the chapter.

153
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The ‘swish’ function
for 
 = 1.

This chapter covers the material of Smets, Donker, Portegies,
and Duits (2024). Before we present semiring activation as a frame-
work for building trainable nonlinear operators we first cover
related works that introduce similar but distinct ideas.

8.1 related work

While neural networks come in a large variety of types and archi-
tectures, one common characteristic the majority of them share is
the alternation between trainable linear operations (or affine op-
erations if one includes bias) on the one hand and non-trainable
nonlinear operators in the form of a scalar activation function
on the other hand. Sometimes a multi-variate nonlinear function
like max/min-pooling is also used, but this is again a fixed, non-
trainable function similar in nature to a scalar activation function.
Even in the case of transformers (Vaswani et al., 2017) one trains
linear maps that are then composed in a fixedmanner through the
inner product and a soft-max function. While this binary setup is
the de facto standard in machine learning, exceptions exist. These
exceptions can be roughly classified into three classes: trainable
activation functions, non-standard neurons and morphological
operations. We will briefly discuss these three approaches. For
a comprehensive overview of trainable activation functions and
non-standard neurons see Apicella, Donnarumma, Isgrò, and
Prevete (2021).

trainable activation functions. The most straightforward
way of obtaining a trainable nonlinearity is using an activation
function that has one or more parameters affecting it and train
these parameters as part of the neural network. This is typically
done either by adding some shape parameter to an existing fixed
activation function or building the activation function as an en-
semble of some fixed basis functions and have the ensemble coef-
ficients be trainable parameters. An example of the first kind is
the swish function (Ramachandran, Zoph, and Le, 2017) defined
as

swish
(G) := G · sigmoid(
G) = G

1 + 4−
G ,

where 
 ∈ ℝ is a parameter that can either be trained or is a
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chosen constant. Note that for 
 = 1 the swish function reduces
to the SiLU (Elfwing, Uchibe, and Doya, 2018) and for 
 → ∞
reduces to the familiar ReLU.

An example of the second kind is the adaptive blending unit
(Sütfeld, Brieger, Finger, Füllhase, and Pipa, 2018) given by

ABU(G) :=
:∑
8=1


8 58(G),

where the 
8’s are the trainable parameters and the functions 58
are a selection of fixed activation functions such as tanh, ReLU, id,
swish, etc. In the original study the 
8 parameters were initialized
with 1

:
and constrained using a normalization scheme.

As Apicella, Donnarumma, Isgrò, and Prevete (2021) notes,
in most cases these trainable activation functions can also be ex-
pressed (or approximated) by a small feed-forward neural network
with fixed activation functions. This is not surprising since the
fixed activation functions remain the core building blocks. As a
consequence, the same benefit of using these trainable activation
functions can be achieved by simply making the neural network
deeper.

non-standard neurons. The alternative to making the activa-
tion function trainable is replacing the standard neuronal model
(linear map followed by an activation function) altogether. A basic
example is a maxout network (Goodfellow,Warde-Farley,Mirza,
Courville, and Bengio, 2013) where each neuron has a number
of linear maps with scalar codomain and the final output is the
maximum of the group.

A more elaborate non-standard neuron is used in an morpho-
logical neural network as introduced by Ritter and Sussner (1996).
Here the idea is to replace the inner linear combination in the
classic neuron given by

H 9 = �
(∑=

8=1 F8 9 G8 + 1 9
)
,

where � : ℝ → ℝ is an activation function , with a tropical combi-
nation given by:

H 9 = �
(
max

{
F8 9 + G8

�� 8 = 1 . . . =
}
+ 1 9

)
.
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and where � is again a choice of scalar activation function. More
examples of non-standard neurons can be found in Apicella,
Donnarumma, Isgrò, and Prevete (2021).

morphological operations. Mathematical morphology is a
theory and set of techniques for analyzing and processing geomet-
ric features, most commonly in images (Serra, 1982). In fact, the
morphological convolution from Definition 6.6 that we have been
using throughout takes its name from mathematical morphology.
With the rise in popularity of neural networks, many researchers
have been exploring ways of integrating ideas from mathematical
morphology into them.

The earliest workwe are aware of is the PConv operator inMasci,
Angulo, and Schmidhuber (2013), here the morphological con-
volution is not implemented directly but approximated through
counter-harmonic means, which is also the approach taken by
Mellouli, Hamdani, Ayed, and Alimi (2017). Later work uses
other approximations like soft maximum and minimum in Shih,
Shen, and Zhong (2019). Both approaches have some trouble
when executed in floating point arithmetic, that can however be
ameliorated to some degree by a smart choice of bias as in Shen,
Zhong, and Shih (2019). Direct computation of morphological
convolution is also possible as we did in previous chapters.

In this chapter we look at linear convolution and morphologi-
cal convolution as two special cases of a more general family of
operators where a particular choice of codomain algebra and do-
main translation equivariance naturally yields a convolution type
operator.

8.2 a different approach to neural networks

Instead of looking at deep neural networks as consisting of layers
of neurons, we can also take the view that we are alternating
between linear and nonlinear operators. Sure, we usually choose
the nonlinear operator to be a scalar activation function and let the
linear operators be the trainable part but that is but one possible
design choice.
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Suppose we could place the nonlinear operator on an equal
footing to the linear one, what would this look like? Clearly, the
nonlinear operator needs some sort of structure similar to the
linear operators to make this work. If � : + → , is some map
between vector spaces + and, then we say it is linear if

�(0E1 + 1E2) = 0�(E1) + 1�(E2)

for all E1 , E2 ∈ + and scalars 0 and 1. We could require a similar
structure of a nonlinear operator � : - → ., so that for some
binary operations ⊕ and � we have

� (0 � G ⊕ 1 � H) = 0 � �(G) ⊕ 1 � �(H) (8.2)

for all G1 , G2 ∈ - and scalars 0 and 1 andwhere � takes precedence
over ⊕. The spaces - and . would have to be spaces where these
operations make sense of course. If this allows for the nonlinear
operator � to be written as a matrix, similar to � then we could
train � in the same way we train � and effectively have linear and
nonlinear operators on the same footing.

This then will be our approach: look at a class of nonlinear
operators that are semiring-linear as in (8.2) and then instead of
building neural networkswith trainable linear (or affine) operators
�8 and activation functions � as

�! ◦ � ◦ �!−1 ◦ · · · ◦ �2 ◦ � ◦ �1 ,

we build it with linear operators �8 and nonlinear operators �8 as

�! ◦ �!−1 ◦ �!−1 ◦ · · · ◦ �2 ◦ �1 ◦ �1 ,

where both types are trainable.Wewill refer to this idea as semiring
activation.

compatibility with equivariance. An advantageous prop-
erty of this approach is that it is entirely compatible with the no-
tion of geometric equivariance insofar we restrict ourselves to scalar
codomains. This makes it possible to combine the techniques from
this chapter with the equivariance theory from Chapter 3.
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Some works refer to
semirings as rigs,

from rings ‘without
negatives’, hence the

missing ‘n’.

8.3 semirings & semimodules

To construct quasilinear operators as in (8.2) we need to have
operations ⊕ and � that have some structure to them. In the linear
case we use a field (usually ℝ or ℂ) and a vector space (such as ℝ=

or �∞(") for some manifold "), we will now generalize this by
using semirings and semimodules instead.

semiring. A semiring is an algebraic structure in which we can
add and multiply elements, but in which neither subtraction nor
division are necessarily possible.

Definition 8.1 (Semiring) A semiring is a set ' equipped
with two binary operations ⊕ and �, called addition and
multiplication, such that

(i) addition and multiplication are associative,
(ii) addition is commutative,
(iii) addition has an identity element 0,
(iv) multiplication has an identity element 1,
(v) multiplication distributes over addition:

0 � (1 ⊕ 2) = 0 � 1 ⊕ 0 � 2,
(0 ⊕ 1) � 2 = 0 � 2 ⊕ 1 � 2,

(vi) multiplication by 0 annihilates:

0 � 0 = 0 � 0 = 0.

Additionally if 0 ⊕ 0 = 0 we say the semiring is idempotent and
if 0 � 1 = 1 � 0 we say the semiring is commutative or abelian.

Just like with standard multiplication it is conventional to ab-
breviate 01 ≡ 0 � 1 if there can be no confusion. We also let � take
precedence over ⊕, i.e. 0 � 1 ⊕ 2 = (0 � 1) ⊕ 2.

All fields are semirings—though not the other way around—
and sowe can talk about the linear semiring as just being (', ⊕, �, 0, 1) =
(ℝ,+, ·, 0, 1), which we denote as 'lin.

semirings of interest. Semirings, being fairly general, come in
a large variety. For our current purpose we are only interested in
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semirings that have the real numbers, possibly extended with ±∞,
as their underlying set. This way the new quasilinear operators
can coexist with the linear operators since each can deal with the
output of the other and we stay in the realm of floating point arith-
metic. The new addition and multiplication operations should
also be easy enough to compute in practice so as to not incur an
unreasonable performance penalty. Therefor we will focus on two
families of semirings: the tropical and the logarithmic.

tropical semirings. The first two closely related semiring that
we will consider—and already have used implicitly—are the tropi-
cal semirings. The name ‘tropical’ refers toBrazilwhere theHungarian-
born mathematician Imre Simon lived and worked while studying
these semirings.

Definition 8.2 (Tropical semirings) The min-plus semiring
consists of the set ℝ ∪ {∞} and the operations

0 ⊕ 1 = min{0, 1} and 0 � 1 = 0 + 1.

The identity element for ‘addition’ is 0 = ∞ and for ‘multipli-
cation’ is 1 = 0. We write

'min := (ℝ ∪ {∞},min,+,∞, 0) .

The max-plus semiring consists of the set ℝ ∪ {−∞} and the
operations

0 ⊕ 1 = max{0, 1} and 0 � 1 = 0 + 1.

The identity element for ‘addition’ is 0 = −∞ and for ‘multi-
plication’ is again 1 = 0. We write

'max := (ℝ ∪ {−∞},max,+,−∞, 0) .

Clearly, the min-plus and max-plus semirings are isomorphic
through negation G ↦→ −G, therefore it is common to refer to either
of them as the tropical semiring.

Since min{0, 1} = min{1, 0} and min{0, 0} = 0 the tropical
semirings are commutative and idempotent.
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logarithmic semirings. The second family of semirings we
consider is that of the logarithmic semirings.

Definition 8.3 (Logarithmic semirings) Let � ≠ 0 and define

0 ⊕� 1 := 1
�

log
(
4�0 + 4�1

)
and 0 � 1 := 0 + 1,

for all 0, 1 ∈ ℝ ∪ {− sgn(�) · ∞}. The identity element for ⊕�

is − sgn(�) · ∞ and � is 0. We write

'
�
log :=

(
ℝ ∪ {− sgn(�) · ∞}, ⊕� ,+,− sgn(�) · ∞, 0

)
and call this the logarithmic semiring.

Here we adopted the convention that 4−∞ = 0 and correspond-
ingly log (0) = −∞. Associativity, commutativity and distributiv-
ity are easy to check. The annihilation axiom is also satisfied since
0 � 0 = − sgn(�) · ∞ + 0 = − sgn(�) · ∞ = 0.

The logarithmic semiring is closely related to both the linear
and tropical semiring. Indeed, the linear semiring 'lin is isomor-
phic via the mapping G ↦→ 4�G and its inverse G ↦→ 1

� log(G). For
the addition ⊕� this was already evident from its definition, for
multiplication the same is true since

0 � 1 = 1
�

log
(
4�04�1

)
=

1
�

log
(
4�(0+1)

)
= 0 + 1.

The tropical semirings are not isomorphic to the logarithmic
semirings but they can be seen as the limits of the logarithmic
semirings in the sense of the following lemma.

Lemma 8.1 (Limits of logarithmic addition) Let � ≠ 0 then

lim
�→−∞

0 ⊕� 1 = min{0, 1}

for all 0, 1 ∈ ℝ ∪ {∞} and

lim
�→∞

0 ⊕� 1 = max{0, 1}

for all 0, 1 ∈ ℝ ∪ {−∞}.
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We will prove the first statement, the proof of the second one
goes analogously.

Proof. Let 0, 1 ∈ ℝ ∪ {∞}, and assume 0 < 1 then

lim
�→−∞

0 ⊕� 1 = lim
�→−∞

1
�

log
(
4�0 + 4�1

)
= lim

�→−∞
1
�

log
(
4�0

(
1 + 4�(1−0)

))
= lim

�→−∞
1
�

(
�0 + log

(
1 + 4�(1−0)

))
= 0 + lim

�→−∞
1
�

log
(
1 + 4�(1−0)

)
= 0.

Similarly, when we assume 1 < 0 we have lim�→−∞ 0 ⊕� 1 = 1. It
remains to check the case 0 = 1:

lim
�→−∞

0 ⊕� 0 = lim
�→−∞

1
�

log (24�0)

= lim
�→−∞

1
�

(
log(2) + �0

)
= 0.

We conclude that indeed lim�→−∞ 0 ⊕� 1 = min{0, 1}. �

We can summarize the relationship between the linear, loga-
rithmic and tropical semirings in the following diagram.

'lin

'
�
log

isomorphic
0 ↦→ 4�0

'max

� → ∞

'min

� → −∞

isomorphic
0 ↦→ −0
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semimodule. The counterpart to the vector space in the semiring
setting is the semimodule.

Definition 8.4 (Semimodule) Let (', ⊕, �, 0, 1) be a semir-
ing. A left '-semimodule or semimodule over ' is a commu-
tative monoid (",+") with additive identity 0" and a map
' ×" → " denoted by (0, <) ↦→ 0<, called scalar multipli-
cation, so that for all 0, 1 ∈ ' and <, <′ ∈ " the following
hold:

(i) (0 � 1)< = 0(1<),

(ii) 0(< +" <′) = 0< +" 0<′,

(iii) (0 ⊕ 1)< = 0< +" 1<,

(iv) 1< = <,

(v) 00" = 0" = 0<.

Naturally every semiring is a semimodule over itself just like
every field is a vector space over itself.

Let' be a semiring and ( a non-empty set, then'( is a semimod-
ule with addition and scalar multiplication defined element-wise:
let 5 , 5 ′ ∈ '( and A ∈ ' then

( 5 ⊕ 5 ′)(B) := 5 (B) ⊕ 5 ′(B) and (A � 5 )(B) := A � 5 (B)

for all B ∈ (. Here we used ⊕ and � for the operations in the
semimodule as well since they correspond with the ⊕ and � oper-
ations in the semiring. The additive identity of the semimodule
is the constant function B ↦→ 0. This generalizes the prototypical
vector space ℝ= to the semimodule '= using the notational con-
vention = ≡ {1, . . . , =}. For non-finite ( we get the generalization
of function vector spaces to function semimodules.

semimodule homomorphisms. Nowwe can formulate a gener-
alization of linear maps in the form of semimodule homomorphisms.
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Definition 8.5 (Semimodule homomorphism) Let ' be a
semiring and let - and. be semimodules over '. Then amap
� : - → . is an '-homomorphic map or an '-homomorphism if
for all 0, 1 ∈ ' and 5 , 5 ′ ∈ -:

�(0 5 + 1 5 ′) = 0(� 5 ) + 1(� 5 ′),

where on the left the addition and scalar multiplication hap-
pens in - and on the right the addition and scalar multiplica-
tion happens in ..

Just like with the definition of linearity the single condition
above is equivalent to the following two conditions:

�(0 5 ) = 0(� 5 ′) and �( 5 + 5 ′) = � 5 + � 5 ′

for all 0 ∈ ' and 5 , 5 ′ ∈ -.
With this definition we can understand ‘linear’ as homomor-

phic with respect to the real linear semigroup (ℝ,+, · , 0, 1). But
now, instead of just considering only linear maps we can pick
another semiring and consider homomorphisms with respect to
this semiring. This allows us to construct equivariant semimod-
ule homomorphic operators in the same fashion as we did with
equivariant linear operators in § 3.3.

In fact, the morphological convolutions from Definition 6.6 are
exactly those operators that are i) equivariant and ii) homomor-
phismswith respect to the tropical semiring 'min since they satisfy
(8.1).

8.4 trainable semiring operators

In the same way we construct linear maps ℝ< → ℝ= through
matrix multiplication we can now construct a quasilinear map.
Let ' ≡ (', ⊕, �, 0, 1) be some commutative semiring, G ∈ '<

and � ∈ '=×< and define

� � G =


111 · · · 11<
...

. . .
...

1=1 · · · 1=<

 �


G1
...

G<

 :=


111 � G1 ⊕ · · · ⊕ 11< � G<

...

1=1 � G1 ⊕ · · · ⊕ 1=< � G<

 .
(8.3)
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This is nothing more than the usual matrix-vector multiplication
operation when we take the linear semiring ' = (ℝ,+, · , 0, 1).
When we further overload the symbols ⊕ and � to component-
wise addition resp. scalar multiplication in '< , i.e.:

0 �


G1
...

G<

 :=


0 � G1
...

0 � G<

 and


G1
...

G<

 ⊕


H1
...

H<

 :=


G1 ⊕ H1

...

G< ⊕ H<

 ,
then it can be verified that � satisfies

� � (0 � G ⊕ 1 � H) = 0 � (� � G) ⊕ 1 � (� � H). (8.4)

This makes G ↦→ � � G satisfy (8.2), we say it is a semiring-linear
operator with respect to '. We can also add a bias in this setting:
G ↦→ � � G ⊕ 2 with 2 ∈ '= .

We can now just treat the coefficients of � as the trainable
weights of this operator and treat them like any other weights
in the network. This manner of constructing nonlinear operators
works for any commutative semiring. We will be applying it for
the tropical and logarithmic semirings from Definition 8.2 and
Definition 8.3.

8.5 parameter initialization

An important aspect of training neural networks is proper initial-
ization of its parameters. The standard parameter initialization
schemes like Xavier initialization (Glorot and Bengio, 2010) and
Kaiming initialization (He, Zhang, Ren, and Sun, 2015) are de-
rived specifically around the forward and backward stability of
linear maps and so do not apply to semiring-based maps. Con-
sequently, we need to come up with new initialization schemes
for the semiring weights, specifically for tropical and logarithmic
cases.

tropical. For tropical operators (i.e. max-plus and min-plus) we
propose an initialization scheme based on ‘fair’ backpropagation
of gradients. Consider the max-plus operator '<max → '=max given
by

H8 = max
9=1...<

F8 9 + G 9 (8.5)
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where G1 , . . . , G< ∈ 'max are the inputs, H1 , . . . , H= ∈ 'max are the
outputs and [F8 9]8 9 ∈ '=×<max are the trainable parameters. Then the
partial derivatives are given by

%H8
%G 9

=


1 if 9 = arg max:=1...< F8: + G: ,

0 else,

for 8 = 1 . . . = and 9 = 1 . . . <. This could be problematic for the
backward pass since if an input G 9 never ‘wins’ one of the maxima,
i.e. %H8

%G 9
= 0 for all 8 = 1, . . . , <, then its gradient will always be

zero. Conversely, if an input G 9 happens to be very large on a
consistent basis then it will accumulate all the gradients of all the
outputs H1 , . . . , H= to itself. The result would be a very unbalanced
gradient distribution during the backward pass, something we
know from previous research on parameter initialization (Glorot
and Bengio, 2010; He, Zhang, Ren, and Sun, 2015) is undesirable.

The extreme case for the operator (8.5) would be having an G1
value (for example) that is consistently much larger than any other
G 9 + F8 9 so that for all 8 = 1, . . . , = we always have H8 = F81 + G1.

Of course, we have limited control over the degree that this
effect will manifest during training, but we can at least avoid it
at the start by choosing an appropriate initialization scheme. The
idea is to make sure that at initialization there is a high probability
that there is at least one 8 = 1, . . . , = so that %H8

%G 9
= 1 for each

9 = 1, . . . , <. This is of course only possible when = ≥ <, but in all
our experiments we have used models for which this is the case
(see Figure 8.1 and 8.2). Our aim will be to initialize the weights
F8 9 in (8.5) so that there is a high probability of each of the = inputs
‘winning’ roughly =

< of the < outputs.
Assuming the inputs G 9 generally stay in a range

[
− 

2 ,
 
2
]
for

some  > 0. Then in themax-plus case we can initialize theweight
matrix, = [F8 9]8 9 ∈ ℝ<×= as

F8 9 = Unif[−�, �] +


0 if 8 = 9 mod <

− else.
(8.6)

The second term applies a penalty of − to each input unless
8 = 9 mod < ensuring that the < available ‘wins’ are fairly dis-
tributed among the = inputs (at least with high probability based



166 semiring activation

on our assumptions on the inputs). We additionally add a modest
uniform distribution Unif[−�, �] to keep the initialization scheme
from being deterministic from run to run. The variable � is chosen
on the order of  2 .

A matrix initialized like this, but without the stochastic term,
looks like 

0 − · · · − 
− 0 − 
...

. . .

− 0
0 − · · · − 
− 0 − 
...

. . .


. (8.7)

We see that in each row all coefficients are equal to − except for
on that is equal to 0. Assuming that the inputs are in the range[
− 

2 ,
 
2
]
, and forgetting the stochastic term for the moment, then

the input corresponding to the column with the zero value will
achieve the maximum for the output corresponding with that row.
This has the effect of (< mod =) number of inputs contributing to
b</=c outputs and the remaining inputs contributing to d</=e out-
puts. This avoids the vanishing and exploding gradient problem
that would be caused by a single input dominating.

For the min-plus case we similarly set

F8 9 = Unif[−�, �] +


0 if 8 = 9 mod <

 else.
(8.8)

In our experiments, normalization layers and weight decay keep
input values fairly small, so our starting assumption of inputs
being in a range

[
− 

2 ,
 
2
]
generally holds.We found  = 1 gave the

intended effect of an initial fair distribution during the backward
pass without overly biasing the initialization. We call this scheme
fair tropical initialization.
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logarithmic. For the logarithmic semiring (for some choice of
� ∈ ℝ \ {0}) consider the operator ('�

log)
< → ('�

log)
= given by

H8 =
1
�

log ©­«
<∑
9=1

4�(F8 9+G 9)
ª®¬ (8.9)

for all 8 = 1 . . . =, where G1 , . . . , G< ∈ '�
log are the inputs, H1 , . . . , H= ∈

'
�
log are the outputs and [F8 9]8 9 ∈ ('�

log)
=×< are the trainable pa-

rameters. Then the partial derivatives are given by

%H8
%G 9

=
4�(G 9+F8 9)∑<
:=1 4

�(G:+F8: )
,

which is nothing but the softmax function with temperature 1
� over

the values {G: + F8:}<:=1.
Let us now take the same approach asGlorot andBengio (2010)

and look at the inputs G 9 and outputs H8 as random variables and
control forward variance.We assume all the inputs G 9 are i.i.d.with
expected value E[G 9] = 0 and some finite variance Var(G) < ∞.
Then we can estimate the variance of the outputs using the delta
method as

Var(H8) ≈
<∑
9=1

%H8
%G 9

(E[G1], . . . ,E[G<])2 Var(G 9),

and since we assumed the input distributions to be i.i.d. and cen-
tered we have

Var(H8) ≈ Var(G)
<∑
9=1

%H8
%G 9

(0, . . . , 0)2 = Var(G)
<∑
9=1

(
4�F8 9∑<
:=1 4

�F8:

)2
.

Ideally we want Var(H8) ≈ Var(G), which is the case if

<∑
9=1

(
4�F8 9∑<
:=1 4

�F8:

)2
≈ 1

or
<∑
9=1

(4�F8 9 )2 ≈ ©­«
<∑
9=1

4�F8 9
ª®¬

2

(8.10)
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for all 8 = 1, . . . , =. We can satisfy this condition exactly by choos-
ing a single �8 = 1, . . . , < for each 8 = 1, . . . , = and set that weight
to F8 ,�8 = 0 and set the other weights to F8 9 = − sgn(�)∞. In that
case 4�F8 9 = 1 if 9 = �8 and 4�F8 9 = 0 if not and consequently both
sides of (8.10) are equal to 1.

We can also make a similar analysis for the backward pass. Let
(H 8)=8=1 be the loss gradients of the outputs and (G 9)<9=1 be the loss
gradients of the inputs. We interpret these as random variables,
where we assume the output gradients H 8 are i.i.d. with E[H 8] = 0
and finite variance Var(H 8) = Var(H) < ∞ for all 8 = 1, . . . , =. Then
the loss gradients of the inputs are computed as

G 9 =

=∑
8=1

%H8
%G 9

(G1 , . . . , G<)H 8 ,

or if we are talking about the expected backward pass over the
possible inputs we can say

G 9 ≈
=∑
8=1

%H8
%G 9

(0, . . . , 0)H 8 .

The variance of the input gradients can then be approximated as

Var(G 9) ≈ Var

(
=∑
8=1

%H8
%G 9

(0, . . . , 0)H 8

)
= Var(H)

=∑
8=1

(
4�F8 9∑=
:=1 4

�F8:

)2
,

which implies that to get Var(G 9) ≈ Var(H) we need

=∑
8=1

(
4�F8 9∑=
:=1 4

�F8:

)2
≈ 1.

or
=∑
8=1

(4�F8 9 )2 ≈
(
=∑
8=1

4�F8 9

)2

(8.11)

for all 9 = 1, . . . , <. We can satisfy this condition exactly by choos-
ing a single � 9 = 1, . . . , = for each 9 = 1, . . . , < and set that weight
to F�9 , 9 = 0 and set the other weights to F8 9 = − sgn(�)∞. In that
case 4�F8 9 = 1 if 8 = � 9 and 4�F8 9 = 0 if not and consequently both
sides of (8.11) are equal to 1.
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Satisfying both forward (8.10) and backward condition (8.11)
is only possible in the case that < = = where we can set � 9 = 9

and �8 = 8. But even then, this scheme is not satisfactory. If we
initialize parameters to ±∞ (depending on the sign of �) they can
not be changed by the addition of finite numbers thus making
training impossible. We might then be tempted to substitute ±∞
by a very large negative of positive value to initialize with. But
this still causes a problem for training.

Consider the loss gradient for an individual parameter:

F 8 9 =
4�(G 9+F8 9)∑<
:=1 4

�(G:+F8: )
H 8 . (8.12)

If we try to satisfy (8.10) and (8.11) then we would set F8: = 0 for
some : = 1, ..., = for every 8 = 1, . . . , =. This implies that the de-
nominator in (8.12) is greater than or equal to 1. If we subsequently
set F8 9 = − sgn (�) for 9 ≠ : and  a very large number then
the numerator of (8.12) becomes vanishingly small, possible zero
in floating point format. This essentially freezes the parameter’s
value since any updates applied to it would become practically
zero.

Assuming the inputs (G 9)<9=1 are centered, the expected value of
the fraction in (8.12) is given by

4�F8 9∑<
:=1 4

�F8:
, (8.13)

which gives values in the range [0, 1] for any 8 = 1, . . . , = and
9 = 1, . . . , <. We can avoid this fraction becoming (effectively)
zero from the start by initializing all the parameters to roughly
the same value, i.e. for all 8 = 1, . . . , = set

F81 ≈ F82 ≈ . . . ≈ F8< . (8.14)

In this case we achieve the maximum of the minimum where (8.13)
gives the value 1/< for all 8 = 1, . . . , = and 9 = 1, . . . , <.

Satisfying the forward condition (8.10), backward condition
(8.11) and parameter trainability condition (8.14) all at the same
time is not possible.However, the fair tropical initialization scheme
does present a reasonable trade-off between these three clashing
requirements. Indeed if we initialize using this scheme (assuming
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= > < for the moment) we get a matrix like (8.7), where we let
 > 0 if � > 0 and  < 0 if � < 0. First, most entries have the
same − value and so satisfy (8.14) to some degree. Second, in
every row we have a single element (the zero values) that are
relatively dominant with respect to the other elements in the row,
thus catering to (8.10). Third, in every column we have at most
d=/<e zero values that are relatively dominant with respect to the
other elements in the column, thus catering to (8.11).

8.6 fully connected experiments

To check the viability of our proposed scheme we first run a set of
experiments with small fully connected networks on a variety of
datasets. The datasets for this series of experiments are:

• the classic iris dataset from Anderson (1936), available at
www.kaggle.com/datasets/uciml/iris,

• the heart disease dataset available at www.kaggle.com/dat
asets/johnsmith88/heart-disease-dataset,¹

• the circles and spheres dataset from Naitzat, Zhitnikov,
and Lim (2020), available at www.github.com/topnn/top
nn_framework,

• the FashionMNIST dataset from Xiao, Rasul, and Vollgraf
(2017), available at www.github.com/zalandoresearch/fas
hion-mnist.

The code of the experiments is available at www.github.com/b
mnsmets/semitorch.

architectures. We will train a set of network architectures that
only vary slightly based on the dataset. Every model will be based
on a common architecture with a linear stem and head with two
layers with residual connections in between, see Figure 8.1a. The
stem and head are there to convert the features in the dataset

1 The provenance of this dataset is complicated and its contents are of questionable
value for predicting heart disease, see Simmons II (2021) for an investigation into
this dataset. For our purpose of comparing network architectures this dataset is
still perfectly serviceable to see how well models deal with poor data.

www.kaggle.com/datasets/uciml/iris
www.kaggle.com/datasets/johnsmith88/heart-disease-dataset
www.kaggle.com/datasets/johnsmith88/heart-disease-dataset
www.github.com/topnn/topnn_framework
www.github.com/topnn/topnn_framework
www.github.com/zalandoresearch/fashion-mnist
www.github.com/zalandoresearch/fashion-mnist
www.github.com/bmnsmets/semitorch
www.github.com/bmnsmets/semitorch
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(= ∈ ℕ features) to internal network features (F ∈ ℕ features)
and back to the output classes (2 ∈ ℕ classes) from the dataset.
The internal layers we will vary between a traditional ReLU based
layer (Figure 8.1b) and semiring based layers (Figure 8.1c and
8.1d). For the iris and heart disease datasets we use the ReLU layer
without layer normalization and semiring layer from Figure 8.1c.
For the circles, spheres and FashionMNIST dataset we use the
ReLU layer with layer normalization and the semiring layer from
Figure 8.1d.

Stem

Layer 1

⊕

Layer 2

⊕

Head

ℝ=

ℝF

ℝF

ℝF

ℝ2

(a) Common
model layout
shared by
all our fully
connected
networks.

LayerNorm

Linear

ReLU

ℝF

ℝF

(b) Baseline Linear-
ReLU layer,
normalization
is only added
for the Circles,
Spheres and
FashionMNIST
experiments.

Linear

Semiring

ℝF

ℝ
F
2

ℝF

(c) Alternating
between linear
and second
semiring oper-
ators, as used
in the Iris and
Heartdisease
experiments.

LayerNorm

Semiring

ℝF

ℝF

(d) Combining
layer normal-
ization with a
quasilinear op-
erator as used
in the Circles,
Spheres and
FashionMNIST
experiments.

Figure 8.1: Network architecture for our fully connected experi-
ments. The Head and Stem modules are linear mod-
ules. None of the modules include biases. The layer
normalizationmodules include affine transforms. The
number of input features = and number of output
classes 2 are dataset dependent, the internal width
parameter F is chosen per experiment. Each network
under consideration has the exact same number of
parameters per experiment.
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training. Training the networks with semiring based activation
proved challenging. The usual setups that are known to work
well for conventional neural network do not necessarily carry over.
Indeed, parameter initialization, normalization layers, optimizers,
and schedulers have all seen much research to obtain the best
possible results with conventional neural networks. We spent a
lot of time finding a training setup that worked for our modified
networks but we expect that this is an area where more gains
could be found. We document the training setup that we used for
our fully-connected experiments next.

optimizer & learning rate scheduler. We ended up set-
tling on a combination of the AdamW optimizer (Loshchilov and
Hutter, 2019) and the 1-cycle learning rate scheduler (Smith and
Topin, 2019). Key in getting comparable performance out of the
semiring based networks as compared to the baseline networkwas
assigning a separate optimizer to the linear parameters and the pa-
rameters of the semiring module. In general we needed to assign
smaller learning rates to the semiring parameters to have stable
training. The FashionMNIST experiment is an exception to this,
there we obtained best results by increasing the semiring learning
rate and decreasing the linear learning rate. The hyperparameters
for all the experiments are listed in Table 8.1.

results. Weperform 10 training runs for each type of network on
each dataset using the training setup we described. We measure
performance by the accuracy (mean ± standard deviation over the
runs) on the testing dataset that was not seen during training. We
use the same training/testing split of the dataset for every type of
network. The results are summarized in Table 8.2.

The semiring activation networks manage to modestly outper-
form the classic network in 3 of the 5 cases and are only slightly
behind in the other 2 cases. A standout failure is the logarith-
mic semiring networks with � ∈ {−1, 1} in the circles and spheres
datasets. We can explain this based on the fact that these are low-
dimensional problem (2 respectively 3 input dimensions) where
there is a sharp boundary between the classes. At the same time
the logarithmic maps are fairly gradual for small absolute val-
ues of � and weight decay keeps the parameters from becoming
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Hyperparameter Iris Heartdisease Circles Spheres FashionMNIST
Epochs 40 40 100 100 40
Batchsize 8 16 32 16 512
Optimizer AdamW AdamW AdamW AdamW AdamW
Scheduler 1-cycle lin 1-cycle lin 1-cycle lin 1-cycle lin 1-cycle lin
Learning rate (linear) 0.020 0.010 0.020 0.020 0.008
Learning rate (tropical) 0.004 0.008 0.010 0.010 0.040
Learning rate (logarithmic) 0.040 0.008 0.008 0.008 0.040
Weigh decay 0.01 0.05 0.01 0.01 0.01
Warmup epochs 18 18 45 45 18
Warmup factor 1/10 1/10 1/10 1/10 1/10

Annihilation factor 1/1000 1/1000 1/1000 1/1000 1/1000

Internal width F 4 48 16 32 8
RNG seed 42 42 42 42 42
Parameters 60 5328 2336 2336 2288

Table 8.1: Hyperparameters for the fully connected semiring experi-
ments.

Model / dataset Iris Heartdisease Circles Spheres FashionMNIST
ReLU 97.14 ±0.62 83.93 ±2.16 84.50 ±0.39 80.91 ±1.62 83.82 ±0.35

maxplus 97.52 ±1.01 83.50 ±2.27 84.84 ±0.86 81.69 ±0.42 83.50 ±0.34

minplus 97.62 ±0.49 82.84 ±1.22 84.91 ±0.35 81.61 ±0.60 83.39 ±0.24

logplus � = −10 97.58 ±1.00 81.72 ±1.62 85.06 ±0.25 81.52 ±0.71 83.46 ±0.37

logplus � = −1 97.90 ±0.39 83.26 ±2.15 73.92 ±6.84 69.41 ±5.05 83.50 ±0.28

logplus � = 1 97.97 ±0.49 82.38 ±1.73 75.06 ±7.89 67.28 ±5.53 83.46 ±0.16

logplus � = 10 97.46 ±0.62 81.86 ±1.15 85.16 ±0.26 81.62 ±0.45 83.56 ±0.37

Parameters 60 5328 2336 2336 2288

Table 8.2: Accuracy percentage (mean ± standard deviation) of
the trained fully connected networks on the testing sets
of the various classification datasets. The best result
for each dataset is indicated in purple, the second best
result in green.

large enough to compensate for that. Consequently, the logarith-
mic networks have a hard time separating classes that are close
together.
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On the whole though we can conclude that the semiring ap-
proach is at least as viable as the standard approach for these
smaller problems. We can now try to see if we can scale up to
some larger networks.

8.7 convnext experiments

We perform a final experiment to see how viable replacing activa-
tion functions with semiring activation is in an existing modern
and optimized network architecture. We start from the ConvNeXt
network from Liu et al. (2022), specifically the atto variant available
from Wightman (2019), and train it on FashionMNIST.

architecture modifications. The core block at the heart of
any ConvNeXt consists of two phases:

1. a depthwise convolution that applies a kernel per feature map
and

2. a normalization followed by a reverse bottleneck MLP that is
applied pixel-wise.

The result of these two operations is added to the input to form a
residual connection, see Figure 8.2a.

Our adaptation keeps the (linear) depthwise convolution and
normalization but replaces the MLP with a concatenation of a
non-linear semiring operator and a linear operator. The semiring
operation performs a 4× fan-outwhile the linear operation reduces
again to the original amount of channels, thus retaining the same
reverse bottleneck of the original, see Figure 8.2b.

results. We compare the performance of the semiring based
networks against the baseline network using an MLP. We perform
10 training runs per model and record accuracy on the test dataset.
We train 4 semiring based models: maxplus, minplus, logplus(� =

−1) and logplus(� = 1). We train all models for the same 50 epochs
and batchsize of 512 and adapt the rest of the training setup to
eachmodel. Details for the training setup can be found in Table 8.3.
The results are summarized in Table 8.4.

Training with these (relatively) large scale networks proved
more challenging than with the previous toy networks. In partic-
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Depthwise
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Linear

GELU

Linear

⊕

ℝℎ×F×2

ℝℎ×F×2

ℝℎ×F×42

ℝℎ×F×42

ℝℎ×F×2

(a) Standard ConvNeXt block
with two linear maps and
an activation function in be-
tween.

Depthwise
Conv

Semiring

Linear

⊕

ℝℎ×F×2

ℝℎ×F×2

ℝℎ×F×42

ℝℎ×F×2

(b) Modified ConvNeXt block
with a semiring and lin-
ear layer without activation
function.

Figure 8.2: Standard and semiring-based ConvNeXt (Liu et al.,
2022) blocks compared. Normalization and dropout
modules are omitted.

ular the logarithmic networks proved challenging and required
us to remove the affine transform from the normalization layer
to avoid numerical stability issues. The problem is that in single
precision floating point, the function G ↦→ 4G already overflows
at G = 89. This would not happen if G is normalized but is likely
enough to happen if we let G be an affine transform of a normal-
ized input. The overflow would only need to happen at one place
in the network, after which ‘inf’ values would propagate through-
out the network and ruin training. As we already experienced
in the previous experiments, both the tropical and logarithmic
variants proved to be more sensitive to the training hyperparame-
ters than the baseline network. This sensitivity makes finding a
good training setup harder for the semiring networks than for the
baseline network.

As the second column of Table 8.4 shows, both the tropical
and logarithmic network’s accuracy fall significantly short of the
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Hyperparameter MLP tropical-linear logplus-linear
Epochs 50 50 50
Batchsize 512 512 512
Affine LayerNorm Yes Yes No
Optimizer AdamW AdamW AdamW
Scheduler 1-cycle cos 1-cycle cos 1-cycle cos
Learning rate (linear) 4 · 10−3 4 · 10−3 6 · 10−3

Learning rate (semiring) - 1 · 10−3 5 · 10−4

Weight decay (linear) 5 · 10−3 5 · 10−3 5 · 10−3

Weight decay (semiring) - 1 · 10−2 1 · 10−2

Warmup epochs 5 5 5
Warmup factor (linear) 1/25 1/50 1/50

Warmup factor (semiring) - 1/50 1/50

Annihilation factor 1/500 1/250 1/250

RNG seed 42 42 42
Initialization (linear) Kaiming Kaiming Kaiming
Initialization (semiring) - Tropical fair Tropical fair
Parameters 3, 375, 850 3, 375, 850 3, 372, 170

Table 8.3: Hyperparameters settings for the ConvNeXt experi-
ments.

Feed-forward type Test accuracy(%) Train accuracy(%) Gap(%)
MLP (linear-GELU-linear) 91.24 ±0.13 99.97 ±0.07 −8.63
maxplus-linear 89.08 ±0.29 93.26 ±2.32 −4.18
minplus-linear 89.93 ±0.24 94.74 ±2.79 −4.81
logplus-linear � = −1 88.15 ±0.15 91.72 ±2.52 −3.57
logplus-linear � = 1 88.31 ±0.23 91.60 ±2.52 −3.29

Table 8.4: Accuracy(%) (mean ± standard deviation) of the
trained ConvNeXt models on the FashionMNIST test
dataset and on the last 100 training batches. The gener-
alization gap is the difference between the two mean
accuracies.

baseline network. This shortfall is not favorable to the semiring
idea but there are some nuances to be made.

Looking at the third column of Table 8.4 we see that the baseline
network has saturated its performance on the training data. Dur-
ing the last 100 batches the baseline network has virtually 100%
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training accuracy. Consequently it can not benefit much more
from further training. At the same time there is a fairly large gap
between the training and testing accuracy as can be seen in the last
column of Table 8.4. On the side of the semiring networks we see
that after 50 epochs there is still significant room for improvement
on the training data and that the gap between the testing and
training accuracy is much more modest.

We conjecture that this difference is partly explained by the
standard training regime being very well suited for the baseline
network but that the modifications we made—chiefly the parame-
ter initialization scheme—are not sufficient to extract maximum
performance from the semiring networks. Indeed, themethods for
neural network training have evolved much over the last decade
with much research into optimizers, schedulers, initialization, reg-
ularization, etc., all focused on the linear with activation type
networks. It would not be unreasonable to assume similar efforts
could yield similar progress in training semiring based networks.

8.8 discussion & concluding remarks

viability. In this chapter we have proposed a general framework
for constructing trainable nonlinearities for neural networks. We
constructed several such trainable nonlinearities based on the
tropical and logarithmic semirings and introduced an associated
parameter initialization scheme. We did a series of experiments to
show the viability of replacing the traditional activation function
in neural networks with nonlinearities based on the aforemen-
tioned semirings.

unrealized potential. Our experiments showed that the semir-
ing approach is viable in that we can get very good results for
small networks and decent but not state-of-art results for larger
networks. With regard to the larger scale experiment we con-
cluded that there is more performance on the table for semiring
networks that can potentially be unlocked by designing more
suitable optimizers, schedulers, initialization schemes, regular-
ization schemes, etc. Whether such a line of research would be
worthwhile is debatable for two reasons.
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First, while our experiments show viability, they do not imme-
diately show a clear advantage over traditional neural networks
with activation functions.

Second, the current development of speciality deep learning
hardware (Dhilleswararao, Boppu, Manikandan, and Cenkera-
maddi, 2022) focuses to a large degree on optimizing linear op-
erations. Most GPUs in general use today already contain hard-
ware dedicated to linear matrix multiplication (Markidis, Der
Chien, Laure, Peng, and Vetter, 2018), this makes linear compu-
tations much more efficient than doing semiring computations
that would have to be executed by general purpose computing
units at a higher cost in time and energy.

conclusion on pde-g-cnns. Recall that our interest in the
semiring structure was instigated by the PDE-G-CNNs of previ-
ous chapters. In those networks we also had trainable nonlinear
operators based on the tropical semiring, but these operators were
further structured to satisfy equivariant and PDE properties. We
asked whether the benefits from PDE-G-CNNs were perhaps not
largely a consequence of the tropical semiring structure rather
than the equivariant and PDE structures.

We can now answer this question in the negative. Without the
equivariance and PDE constraints the tropical operator becomes
very hard to deal with and a challenge to train. PDE-G-CNNs can
be successfully trained without much adaptation of the training
regime and are not unusually sensitive to hyperparameters. PDE-
G-CNNs also do not require more epochs to saturate their training
data than normal CNNs,whichwas clearly an issue for the tropical
semiring networks in our ConvNeXt experiment.

Overall, we conclude that the equivariant and PDE structures
play an important role in making PDE-G-CNNs work and the
semiring structure is not—by itself—the cause of the benefits of
PDE-G-CNNs.



Part III

IMAGE DENOIS ING

Any real imaging application has to deal with inputs
that are noisy to some degree. Often then, denoising
an image is the first stage of processing or analyzing an
image. In this partwe detail our research in developing
new denoising methods that are good at preserving
edges in an image while also being roto-translation
equivariant.





9
TOTAL VAR IAT ION & MEAN CURVATURE
DENOIS ING

Two key ideas have greatly improved techniques for image en-
hancement and denoising: the lifting of image data to multi-
orientation distributions, and the application of nonlinear PDEs
such as total variation flow (TVF) and mean curvature flow (MCF).
These two ideas were recently combined by Chambolle and Pock
(2019) (for TVF) and Citti, Franceschiello, Sanguinetti, and
Sarti (2016) (for MCF) for two-dimensional images.

In this chapter, we extend their approach to enhance and de-
noise images of arbitrary dimension, creating a unified geometric
and algorithmic PDE framework, relying on (sub-)Riemannian
geometry. In particular, we follow a different numerical approach,
for which we prove convergence in the case of TVF by an appli-
cation of Brezis-Komura gradient flow theory. Our framework also
allows for additional data-adaptation through the use of locally
adaptive frames and coherence enhancement techniques.

We apply TVF and MCF to the enhancement and denoising
of elongated structures in 2D images via orientation scores, and
compare the results to Perona-Malik diffusion (Perona and Malik,
1990) and BM3D (Dabov, Foi, Katkovnik, and Egiazarian, 2007).
We also demonstrate our techniques in 3D in the denoising and
enhancement of crossing fiber bundles in DW-MRI. In comparison
to data-driven diffusions, we see a better preservation of bundle
boundaries and angular sharpness in fiber orientation densities
at crossings.

outline. This chapter is based on the contents of Duits, St-Onge,
Portegies, and Smets (2019) and Smets, Portegies, St-Onge, and
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Duits (2021). We will first give a broad introduction to related
work. Much of the theoretical preliminaries we have already cov-
ered in Part I, so we can limit our theoretical coverage to orientation
scores and total variation and mean curvature flows.

9.1 introduction

lifting. In the last decade, many PDE-based image-analysis tech-
niques for tracking and enhancement of curvilinear structures in
images took advantage of lifting image data, typically defined on
ℝ3, to a multi-orientation distribution (e.g. an orientation score)
defined on the homogeneous space M3 of 3-dimensional posi-
tions and orientations. See Figure 9.1 and Bekkers (2017), Boscain,
Chertovskih,Gauthier, Prandi, and Remizov (2018),Chambolle
and Pock (2019), Citti and Sarti (2006), Duits (2005), and Vogt
andLellmann (2018). After lifting the image to amulti-orientation
distribution, the distribution is taken as an initial condition of a
PDE flow. After solving a limited number of iterations of the PDE
model, one obtains a regularized version of the original distri-
bution, and by integration over all orientations, one obtains a
regularized version of the original image.

The key advantage of lifting the images from ℝ3 to the homo-
geneous space M3 is that the PDE flow can act differently on sub-
structures with different orientations (Bekkers, 2017; Chambolle
and Pock, 2019; Duits, Meesters, Mirebeau, and Portegies, 2018).
For instance, if the image contains two crossing lines, the PDE can
regularize the two lines independently, rather than regularizing
the whole crossing. Similarly, if the image contains a corner, the
corner is preserved in the regularized image.

applications using lifting. This idea of lifting images has
been successfully implemented for image enhancement (Citti,
Franceschiello, Sanguinetti, and Sarti, 2016; Franken and
Duits, 2009), geodesic tracking (Bekkers, Duits, Mashtakov, and
Sanguinetti, 2015; Chambolle and Pock, 2019; Schmidt and We-
ickert, 2016), image denoising (Ghimpeţeanu,Batard,Bertalmío,
andLevine, 2015), contrast perception and optical illusions (Bertalmío,
Calatroni, Franceschi, Franceschiello, and Prandi, 2019). For
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Figure 9.1: An illustration of the lifted image workflow. Instead
of direct PDE-based processing of an image, we apply
PDE-based processing on a lifted image onℝ3 o (3−1,
which is obtained by convolving the image with a
set of rotated wavelets allowing for stable reconstruc-
tion (Bekkers, 2017; Duits, 2005; Janssen, Janssen,
Bekkers, Bescós, and Duits, 2018). 2nd row: Vessel-
tracking in a 2D image via geodesic PDE-flows on the
lifted image (Bekkers, 2017; Chambolle and Pock,
2019; Duits, Meesters, Mirebeau, and Portegies,
2018). 3rd row: CED-OS diffusion of a 3D image Duits,
Janssen, Hannink, and Sanguinetti, 2016; Janssen,
Janssen, Bekkers, Bescós, and Duits, 2018 visualized
as a field of angular profiles.

instance, Perona-Malik diffusion has been lifted to the homoge-
neous space M3 (Creusen, Duits, Vilanova, and Florack, 2013)
and coherence enhancing diffusion (CED) (Weickert, 1999) has been
lifted to the method of coherence enhancing diffusion on invertible
orientation scores (CED-OS) (Franken and Duits, 2009) and to its
3D generalization (Janssen, Janssen, Bekkers, Bescós, and Duits,
2018).

PDE-flows on orientation lifts of 3D images are relevant for ap-
plications such as fiber enhancement (Creusen, Duits, Vilanova,
and Florack, 2013;Duits,Dela Haije, Creusen, andGhosh, 2013;
Reisert and Burkhardt, 2008; Vogt and Lellmann, 2018) and
fiber tracking (Portegies, 2018) in diffusion-weighted magnetic reso-
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nance imaging (DW-MRI) , and in enhancement (Janssen, Janssen,
Bekkers, Bescós, and Duits, 2018) and tracking (Cohen, Deffieux,
Demené, Cohen, and Tanter, 2018) of blood vessels in 3D images.

workflow. The general workflow is illustrated in Figure 9.1. The
original image is described by a function 5 : Ω 5 → ℝ+, where
Ω 5 ⊂ ℝ3 is its support. From 5 ∈ !2 (

Ω 5

)
, one computes an

orientation lift* : M3 → ℂ, compactly supported within

Ω = Ω 5 × (3−1 ⊂ M3 . (9.1)

There are various ways to construct such a lift: it can be (the real
part of) an invertible orientation score (Duits and Franken, 2010)
(cf. Figure 9.1), a channel-representation (Felsberg, Forssén, and
Scharr, 2005), a lift by Gaborwavelets (Baspinar,Citti, and Sarti,
2018), or a fiber orientation density (Portegies, Fick, et al., 2015).
In all of these approaches the absolute value |*(x,n)| can be
regarded (after normalization) as a probability density of finding
a fiber structure at position x ∈ ℝ3 with local orientation n ∈ (3−1.
We set the orientation lift* as an initial condition of a PDE flow
* ↦→ ΦC(*)with evolution time C > 0. Finally, the processedmulti-
orientation representationΦC(*) is integrated over all orientations
to obtain the enhanced image 5C . In this chapter, we will work with
the orientation score, with the main motivation being that this
operation is invertible (Duits, 2005), so that when taking C ↓ 0, the
output equals the input, i.e. limC↓0 5C = 5 in the !2-sense.

types of flows. The enhanced image that one obtains after run-
ning a PDE flow, (the bottom-right picture in Figure 9.1), naturally
depends on the type of flow used. One flow may be more suitable
than another, depending on the requirements imposed on the re-
sulting image. In case it is important to preserve sharp transitions
in the image, while maintaining plateaus, nonlinear flows such
as total variation flows (TVF) and mean curvature flow (MCF)
(Sapiro, 2006) are typically more suited than nonlinear diffusion
flows such as Perona & Malik diffusion (Perona and Malik, 1990)
and coherence enhancing diffusion (Weickert, 1999).

For 3 = 2, TVF and MCF were recently generalized to lifted
images byChambolle and Pock (2019) andCitti, Franceschiello,
Sanguinetti, and Sarti (2016) respectively.
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Refer to §2 for
homogeneous spaces
in general and §4.4
for an in-depth
treatment of M2.

Their promising results have motivated us to generalize TVF
and MCF to lifted images for general dimension 3 and provide
a general geometric and algorithmic framework that can accom-
modate features such as locally adaptive frames and coherence
enhancement.

our contribution. The benefits of our approach are that we
obtain a single unifying geometric and algorithmic framework for
arbitrary 3, with efficient algorithms (for 3 ∈ {2, 3}) that preserve
crossing lines, corners, plateaus, edges and bundle boundaries
and can improve curvature adaptation via the optional inclusion
of locally adaptive frames. Such frames account for curvature of
lines and allow us to remove bias towards sampled orientations
in orientation scores.

Our PDE-methods on M3 are computationally more expen-
sive than their counterparts acting only on ℝ3, but they are still
practical. Similar to crossing-preserving nonlinear diffusion on
(�(2) ≡ M2, locally adaptive frames allow us to remove orienta-
tion sampling bias in orientation scores (Franken, 2008, Fig. 6.11),
and to use only 4 orientation samples (Franken and Duits, 2009).
For our crossing-preserving MCF and TVF on M2 we sample our
(processed) orientation scores only on 8 orientations. On M3 we
compute regularized orientation lifts on a grid with 16 orienta-
tions, where we rely on efficient numerical schemes for PDEs on
M3 relying on the low-order PDE discretization schemes explained
in Creusen, Duits, Vilanova, and Florack (2013) and Martin,
Bekkers, and Duits (2017), instead of higher order schemes via
spherical harmonics (Janssen, Dela Haije, Martin, Bekkers, and
Duits, 2017, Ch. 3.4), in order to reduce computation time.

9.2 orientation scores

In order to disentangle all local orientations in an image we lift
the data from position space ℝ3 to the homogeneous space M3 of
positions and orientations. This means that we extend the domain
of an image. See Fig. 9.1, where we lift the data from ℝ3 towards
M3 via invertible orientation scores.
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Building an orientation score startswith selecting an orientation-
sensitive filter (or wavelet) # ∈ !1 ∩ !2 (

ℝ3
)
. We can then—under

appropriate conditions (Duits, 2005; Janssen, Janssen, Bekkers,
Bescós, and Duits, 2018)—filter out a particular direction from
an image 5 ∈ !2 (

ℝ3
)
by convolving the image with this filter

aligned to that direction. An orientation score W# 5 can then be
constructed by applying this filtering for all directions = ∈ (3−1:

W# 5 (G, =) =
∫
ℝ3

#('−1
= (H − G)) 5 (H) dH, (9.2)

for all G ∈ ℝ3 and rotations '= ∈ SO(3) that map a reference axis
0 ∈ (3−1 to =, i.e. '=0 = =.

In this work we will be using cake wavelets (Duits, 2005; Janssen,
Janssen, Bekkers, Bescós, and Duits, 2018) for our filter #, illus-
trated in Figure 9.2 for 3 = 2. These wavelets are directional filters
that have the property that we can accurately reconstruct the orig-
inal image from the orientation score—again under appropriate
conditions—by integration over (3−1, i.e.

5 (G) ≈
∫
(3−1

W# 5 (G, =) d�(=), (9.3)

where � denotes the usual surface measure over (3−1. We al-
ways use standard cake wavelet parameter settings from Martin,
Bekkers, and Duits (2017) in our experiments.

The explicit formulas for these cake wavelets that allow invert-
ible orientation scores are available in Bekkers (2017) and Duits
(2005) and specifically for 3 = 3 in Janssen, Janssen, Bekkers,
Bescós, and Duits (2018). An intuitive illustration of an orienta-
tion score is given in Figure 9.2.

SE(3 ) and the homogeneous space M3 . We talked exten-
sively about SE(2) and M2 in §4. As we will now also be consider-
ing the 3D case using SE(3) and M3 we will briefly introduce the
general case of SE(3) and M3.

Consider the special Euclidean group in 3 dimensions SE(3) :=
ℝ3 o ($(3), the semi-direct product of the translation group ℝ3

and the rotation group ($(3) of orthogonal 3 × 3 matrices. We
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Figure 9.2: Top: cake wavelets (Duits, 2005) for 3 = 2 used to
directionally filter an image and construct an orienta-
tion score. Bottom: how orientation scores disentangle
orientations

call elements of SE(3) roto-translations. The product of two roto-
translations 68 = (G8 , '8) in SE(3) is given by

6162 = (G1 , '1) (G2 , '2) := (G1 + '1G2 , '1'2) , (9.4)

just like it is in 2 dimensions in (4.1) These roto-translations act
transitively on the space M3 := ℝ3 × (3−1 by

(G, ') · (H, =) := (G + 'H, '=), (9.5)

for all (H, =) ∈ M3 := ℝ3 ×(3−1 and all roto-translations (G, ') ∈
SE(3).

We choose an a priori reference vector 0 ∈ (3−1, say 0 = (1, 0)) if
3 = 2 or 0 = (0, 0, 1)) if 3 = 3. Then the stabilizer of the element
(0, 0) is given by

SE(3)(0,0) =
{
6 ∈ SE(3)

�� 6 · (0, 0) = (0, 0)
}
, (9.6)

which is isomorphic to SO(3 − 1).
As we saw in §2.2, the homogeneous space is equivalent to

the partition of left cosets of a stabilizer of one if its elements.
Consequently, we have

M3 := ℝ3 × (3−1 ≡ SE(3)/
(
SE(3)(0,0)

)
.
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For 3 = 2, the subgroup SE(2)(0,0) = {(0, �)} consists only of the
unit element, and thereby the manifold M2 is diffeomorphic to
(�(2). However, for 3 > 2 the manifolds M3 and SE(3) are not
diffeomorphic since SE(3)(0,0) is not trivial.

For 3 = 3, the stabilizer can be described by

SE(3)(0,0) =
{
(0, '0,
)

�� 
 ∈ [0, 2�)
}
,

where '0,
 ∈ SO(3) denotes a (counter-clockwise) rotation over
angle 
 around the reference axis 0. This means that two roto-
translations 61 = (G1 , '1) and 62 = (G2 , '2) are equivalent if and
only if

G1 = G2 and ∃
 ∈ [0, 2�) : '1 = '2'0,
 .

The equivalence classes [6] =
{
6′ ∈ SE(3)

�� 6′ ∼ 6
}
are usually

just denoted by ? = (G, =) as they consist of all rigid body motions
6 = (G, '=) thatmap the reference point (0, 0) onto (G, =) ∈ ℝ3×(2:

6 · (0, 0) = (G, =).

domain of an orientation score. The orientation score is
well-defined on the domain M3 if we assume # is not affected
under the action of subgroup SE(3)(0,0). For 3 = 3 this means
we must impose axial symmetry on the wavelets, for details see
Janssen, Janssen, Bekkers, Bescós, and Duits (2018).

lie algebra. As a manifold, we can view the group SE(3) in a
standard way as a submanifold ofℝ3×ℝ3×3. The Lie algebra se(3)
of SE(3) has dimension� = 1

23(3+1). We choose a basis (�8)�8=1 for
se(3)with the following properties. The basis is orthonormal with
respect to the inner product belonging to the standard Euclidean
metric onℝ3×ℝ3×3, the vectors {�1 , . . . , �3} span the spatial part
of the Lie algebra, which is isomorphic to ℝ3 with the vector �3
corresponding to the derivative in the direction of a. Recall that
for 3 = 2 the subgroup SE(3)(0,0) is trivial. For 3 ≥ 3 one has that
the set {�23 , . . . , ��} forms a basis for the stabilizer subgroup
SE(3)(0,0). We take the convention that the Lie algebra vector �8+3
generates the in-plane rotation in the plane spanned by �8 and 0
for 8 = 1, . . . , 3 − 1.

For the case 3 = 2 this gives use two spatial generators, �1 and
�2, and one rotation generator �3. Moving to 3 = 3 we have 3
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spatial degrees of freedom and 3 rotational degrees of freedom,
but only 2 of those rotational degrees of freedom will change the
orientation, we denote the generator corresponding to the rotation
that preserves the reference axis by �6. This gives us the following
basis: {

�1 , �2 , �3 ,︸       ︷︷       ︸
spatial

generators

�4 , �5 ,︸  ︷︷  ︸
generators of rotations

that move 0

�6︸︷︷︸
generator of rotation

that fixes 0

}
.

As is illustrated in Fig. 9.3 for 3 = 3 we have a rotational degree
of freedom that does not change the orientation of the reference
axis. As a result M3 is not isomorphic to SE(3). It is rather a 5-
dimensional quotient of the 6-dimensional Lie group SE(3).

�

�

�

�

�� �A�

A�

A� A�

A�
A�

A�

A�

A	

Figure 9.3: Illustration of the standard basis of left invariant vec-
tor fields (A8)�8=1 of SE(3) for 3 = 2 on the left and
3 = 3 on the right, note the orientation-preserving
rotation generator A6.

Generalizing this scheme for 3 > 3 wewould have the following
basis for the Lie algebra:{

�1 , . . . , �3︸         ︷︷         ︸
spatial

generators

, �3+1 , . . . , �23−1︸                ︷︷                ︸
generators of rotations

that move 0

, �23 , . . . , � 1
2 3(3+1)︸                  ︷︷                  ︸

generators of rotations
that fix 0

}
.

(co)vector fields. We extend the Lie algebra basis vectors to a
left-invariant vector field basis through the pushforward of the
left multiplication as per

(A8)6 = (!6)∗�8 ,



190 total variation & mean curvature denoising

recall §2.1.
We denote the corresponding covector fields by $8 ∈ )∗(SE(3)).

The covector fields are characterized in the usual manner by

$8
(
A9

)
= �89 , (9.7)

where �8
9
denotes the Kronecker delta.

metrics. We introduce metric tensor fields on SE(3) we will use
in terms of just the left-invariant covector fields

(
$8

)23−1
8=1 , since

the covector fields
(
$8

)�
8=23 correspond to directions that do not

change orientation.

Definition 9.1 (Metric tensor fields on SE(3)) Given positive
constants �( > 0 and �� > 0, and a nonnegative real number
e ≥ 0, we define the left-invariant metric tensor field G ∈
Γ()(0,2) SE(3)) by

G =


$3⊗$3

�(
+

∑3−1
8=1 $8 ⊗ $8

e2�(
+

∑23−1
8=3+1 $

8 ⊗ $8

��
if e > 0,

$3 ⊗ $3

�(
+

∑23−1
8=3+1 $

8 ⊗ $8

��
if e = 0.

(9.8)

We think of �( as the speed of moving in space, where we
penalize lateral movement via the additional e factor. Similarly,
�� controls how fast we can change direction.

Observe that this sub-Riemannian metric tensor is defined (and
invertible) on a sub-bundle of the tangent bundle on the group as
it does not contain any of the covectors dual to the subbundle in-
duced by subgroup SE(3)(0,0). Furthermore it is spatially isotropic
orthogonal to the primary spatial direction. Also spherically we
impose isotropy in the metric as can be seen from the last term in
the above definition.

In light of our proposedmetric being degenerate in the direction
of 〈A3 , . . . ,A�〉 we define a subbundle for the nondegenerate
directions.
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Definition 9.2 (Nondegenerate subbundle)

)ND(6) :=
{
¤6 ∈ )6(SE(3))

��� $8( ¤6) = 0 for all 8 = 23, . . . , �
}
,

for all 6 ∈ SE(3).

sub-riemannian. Henceforth we refer to the e = 0 case as the
sub-Riemannian case where tangent vectors are constrained to
the span ofA3 , . . . ,A23−1. Intuitively when e ↓ 0 the other tangent
directions get infinite cost and become prohibited. This means
that we restrict ourselves to so-called horizontal tangent vectors.

Definition 9.3 (Horizontal subbundle)

)Hor(6) :=
{
¤6 ∈ )ND(6)

��� $8( ¤6) = 0 for all 8 = 1, . . . , 3 − 1
}
,

for all 6 ∈ SE(3).

The metric Definition 9.1 induces an associated norm in the
normal manner: if ¤6 ∈ )ND(6), then

‖ ¤6‖G :=
√
G6 ( ¤6, ¤6), (9.9)

where again in the sub-Riemannian casewe only allow ¤6 ∈ )Hor(6).

gradient & divergence. Now that we have SE(3) equipped
with a (sub)-Riemannian metric tensor, we can derive the basic
tools that are required to formulate our geometric PDEs. These
basic tools include the gradient, its norm, and the divergence of a
vector field. Let us relabel our parameters as

�8 =


�( if 8 = 3,

e2�( if 1 ≤ 8 ≤ 3 − 1,

�� if 3 + 1 ≤ 8 ≤ 23 − 1.

(9.10)

Let *̃ : SE(3) → ℝ carry the axial symmetry:

*̃(G, ') = *(G, '0), (9.11)
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for some* : M3 ≡ ℝ3 ×(3−1 → ℝ.
Then in the Riemannian setting the gradient of a differentiable

function *̃ : SE(3) → ℝ on the group induced by this metric
tensor becomes

∇G*̃ =

23−1∑
8=1

�8

(
A8*̃

)
A8 ,

where the sum only runs to 23 − 1 and not to dim(SE(3)) = � =
1
23(3 + 1) since (9.11) implies that A8*̃ = 0 for 23 − 1 < 8 ≤ �.

The gradient then has the following norm



∇G*̃


2
G
=

23−1∑
8=1

�8

(
A8*̃

)2
. (9.12)

The divergence of a vector field is given by

divG - =

23−1∑
8=1

A8$
8(-)

for all - ∈ Γ()ND)
In the sub-Riemannian setting, where we restrict ourselves to

vector fields spanned by (A8)23−1
8=3 , we have

∇G*̃ =

23−1∑
8=3

�8

(
A8*̃

)
A8

and

divG - =

23−1∑
8=3

A8$
8(-)

for all - ∈ Γ()Hor).

9.3 locally adaptive frames on SE(3 )

As an alternative to the left-invariant frame we can choose a frame
(and subsequently a metric tensor field) that is adapted to the
data, which we also refer to as gauge frames in analogy with Duits,
Janssen, Hannink, and Sanguinetti (2016). Specifically, instead
of having the vector field A3 as a static forward direction we want
to choose a vector field B3 that locally aligns with the data. In
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We can induce an
entire frame in SE(3)
from a choice of main
vector, see Duits,
Janssen, Hannink,
and Sanguinetti
(2016, App. A) for
details. In this
chapter we will focus
on the method by
which the main gauge
vector is obtained.

particular,B3 can take on a angular component, meaning the local
‘straight forward’ will follow the curve of the data, consequently
flows can better follow curved structures, see Figure 9.4 for an
illustration.

Next we will present a singular value decomposition of the Hes-
sian. We will choose the eigenvector associated with the smallest
eigenvalue as B3. Geometrically, this can be seen as the direc-
tion in which the gradient changes the least. This procedure is
formulated in terms of the exponential curves from §2.1.

Definition 9.4 (Main gauge vector.) We define (B3)6 ∈
)ND(6) for all 6 ∈ SE(3) by

(B3)6 := arg min
¤6∈)ND(6),
| | ¤6 | |G=1



Hess *̃( ¤6, · )


2
G∗

= arg min
¤6∈)ND(6)
| | ¤6 | |G=1





 (
3

3C

)
0

[(
!6 exp(−C ¤6)6−1

)
∗
∇G*̃

(
6 exp(C ¤6)

) ] 



2

G

,

where exp ≡ expSE(3) is the Lie group exponential map of
SE(3) and where we assume that *̃ is such that we have a
unique minimizer.

Recall the definition of the Hessian from §1.9.

matrix form. Writing the tangent vector in terms of the local
left invariant frame as ¤6 =

∑23−1
8=1 ¤6 8 (A8)6 ∈ )(6) lets us write out

the Hessian as follows:

(B3)6 = arg min
¤6∈)ND(6),
| | ¤6 | |G=1

23−1∑
8=1

�8

(
¤6
(
A8*̃

) )2

= arg min
¤6∈)ND(6)
| | ¤6 | |G=1

23−1∑
8=1

�8
©­«

23−1∑
9=1

¤6 9
(
A9

)
6

(
A8*̃

)ª®¬
2

. (9.13)
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Figure 9.4: Illustrating gauge frame fitting in SE(2). Top: left in-
variant frame, the red line indicates the exponential
curve associated with A2. Bottom: we choose a frame
that takes into account the local curvature, here the
green line indicates the exponential curve associated
with B2.

We can write this problem in terms of matrices by defining the
following:

¤g =

(
¤61 , ¤62 , . . . , ¤623−1

))
,

" = diag
(√
�1 ,

√
�2 , . . . ,

√
�23−1

)
,

 =  
(
*̃

) ��
6

:=
[ (
A9

)
6

(
(A8)6 *̃

)]
8 9
.
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with 8 as row index and 9 as column index.
Using these the objective function in (9.13) becomes

(" ¤g)) (" ¤g) = ¤g) )"2 ¤g, (9.14)

which we want to minimize under the constraint

23−1∑
8=1

(
¤6 8
)2

�8
=



"−2 ¤g


2

= 1. (9.15)

Taking the derivative of the Lagrangian of this convex optimiza-
tion problem gives us optimality under the following condition
(� ∈ ℝ):

 )"2 ¤g = �"−2 ¤g ⇐⇒ "2 )"2 ¤g = � ¤g, (9.16)

i.e. ¤g needs to be an eigenvector of the matrix "2 )"2 with
eigenvalue � (serving as the Lagrangian multiplier). If for a mo-
ment we rewrite (9.16) as

(" ")) (" ")
(
"−1 ¤g

)
= �

(
"−1 ¤g

)
, (9.17)

we see that � is indeed real since (" ")) (" ") is symmet-
ric. With this eigenvalue and vector the objective function (9.14)
evaluates to

¤g) )"2 ¤g = ¤g)"−2"2 )"2 ¤g
= ¤g)"−2� ¤g
= � ¤g)"−2 ¤g
= � ‖ ¤6‖2

G = �.

This last equation incidentally proves that "2 )"2 is positive
semi-definite and, more importantly, that to minimize the change
in gradient we need to look at the eigenvector belonging to the
smallest eigenvalue.

regularization. In practice, we do not immediately calculate
the eigenvectors and eigenvalues from the scheme we have just
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proposed, but for the purpose of stability we first apply a compo-
nentwise Gaussian smoothing on the matrix  as follows:

 ̃
��
6

:= (� ∗  ) (G, '=)

=

∫
ℝ3

∫
(3−1

�
(
G − H, ')<=

)
 
��
(H, '<) d�(<)dH,

with the usual surface measure � on (3−1 and with the smoothing
kernel

�(H, <) := �ℝ3

�B (0, H) · �
(3−1
�0 (0, <) ,

where �"
� is the heat kernel on the Riemannian manifold " with

time/scale � > 0, the spatial kernel is centered on 0 ∈ ℝ3 and the
orientation kernel is centered on the reference direction 0 ∈ (3−1.

isotropic smoothing. It is important in the context of M3 to
choose diffusion that is isotropic spatially (with time/scale �B)
and spherically (with time/scale �0) since this is the only diffu-
sion that commutes with the left-invariant vector fields. Note that
�ℝ3

�B (0, H) depends only on ‖H‖ and �(3−1
�0 (0, <) depends only on

arccos (0 · <)making �(H, <) the heat kernel on the product man-
ifold ℝ3 × (3−1. This smoothing method is a variant on the one
used in Duits, Janssen, Hannink, and Sanguinetti (2016).

completing the frame. The remaining basis vectors are de-
termined by considering a rotation that maps (A3)6 to (B3)6 and
then applying a specific rotation to the remaining (A8)6 that keeps
the remaining spatial generators spatial. For an illustration see
Figure 9.4. How this rotation is chosen and applied is detailed in
Duits, Janssen, Hannink, and Sanguinetti (2016, App. B).

gauge metric. Havingdetermined adata adaptive frame (B8)23−1
8=1

(induced by B3, recall Figure 9.4), we equip it with the following
straightforward metric, where again we rely on the corresponding
dual frame

(
�8

)23−1
8=1 ⊂ Γ()∗(SE(3))) given by

�8(B9) = �89 .
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Definition 9.5 (Gauge metric) We define the gauge metric
tensor field J ∈ Γ()(0,2)(SE(3))) as

J :=
23−1∑
8=1

�8 ⊗ �8 .

Which induces a norm on ¤6 ∈ )6 (SE(3)):

‖ ¤6‖J :=
√
J6 ( ¤6, ¤6),

a gradient on *̃ ∈ �1 (SE(3)):

∇J*̃ :=
23−1∑
8=1

(
B8*̃

)
B8 ,

with norm 

∇J*̃


2
J
=

23−1∑
8=1

(
B8*̃

)2
,

and finally gives the divergence of a vector field - ∈ Γ()(SE(3)))
as:

divJ - =

23−1∑
8=1

B8

(
�8(-)

)
,

which means that if we apply it to a vector field expressed in the
gauge frame as - =

∑23−1
8=1 - 8B8 we have:

divJ - =

23−1∑
8=1

B8-
8 .

9.4 coherence enhancement

Coherence enhancing diffusion is a well-known technique for
image enhancement (Weickert, 1999). It is intended for line am-
plification rather than strictly denoising. Crossing-preserving ver-
sions on M3 have been developed (Duits, Janssen, Hannink, and
Sanguinetti, 2016) and evaluated for denoising. Here, crossing
lines are well-enhanced but plateaus and boundaries of line struc-
tures are damaged. Therefore we propose to include the coherence
enhancement technique into TV and MC flows.
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Next we explain how this coherence enhancement operator is
constructed from an orientation confidence map.

In ℝ3, orientation confidence is calculated by the Laplacian in
the subspace orthogonal to the line structure.We can take a similar
approach in M3 by taking the Laplacian in the space spanned by
(A8)23−1

8=1,8≠3. Recall that A3 is implicitly aligned with the local line
structure along = ∈ (3−1. In the gauge-frame settingB3 is explicitly
aligned with the line structure (see Figure 9.4) and therefore we
take the Laplacian in the span of (B8)23−1

8=1,8≠3.
In the sub-Riemannian case e = 0 this just reduces to the second

derivatives in the (3−1)-dimensional spaces spanned by (A8)23−1
8=3+1

and (B8)23−1
8=3+1 respectively.With that inmindwe define orientation

confidence in SE(3) as follows.

orientation confidence. Let *̃ : SE(3) → ℝ, then in the
left-invariant case we define

�*̃ ,LI(6) :=

����� 23−1∑
8=1,8≠3

�8 (A8)6
(
A8*̃

) ����� , (9.18)

or

�*̃ ,GF(6) :=

����� 23−1∑
8=1,8≠3

(B8)6
(
B8*̃

) ����� . (9.19)

in the gauge-frame case.
Note that the B8 ’s are normalized with respect to the old metric

fromDefinition 9.1 and as such the parameters�8 are still included
in (9.19). In the case that B3 is aligned with A3 we have B8 =√
�8A8 and (9.18) and (9.19) coincide.

Definition 9.6 (Isotropy factor) Let 2 > 0 be a chosen scaling
constant, then the isotropy factor is defined as:


*̃ (6) := 4−
1
2 �*̃ (6) ,

with �*̃ defined by (9.18) respectively (9.19).

What is convenient about this quantity is that it gives a number
in the range (0, 1] with a number close to zero indicating a high



9.5 descending to the homogeneous space 199

degree of anisotropy and a 1 indicating perfect isotropy. This is
the quantity that we can use to steer flow.

The choice of 2 controls how steep the decline of the isotropy
factor is. Its appropriate value depends on the application and
on exactly how the data is represented numerically (normalized
to [0, 1] in our case) and is best determined heuristically or by
histogram. For our experiments we have used 2 = 0.2.

coherence enhancement. Using this scalar function 
*̃ on the
group SE(3), we can locally modify vectors based on how certain
we are the data is locally aligned. We refer to this modification of
vector fields as coherence enhancement, as in coherence enhancing
diffusion (Franken and Duits, 2009). Tangent vectors (such as the
gradient as we will see) are modified as follows. Let - be a vector
field on SE(3), then the coherence enhanced vector field is given
as

�G (-) := $3(-)A3 + 
*̃

23−1∑
8=1
8≠3

$3(-)A8 , (9.20)

for the left-invariant geometry and as

�J (-) := �3(-)B3 + 
*̃

23−1∑
8=1
8≠3

�3(-)B8 . (9.21)

and for the gauge geometry.
Intuitively, these linear operators �G , �J : )(SE(3)) → )(SE(3))

preserve the magnitude of the vector in the main direction and
weaken it orthogonal to the main direction if we are certain the
data is locally aligned to the main direction.

9.5 descending to the homogeneous space

So far we have developed two distinct geometries on the group
SE(3) that are summarized in Table 9.1. We can bring these ge-
ometries down to the homogeneous space M3 by considering the
natural extension of functions and vector fields on M3 to SE(3).
Consider a function* ∈ �∞(M3), then the function *̃ , given by

*̃(6) = *̃(G, ') := *(G, '0) (9.22)
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for all 6 = (G, ') ∈ SE(3), is its natural extension to SE(3) and is
clearly also smooth. Similarly, a tangent vector field- ∈ Γ()(SE(3)))
can be extended to a tangent vector field -̃ ∈ Γ()M3) as follows:(

-̃*̃
)
(6) =

(
-̃*̃

)
(G, ') := (-*) (G, '0) , (9.23)

under the additional constraint that -̃ vanishes in the direction
induced by the subgroup SE(3)(0,0), i.e. for all 8 ≥ 23 we have
$8(-) = 0, this extension is unique.

Having extended functions and vector fields upward to the
group, we can apply the tools from Table 9.1 to them and subse-
quently project the results back to the homogeneous space by the
mapping (G, ') ↦→ (G, '0). This mapping is not injective. Never-
theless, thanks to the metrics from Definition 9.1 and 9.5 being
laterally and spherically isotropic and thewaywe extend functions
to the group by (9.22) and (9.23), all the tools we list in Table 9.2
are well-defined on M3.

Choice of geometry Left-invariant Gauge

Frame A1 , A2 , . . . ,A23−1 B1 , B2 , . . . ,B23−1

Co-frame $1 , $2 , . . . , $23−1 �1 , �2 , . . . , �23−1

Metric tensor G J

Gradient ∇ ∇G ∇J

Divergence div (Riemannian)
∑23−1
8=1 A8 ◦ $8

∑23−1
8=1 B8 ◦ �8

Divergence div (sub-Riemannian)
∑23−1
8=3 A8 ◦ $8

∑23−1
8=3 B8 ◦ �8

Norm ‖·‖ ‖·‖G ‖·‖J
Volume form d�̃ $1∧$2∧...∧$23−1

√
�(

√
�(��

3−1 �1 ∧ �2 ∧ . . . ∧ �23−1

Table 9.1: We formulate our PDEs independently of our choice
of frame and metric and then apply it to both the left-
invariant and gauge geometries.

noninjectivity. While the choice of mapping = ∈ (3−1 ↦→ '= ∈
SO(3) does not matter for the final result, a choice does have to
be made for an implementation when 3 ≥ 3. The most straight-
forward manner is selecting that '= which is an in-plane rotation,
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M3 tools Left-invariant Gauge

∇*(G, =) =
(
∇G*̃

)
(G, '=)

(
∇J*̃

)
(G, '=)

(-,.)M3

���
(G,=)

= G(G,'=)
(
-̃ , .̃

)
J(G,'=)

(
-̃ , .̃

)
‖-‖M3

=


-̃



G



-̃


J

(div-) (G, =) =
(
divG -̃

)
(G, '=)

(
divJ -̃

)
(G, '=)

d� (G, =) = d�̃G (G, '=) d�̃J (G, '=)

(�-) (G, =)
(
�G-̃

)
(G, '=)

(
�J-̃

)
(G, '=)

Table 9.2: The two geometries we developed on SE(3) can be nat-
urally applied to the homogeneous spaceM3 using the
natural extension of scalar functions (9.22) and vector
fields (9.23). These objects are well defined despite the
non-injective mapping used since the choice of partic-
ular '= ∈ SE(3) that maps 0 ∈ (3−1 to = ∈ (3−1 does
not affect any of them.

meaning the plane of rotation is spanned by 0 ∈ (3−1 and = ∈ (3−1.
In the two cases where this is not possible (i.e. = = ±0) we pick
'0 = 0 and '−0 = '4I ,�, where '4H ,� denotes the rotation around
the axis 4H by an angle �. Concretely the in-plane rotation in 3D
is given in terms of the ZYZ-Euler angles 
, �, � by requiring that

 = −�, which gives the mapping

= ↦→ '4I ,−
'4H ,�'4I ,
 , (9.24)

for the unique 
 ∈ [0, 2�) and � ∈ (0,�) so that the resulting
rotation maps 0 to =.

9.6 total variation, mean curvature pde flows on M3

On ℝ= the formulation of total variation is built on the identity
div( 5 -) = 5 div(-) + ∇ 5 · -. Similarly on M3 we have:

div (*-) = * div(-) + d* (-)
= * div(-) + (∇*, -)M3

. (9.25)
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From the last equation we deduce the following integration by
parts formula:∫

Ω

*(?) div-(?)d�(?) =
∫
Ω

(
∇*(?), -(?)

)
M3

d�(?), (9.26)

for all* ∈ �1(Ω) and all smooth vector fields - vanishing at the
boundary %Ω. This formula allows us to build a weak formulation
of TVF on M3 starting from functions of bounded variation (BV)
(Ambrosio, Ghezzi, and Magnani, 2015).

Definition 9.7 (Weak formulation of TV on M3) Let e ≥ 0.
Let* ∈ !1(Ω), recall (9.1). Let "0(Ω) denote the vector space
of smooth vector fields that vanish at the boundary %Ω and
let � ≥ 0. Then we define

TV�(*) := sup
#∈�∞

2 (Ω)

-∈"0(Ω)

‖-(?)‖2
e+|#(?)|2≤1

∫
Ω

�#(?) +*(?) div(-)(?) d�(?).

(9.27)
If TV0(*) < ∞ we say that* ∈ �+(Ω).

For all* ∈ �+(Ω) we have

TV0(*) ≤ TV�(*) ≤ TV0(*) + �|Ω|.

Recall the sub-Riemannian setting, and recall the notion of hor-
izontal tangent vectors from Definition 9.3. So (9.27) also covers
the sub-Riemannian setting, i.e. e = 0, when setting

‖-? ‖G =

{
G?(-? , -?) if -? is horizontal ,
∞ else,

(9.28)

for any tangent vector -? ∈ )?M3.
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Lemma 9.1 Let � ≥ 0. For* ∈ �1(Ω,ℝ) we have

TV�(*) =
∫
Ω

√
‖∇*(?)‖2

M3
+ �2 d�(?). (9.29)

Furthermore for* ∈ �2(M3 ,ℝ) and e, � > 0 we have that

%)+�(*) = div ◦
©­­«

∇*√
‖∇* ‖2

M3
+ �2

ª®®¬ .
Proof. First we substitute (9.26) into (9.27), then we apply Gauss’s
theorem and use *- |%Ω = 0. Then we apply Cauchy-Schwarz on
+? := ℝ × )?M3 for each ? ∈ M3, with inner product

(&1 , -) · (&2 , .) = &1&2 + (-,.)M3
,

which holds with equality iff the vectors are linearly dependent.
Therefore we smoothly approximate

1√
�2 + ‖∇* ‖2

M3

(�,∇*)

by (#, -) one obtains (9.29).
For* ∈ �2(Ω,ℝ), � ∈ �∞

2 (Ω,ℝ) we obtain

(%)+�(*), �)!2(Ω) = lim
ℎ↓0

)+�(* + ℎ �) − )+�(*)
ℎ

(9.26)
=

©­­«div ◦
©­­«

∇*√
‖∇* ‖2

M3
+ �2

ª®®¬ , �
ª®®¬!2(Ω)

,

and the result follows. �

For vector fields - on M3 define the regularized norm:

‖-‖� :=
√
‖-‖2

M3
+ �2. (9.30)

This is a common way to regularize denominators and we will
use Section 9.8 to prove that this approach converges for � → 0.
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Now we propose the following roto-translation equivariant
enhancement PDE on Ω ⊂ M3, recall (9.1).

Definition 9.8 (Equivariant enhancement PDE) Given* ∈
�+(Ω) with � > 0 then we call, � : M3 × ℝ≥0 → ℝ (being
smooth) obeying

%, �

%C (?, C) = ‖∇, �(?, C)‖0� div

(
∇, �(·, C)

‖∇, �(·, C)‖1�

)
(?),

∇ℝ3, �(?, C) · N(G) = 0

for all ? = (G, =) ∈ %Ω, C ≥ 0,

, �(?, 0) = *(?) for all ? ∈ Ω,

(9.31)

the gradient flow started at* with evolution time C ≥ 0 and
parameters 0, 1 ∈ {0, 1}. Here we use Neumann boundary
conditions with N(G) as the normal to the spatial boundary
at G ∈ Ω 5 .
The coherence enhancement version of this PDE is given by
replacing div by div ◦�, recall (9.20) and (9.21):

%, �

%C
(?, C) = ‖∇, �(?, C)‖0� div ◦�

(
∇, �(·, C)

‖∇, �(·, C)‖1�

)
(?).

variants. This PDE system on the homogeneous space M3 has
two versions depending on whether one chooses the left invariant
or gauge geometry as outlined in Table 9.1 and 9.2.

We then have the following cases:

• For (0, 1) = (1, 1) we arrive at mean curvature flow, studied
for 3 = 2 in Citti, Franceschiello, Sanguinetti, and Sarti
(2016).

• For (0, 1) = (0, 1) we arrive at total variation flow, studied for
3 = 2 in Chambolle and Pock (2019).
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• For (0, 1) = (0, 0)we arrive at a linear diffusion forwhich exact
smooth solutions exist for both 3 = 2 and 3 = 3 Portegies
and Duits (2017).

in terms of curvature. By the product rule (9.25) the right-
hand side of (9.31) for � ↓ 0 becomes

%,0

%C
= ‖∇,0‖0−1Δ,0 + 21 �� ‖∇,0‖0 , (9.32)

with the mean curvature ��(?, C) of the level set{
@ ∈ M3

��,0(@, C) =,0(?, C)
}
,

akin to Sapiro (2006, Ch. 3.2), and with (possibly hypo-elliptic)
Laplacian Δ = div ◦∇.

lack of regularity. For MCF and TVF smooth solutions to
the PDE (9.31) exist only under special circumstances. This lack of
regularity is an advantage in image processing to preserve step-
edges and plateaus in images, yet it forces us to define a concept
of weak solutions. Here, we distinguish between MCF and TVF:

For MCF one relies on viscosity solution theory developed by
Evans and Spruck (1991), see also Giga and Sato (1991) and Sato
(1992) for the case of MCF with Neumann boundary conditions.
In Citti, Franceschiello, Sanguinetti, and Sarti (2016, Thm 3.6)
existence of �1-viscosity solutions is shown for 3 = 2.

For TVF we will rely on gradient flow theory by Ambrosio,
Gigli, and Savaré (2005) and Brézis (1973).

sub-riemannian convergence. In this work we do not ad-
dress convergence of our PDE-solutions in the sub-Riemannian
setting e ↓ 0, and we only focus on convergence results for � ↓ 0. In
previous work—by others—convergence to the sub-Riemannian
setting is addressed for special cases. For the special case (0, 1) =
(0, 0) convergence of the solutions with respect to e ↓ 0 is clear
from the exact solutions see Portegies and Duits (2017, Ch. 2.7).
For such convergence in the challenging case (0, 1) = (1, 1) (MCF),
see Baspinar (2018) and Citti, Franceschiello, Sanguinetti, and
Sarti (2016). For Eikonal PDEs convergence of viscosity solutions
towards the sub-Riemannian setting holds as well, see Duits,
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Meesters, Mirebeau, and Portegies (2018, Thm. 2). It is there-
fore interesting to see if convergence results towards the sub-
Riemannian setting hold for the general case including the TVF
case, but this falls outside the scope of this work. In Section 9.8
we only focus on convergence results for � ↓ 0 for e > 0 fixed.

9.7 numerics

We implemented the PDE system (9.31) by Euler forward time
discretization, relying on standard B-spline or linear interpolation
techniques for derivatives in the underlying tools on M3 given by
Table 9.2. For details see Creusen, Duits, Vilanova, and Florack
(2013) and Franken and Duits (2009). Also, the explicit upper
bounds for stable choices of stepsizes can be derived by the Ger-
shgorin circle theorem.

For 3 = 2 the discretization is straightforward (Franken and
Duits, 2009), for 3 = 3 we discretized per Creusen, Duits, Vi-
lanova, and Florack (2013) in the software package Lie Analysis
forMathematica developed byMartin, Bekkers, andDuits (2017),
to our PDEs of interest (9.31) on M3.

The Euler-forward discretizations are not unconditionally sta-
ble. For 0 = 1 = 0, the Gershgorin circle theorem (Creusen, Duits,
Vilanova, and Florack, 2013, Ch. 4.2) gives the stability bound

ΔC ≤ (ΔC)crit :=
(
(3 − 1)�� + �(

2ℎ2 + (3 − 1)��

2ℎ2
0

)−1
,

when using linear interpolation with spatial stepsize ℎ and an-
gular stepsize ℎ0 . In our experiments, for 3 = 2 we set ℎ = 1 and
for 3 = 3 we took ℎ0 = �

25 using an almost uniform spherical
sampling from a tessellated isocahedron with #� = 162 points.
TVF required smaller times steps when � decreases. Keeping in
mind (9.32) but then applying the product rule (9.25) to the case
0 < � � 1, we concentrate on the first term as it is of order �−1

when the gradient vanishes. Then we find ΔC ≤ � · (ΔC)2A8C for TVF.
For MCF we do not have this limitation.

While both the quantitative and qualitative results of our pro-
posed methods are encouraging we have to end our numerics
section mentioning the computational cost. In Table 9.3 we sum-
marize the relative computational time of our methods versus
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spatial Perona-Malik, this summary shows our methods being sev-
eral orders of magnitude slower. In the interest of fairness we
need to add that benchmarking our prototype Mathematica im-
plementation against the built-in Perona-Malik implementation
is not a fair comparison, we are confident that an optimized na-
tive implementation would fare much better in a performance
comparison.

Method Relative computational time
Perona-Malik 2D 1.0
Left-invariant MCF 88.8
Left-invariant TVF 60.4
Gauge MCF 149.1
Gauge TVF 123.6

Table 9.3: Relative computational time needed by our methods
relative to spatial Perona-Malik for the denoising re-
sults in Figure 9.10. The Perona-Malik implementation
is built-in while ours is a naively implemented proof-
of-concept, hence the benchmark is not comparing
optimized implementation against optimized imple-
mentation.

9.8 gradient flow & convergence

In this section we provide a gradient flow formulation that we
will use to prove the convergence of our regularization scheme
for TVF. The reader who is more interested in the experimental
results than the technical convergence results can safely choose to
skip this section and continue reading Section 9.10.

preliminaries. The total variation flow can be seen as a gradient
flow of a lower-semicontinuous, convex functional in a Hilbert
space, as we explain next. If � : � → [0,∞] is a proper (i.e.
not everywhere equal to infinity), lower semicontinuous, convex
functional on a Hilbert space � (not to be confused with the
subgroup � above, as we will not need the subgroup anymore
we will stick with convention and use � for the Hilbert space
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from now on), the subdifferential of � in a point D in the finiteness
domain of � is defined as

%�(D) :=
{
I ∈ �

��� (I, E − D)� ≤ �(E) − �(D) for all E ∈ �
}
.

The subdifferential is closed and convex, and thereby it has an
element of minimal norm, called “the gradient of � in D” denoted
by grad �(D). Let D0 ∈ � be in the closure of the finiteness domain
of �. As per Brezis-Komura theory (Ambrosio, Gigli, and Savaré,
2005, Thm. 2.4.15) there is a unique locally absolutely continuous
curve D : [0,∞) → � such that

D′(C) = −grad �(D(C))

for a.e. C > 0 and limC↓0 D(C) = D0. We call D : [0,∞) → � the
gradient flow of � starting at D0.

Recall the definition ofΩ in (9.1), then the functionTV& : !2(Ω) →
[0,∞] is lower-semicontinuous and convex for every & ≥ 0. This
allows us to generalize solutions to the PDE (9.31) as follows:

Definition 9.9 Let * ∈ Ξ := BV(Ω) ∩ !2(Ω). We define by
C ↦→, &( · , C) the gradient flow of TV& starting at* .

A functional Φ : � → (−∞,∞] is said to be �-convex for some
� ∈ ℝ if

D ↦→ Φ(D) − �
2 ‖D‖2

is convex. In that case, the functional

D ↦→ Φ(D) − �
2 ‖D − E‖2

is convex as well, for arbitrary E ∈ �, because the latter functional
deviates from the first by an affine functional.

We first prove a stability estimate for the minimization of 1/�-
convex functionals.

Lemma 9.2 (Convex stability) Let � > 0. If a functional
Φ : � → (−∞,∞] on � is 1/�-convex, and D∗ is its unique
minimizer, then for all D ∈ �,

1
2� ‖D − D∗‖2 ≤ Φ(D) −Φ(D∗).
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This lemma is an extension of a standard result regarding strongly
convex functionals—see, e.g. Nesterov (2013, Thm. 2.1.7)—but
with no assumptions on differentiability.

Proof. The functional Ψ : � → (−∞,∞] given by

Ψ(D) := Φ(D) −Φ(D∗) − 1
2� ‖D − D∗‖2

is convex. It is sufficient to show that Ψ is nonnegative. If it were
not, there would exist a E ∈ � such that Ψ(E) < 0. We will show
that then, for C small enough, Φ(CE + (1 − C)D∗) < Φ(D∗), contra-
dicting that D∗ is a minimizer. We first have by definition that, for
C ∈ (0, 1),

Φ(CE + (1 − C)D∗) −Φ(D∗) − C2

2� ‖E − D
∗‖2

= Ψ(CE + (1 − C)D∗).

By the convexity of Ψ,

Ψ(CE + (1 − C)D∗) ≤ CΨ(E) + (1 − C)Ψ(D∗)
= CΨ(E).

Combining the two inequalities, we find

Φ(CE + (1 − C)D∗) −Φ(D∗) ≤ CΨ(E) + $(C2),

so that indeed, for C small enough, Φ(CE + (1 − C)D∗) < Φ(D∗),
leading to the announced contradiction.

Therefore, Ψ is nonnegative, which means that

1
2� ‖D − D∗‖2 ≤ Φ(D) −Φ(D∗)

for all D ∈ �. �

For a proper (i.e. not everywhere equal to ∞), lower semicon-
tinuous, convex functional �, and � > 0, define the so-called
(Rockafellar and Wets, 2009) proximal operator ��� : � → � by

��� [D0] := arg min
D∈�

(
1
2� ‖D − D0‖2 + �(D)

)
.
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Lemma 9.3 (Gradient flow estimate) Let � > 0 and let �, � :
� → [0,∞] be two non-negative, proper, lower semicontinu-
ous, convex functionals on a Hilbert space �, such that for all
D ∈ �,

�(D) − � ≤ �(D) ≤ �(D) + �. (9.33)

Let D0 , E0 ∈ �, such that

|%� |(D0) ≤ ! and |%� |(E0) ≤ !. (9.34)

Then, we have the following estimate for the gradient flow
D : [0,∞) → � of � starting at D0 and the gradient flow E :
[0,∞) → � of � starting at E0:

‖D(C) − E(C)‖ ≤


4
√
�C + ‖D0 − E0‖ for 0 ≤ C ≤ �

!2

8 3√
!�C2 + ‖D0 − E0‖ for C > �

!2 .

Proof. Let � > 0 and let D�1 := ��� [D0] and E�1 := ��� [E0]. Set also
E�1 := ��� [E0] and D�1 := ��� [D0]. Then, using the definition of E�1 in
the second inequality below, we find

1
2� ‖E

�
1 − E0‖2 + �(E�1 )

(9.33)
≤ 1

2� ‖E
�
1 − E0‖2 + �(E�1 ) + �

≤ 1
2� ‖E

�
1 − E0‖2 + �(E�1 ) + �

(9.33)
≤ 1

2� ‖E
�
1 − E0‖2 + �(E�1 ) + 2�.

Because the functional

E ↦→ 1
2� ‖E − E0‖2 + �(E)

is 1/�-convex, it follows by Lemma 9.2 that

1
2� ‖E

�
1 − E�1 ‖2 ≤ 2�.

Now we use that ��� is non-expansive (Ambrosio, Gigli, and
Savaré, 2005, Eq. 4.0.2), so

‖D�1 − E�1 ‖ = ‖��� (D0) − ��� (E0)‖ ≤ ‖D0 − E0‖.
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We conclude that

‖D�1 − E�1 ‖ ≤ ‖D0 − E0‖ + 2
√
��.

By iterating this estimate, we derive

‖(��� )=[D0] − (��� )=[E0]‖ ≤ ‖D0 − E0‖ + 2=
√
��. (9.35)

The a priori estimate (Ambrosio,Gigli, and Savaré, 2005, Thm. 4.0.4(v))
yields that the gradient flows D and E of � and � respectively are
approximated well by (��

C/=)
=[D0] and (��

C/=)
=[E0]. More precisely,

for C > 0 and = > 0, the a priori estimate gives

D(C) − (��� )=


 ≤ !C√

2=
and



E(C) − (��� )=


 ≤ !C√

2=
.

By these a priori estimates and the estimate for the discrete flows
(9.35), we see that

‖D(C) − E(C)‖ ≤ ‖D(C) − (��
C/=)

=[D0]‖ + ‖E(C) − (��
C/=)

=[E0]‖
+ ‖(��

C/=)
=[D0] − (��

C/=)
=[E0]‖

≤
√

2! C
=
+ 2=

√
�C
=

+ ‖D0 − E0‖.

To derive the final estimates, we need to make good choices for =.
If 0 ≤ C ≤ �/!2, we take = = 1 and obtain

‖D(C) − E(C)‖ ≤
√

2!C + 2
√
�C + ‖D0 − E0‖

≤ 4
√
�C + ‖D0 − E0‖.

If C > �/!2, we choose = = d!2/3(C/�)1/3e, which is larger than or
equal to 2. In that case,

=/2 ≤ = − 1 < !2/3(C/�)1/3 ≤ =.

We then obtain

‖D(C) − E(C)‖ ≤ 8!1/3�1/3C2/3 + ‖D0 − E0‖.

�
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We now know that the gradient flows of � and � are close when
the slopes |%� |(D0) and |%� |(E0) are bounded. This assumption
can be rather stringent. We will relax it, and merely require that
�(D0) and �(E0) are bounded by some constant � > 0, in exchange
for a bound between gradient flows that is slightly worse. Our
approach will be to run the gradient flow for a small time B from
D0 and E0, and use the regularizing property of the gradient flow
to conclude a slope bound. On the other hand, if B is small, D(B)
and E(B) will be close to D0 and E0. We will then choose B (almost)
optimally to derive a bound between the gradient flows.

9.9 strong !2-convergence of tv-flows

We prove the convergence, stability and accuracy of TV-flows by
considering them as the gradient flows of the family of functionals
TV�. The theory of contraction semigroups (Ambrosio, Gigli, and
Savaré, 2005, Ch. 4) will allow us to show that as � → 0 the
gradient flow of TV� converges to the gradient flow of TV0 in the
!2 sense.

Theorem 9.4 (Gradient flow convergence) Let � : � → [0,∞]
and � : � → [0,∞] be two proper, lower semicontinuous,
convex functionals on a Hilbert space �, such that

�(D) − � ≤ �(D) ≤ �(D) + �

for all D ∈ �. Let D0 , E0 ∈ � be such that �(D0) ≤ � and�(E0) ≤
� and ‖D0 − D∗‖ ≤ " and ‖E0 − E∗‖ ≤ ", for some constants
�, " > 0, where D∗ and E∗ minimize � and � respectively.
Then the gradient flow D : [0,∞) → � of � starting at D0, and
the gradient flow E : [0,∞) → � of � starting at E0 satisfy

‖D(C) − E(C)‖ ≤ 16("��C2)1/5 + ‖D0 − E0‖

for all 0 ≤ C < �6"6/�9.

Proof. By the evolution variational inequality (Ambrosio, Gigli, and
Savaré, 2005, Thm. 4.0.4(iii)), we know that for all B > 0

‖D(B) − D0‖ ≤
√

2B�(D0)
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and
‖E(B) − E0‖ ≤

√
2B�(E0).

By the regularizing property (Ambrosio, Gigli, and Savaré,
2005, Thm. 4.0.4(ii)),

|%� |(D(B)) ≤ 1
B
‖D0 − D∗‖ ≤ "

B
(9.37a)

and
|%� |(E(B)) ≤ 1

B
‖E0 − E∗‖ ≤ "

B
(9.37b)

where D∗ minimizes � and E∗ minimizes �.
Because the gradient flow is a non-expansive semigroup (Am-

brosio, Gigli, and Savaré, 2005, Thm. 4.0.4(iv)), we obtain

‖D(C) − E(C)‖ ≤ ‖D(C + B) − E(C + B)‖ + ‖D(C + B) − D(C)‖
+ ‖E(C + B) − E(C)‖

≤ ‖D(C + B) − E(C + B)‖ + ‖D(B) − D0‖
+ ‖E(B) − E0‖.

Now assume C < �6"6/�9. We will want to choose B (almost)
optimally, depending on C. We choose

B =
"2/5�2/5C4/5

�3/5

and note that with ! := "/B, we have

C ≥ �

!2 .

By the slope estimates (9.37) we can apply Lemma 9.3 to the gra-
dient flows starting at D(B) and E(B), to obtain

‖D(C) − E(C)‖ ≤ 8"1/3B−1/3�1/3C2/3 + ‖D(B) − E(B)‖
+ ‖D(B) − D0‖ + ‖E(B) − E0‖

≤ 8"1/3B−1/3�1/3C2/3 + 2‖D(B) − D0‖
+ 2‖E(B) − E0‖ + ‖D0 − E0‖

(9.36)
≤ 8"1/3B−1/3�1/3C2/3 +

√
32B� + ‖D0 − E0‖

= 16"1/5�1/5C2/5�1/5 + ‖D0 − E0‖.
�
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If, for the general result of Theorem 9.4, we take � = TV0, � =

TV� and � = � |Ω| we obtain the following result.

Corollary 9.5 (Strong !2-convergence, stability and accuracy
of TV-flows) Let* ∈ !2(Ω) and let, � be the gradient flow
of TV� starting at* and �, e ≥ 0. Let C ≥ 0. Let � = �|Ω|, then

lim
�↓0

, �(·, C) =,0(·, C) in !2(Ω).

More precisely, for all* ∈ BV(Ω), � ≥ TV0(*) + �, " ≥ ‖* ‖
and 0 ≤ C < �6"6/�9 we have that

‖, �(·, C) −,0(·, C)‖!2(Ω) ≤ 16
(
"��C2

) 1
5
.

9.10 experiments

In our experiments, we aim to enhance contour and fiber trajec-
tories in medical images and to remove noise. Lifting the image
5 : ℝ3 → ℝ towards its orientation lift* : M3 → ℝ defined on the
space of positions and orientations M = ℝ3 o(3−1 preserves cross-
ings (Franken and Duits, 2009) and avoids leakage of wavefronts
(Duits, Meesters, Mirebeau, and Portegies, 2018).

For our experiments for 3 = 3 the initial condition* : M3 → ℝ+

is a fiber orientation density function (FODF) obtained fromDW-MRI
data (Portegies, Fick, et al., 2015).

For our experiments for 3 = 2 the initial condition * is an
invertible orientation score (OS) that we sampled on 8 equidistant
orientations.

For both 3 = 2 and 3 = 3 we show the advantages of TVF and
MCF over crossing-preserving diffusion flows (Creusen, Duits,
Vilanova, and Florack, 2013; Franken and Duits, 2009) on M3.

Finally, we include denoising experiments where we show qual-
itative and quantitative results where comparison with the well-
known denoising technique BM3D (Dabov, Foi, Katkovnik, and
Egiazarian, 2007) show advantages and good results.
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image enhancement & denoising. In accordance with the
workflow in Figure 9.1 we go through the following steps:

5 ↦→ W# 5 ↦→ ΦC ◦W# 5 ↦→ 5 0C := W∗
# ◦ΦC ◦W# 5 (9.38)

≈
∫
(1
ΦC(W# 5 )( · , =) d�(1(=).

for C ≥ 0. With respect to the final step we recall that we use
cake wavelets that allow for sharp approximate reconstruction by
integration over angles only. Here* ↦→,(·, C) = ΦC(*) denotes
the flow operator on M2 (9.31). Hence the initial condition for
our TVF/MCF-PDE (9.31) is set by an orientation score of image
5 : ℝ2 → ℝ given by (9.2).
We refer to the different methods we experimented with, by the

following terms.

• MCF: we set (0, 1) = (1, 1).
• TVF: we set (0, 1) = (0, 1).
• Left invariant: we use the left-invariant geometry as per the

first column of Table 9.1.
• Gauge: we use the locally-adaptive-frames geometry as per

the second column of Table 9.1.
• Isotropic: we set e = 1.
• Anisotropic: we set e = 0.25.
• With coherence enhancement: we use the PDE with the � op-

erator as per (9.31).

So that isotropic gauge TVF with coherence enhancement for exam-
ple would equate to setting (0, 1) = (0, 1), e = 1, includes the �
operator in the PDE and uses the second column of Table 9.1 to
define our geometrical objects.

For quantitative comparison we will look at relative !1 and !2

errors, meaning if we have a (clean) source image 5B>DA24 and a
denoised image 5C that has been processed to time C we calculate
the relative error as:

‖ 5C − 5B>DA24 ‖
‖ 5B>DA24 ‖

,

with the corresponding !1 or !2 norm.
We will test against two types of noise: Gaussian and correlated.
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gaussian noise. We apply Gaussian noise with standard devi-
ation 0.2 to our normalized (to [0, 1]) source image, the original
and noisy images are shown in Figure 9.8a respectively 9.8b.
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Figure 9.5: Isotropic (e = 1) evolution of relative !1 and !2 errors
over time of the collagen image with Gaussian noise
benchmarked against spatial Perona-Malik. Remain-
ing parameters are �( = 1, �� = .01 and � = .001

In Figure 9.5 we show how the errors progress with C ≥ 0 for the
isotropic (e = 1) case without coherence enhancement (i.e. without
�). For comparison we plot the same error with spatial Perona-
Malik. While Perona-Malik is clearly more stable and resilient to
over-smoothing, both our proposed methods have much smaller
minimal errors.
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timescale interpretation. The different methods work on
different timescales, we scale these to be able to plot the results
together but no meaning should be attributed to one method
obtaining a minimum earlier than another. The error graphs just
show:

• how large the minimal error is and
• how fast the image deteriorates after this minimum has been

reached.
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Figure 9.6: Anisotropic (e = .25) evolution of relative !1 and !2

errors over time of the collagen image with Gaussian
noise benchmarked against spatial Perona-Malik. Run
with parameters �( = 1, �� = .01 and � = .001. The
resulting errors are slightly worse than the isotropic
setup from Figure 9.5
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In our next experiment we increase anisotropy by setting e = .25,
the resulting errors are plotted in Figure 9.6. We gain no improve-
ment in minimal error while requiring more computational cycles
to reach the minimum, from which we conclude that for this ap-
plication isotropic processing is more desirable.
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Figure 9.7: Isotropic with coherence enhancement evolution of relative
!1 and !22 errors over time of the collagen image with Gaus-
sian noise benchmarked against spatial Perona-Malik. Run
with parameters �( = 1, �� = .01, � = .001 and 2 = .2

In Figure 9.7 we show the errors for the isotropic setup with
coherence enhancement included (for 2 = 0.2). We get a very mi-
nor improvement in minimal errors and a decent improvement in
over-smoothing stability, although still not on the level of Perona-
Malik. It is remarkable that with coherence enhancement included
the data adaptive geometry is less stable than the left invariant
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geometry, we observe that combining two different methods of
adapting to the data is counter-productive in this instance.

For a qualitative comparison of the different isotropic methods
with coherence enhancement we over-smooth the collagen im-
age past the time of its lowest !2 error with a factor of two, the
corresponding qualitative results are shown in Figure 9.8.

correlated noise. For correlated noise we apply a Gaussian
filter with � = 1.0 to Gaussian noise with � = 0.2. The error
evolution for the isotropic methods is plotted in Figure 9.9. We
observe thatMCF performsworse in this setting against correlated
noise, both in minimal error and stability it does not do as well as
spatial Perona-Malik. TVF on the other hand has a better minimal
error than Perona-Malik at the cost of stability. The stability does
somewhat improve if we turn on the locally adaptive frames.

The error evolution of the experiment including the use of co-
herence enhancement is displayed in Figure 9.10. Overall this im-
proves the results butMCF still exhibits an inferior performance in
this setting. TVF sees both an improvement in minimal error and
stability. As with the Gaussian noise experiment we see that turn-
ing on both coherence enhancement and locally adaptive frames
is counterproductive.

A qualitative comparison of the methods against correlated
noise is shown in Figure 9.11, where again we smooth twice the
optimal time. We observe the same general trend as in Figure 9.8,
all methods do a good job of preserving edges but TVF stands out
in clearing the plateaus.

As a final method to compare against we look at BM3D (Dabov,
Foi,Katkovnik, and Egiazarian, 2007). Both BM3D and ourmeth-
ods share a dependence on some prior knowledge for optimal
performance: BM3D requires us to know the standard deviation
of the noise and our method requires us to know the optimal
evolution time.

Wemake a qualitative comparison of removing correlated noise
between BM3D and left invariant TVF by smoothing 1.5× past the
optimal !2 error: 1.5× the optimal standard deviation in case of
BM3D and 1.5× the processing time in case of TVF. The resulting
images are shown in Figure 9.12.
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For a broader comparison, we compute peak signal-to-noise ratios
(PSNR) for the collagen image we already saw and for two addi-

(a) Original (b) With Gaussian noise

(c) Spatial Perona-Malik (d) Left invariant MCF

(e) Gauge MCF (f) Left invariant TVF



9.10 experiments 221

(g) Gauge TVF

Figure 9.8: Qualitative comparison of over-smoothed collagen
images starting from a noisy image with � = .2 Gaus-
sian noise. Images are smoothed for twice the time
needed to reach their minimal !2 error per Figure 9.7.
We use isotropic processing with coherence enhance-
ment.

tional images of different styles shown in Figure 9.13. Results are
summarized in Table 9.4.

As the gauge TVF method compares favorably against corre-
lated noise according to the PSNR value in Table 9.4, we will look
at its qualitative result and compare it against BM3D in Figure 9.14.

denoising and fiber enhancement on fodfs. In DW-MRI
image processing one obtains a field of angular diffusivity profiles
(orientation density function) of water-molecules. A high diffu-
sivity in particular orientation correlates to biological fibers struc-
ture, in brain white matter, along that same direction. Crossing-
preserving enhancement of FODF fields * : M3 → ℝ+ helps to
better identify structural pathways in brain white matter, which
is relevant for surgery planning, see for example Meesters et al.
(2017) and Portegies, Fick, et al. (2015).

For a quantitative comparisonwe applied TVF,MCF andPerona-
Malik diffusion (Creusen, Duits, Vilanova, and Florack, 2013)
to denoise a popular synthetic FODF * : M3 → ℝ+ from the
Fiberfox Tractometer challenge with realistic noise profiles (Neher,
Laun, Stieltjes, and Maier-Hein, 2014). In Figure 9.15, we can
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Figure 9.9: Isotropic (e = 1) evolution of relative !1 and !2 er-
rors over time of the collagen image with correlated
noise (� = 0.2 Gaussian noise with A = 2 and � = 1
Gaussian Filter) benchmarked against spatial Perona-
Malik. Remaining parameters are �( = 1, �� = .01
and � = .001

observe the many crossing fibers in the dataset. Furthermore,
we depicted the absolute !2-error C ↦→ ‖* − ΦC(*)‖!2(M3) as a
function of the evolution parameter C, where ΦC(*) = ,�( · , C)
with optimized � = 0.02 in the case of TVF (in green), and MCF
(in blue), and where ΦC is the Perona-Malik diffusion evolution
on M3 with optimized PM parameter  = 0.2 (in red).

We also depict results for  = 0.1, 0.4 (with the dashed lines)
and � = 0.01, 0.04. We see that the other parameter settings pro-
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Figure 9.10: Isotropic with coherence enhancement evolution of
relative !1 and !2 errors over time of the collagen
image with correlated noise (� = 0.2 Gaussian noise
with A = 2 Gaussian Filter) benchmarked against
spatial Perona-Malik. Run with parameters �( = 1,
�� = .01, � = .001 and 2 = .2

vide on average worse results, justifying our optimized parameter
settings. We set �( = 1.0, �� = 0.001, ΔC = 0.01. We observe that:

• TVF can reach lower error values than MCF with adequate
ΔC = 0.01,

• MCF provides more stable errors for all C > 0 than TVF with
respect to & > 0,

• TVF andMCFproduce lower error values than Perona-Malik
diffusion,
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• Perona-Malik diffusion provides the most variable results
for all C > 0.

(a) Original (b) With Gaussian noise

(c) Spatial Perona-Malik (d) Left invariant MCF

(e) Gauge MCF (f) Left invariant TVF
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(g) Gauge TVF

Figure 9.11: Qualitative comparison of over-smoothed collagen
images starting from a noisy image with correlated
noise (� = 0.2 Gaussian noise with A = 2 Gaus-
sian Filter). Images are smoothed for twice the time
needed to reach their minimal !2 error per Fig-
ure 9.10. We use isotropic processing with coherence
enhancement.

Gaussian noise Correlated noise

Method Collagen Spiral Mona Lisa Collagen Spiral Mona Lisa

Perona-Malik 20.1 19.5 20.5 24.2 25.3 25.1

BM3D 23.1 21.4 23.9 24.0 21.4 26.3

Left inv. MCF 21.7 19.5 23.3 23.8 24.3 26.2

Gauge MCF 21.7 19.8 23.7 23.9 24.2 26.2

Left inv. TVF 22.4 20.9 26.0 24.7 25.7 26.8

Gauge TVF 23.0 21.2 26.1 24.9 25.9 26.9

Noisy image 14.1 15.5 14.1 23.9 25.3 23.9

Table 9.4: Comparing Peak-Signal-to-Noise-Ratio (dB) for the
coherence enhanced methods against BM3D and spa-
tial Perona-Malik at the minimal !2 error. Three im-
ages were tested, the first being the collagen image we
have been using, second a spiral test image and third
a grayscale Mona Lisa. The best result for each case is
indicated in purple, the second best result in green.
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(a) Original (b) With correlated noise

(c) BM3D (d) Left invariant TVF

Figure 9.12: Comparison of left invariant TVF with coherence
enhancement against BM3D. The BM3D image is
denoised at � = 0.12 (1.5× optimal !2) and the left
invariant TVF denoised for 1.5× optimal !2 time. Pay
particular attention to the diagonal edgeswhere TVF
exhibits superior performance.

For a qualitative comparison we applied TVF, MCF, Perona-
Malik diffusion and linear diffusion to a FODF field* : M3 → ℝ+

obtained from a standard DW-MRI dataset (with 1 = 1000B/<<2,
54 gradient directions) via constrained spherical deconvolution (CSD)
(Descoteaux,Deriche,Knosche, andAnwander, 2008; Tournier,
Calamante, and Connelly, 2007). See Figure 9.16, where for each
method, we used the optimal parameter settings with the artificial
dataset. We see that
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Figure 9.13: A spiral test image and a monochrome Mona-Lisa
that were used for the PSNR experiments in Ta-
ble 9.4.

(a) With correlated noise (b) BM3D (c) Gauge TVF with CE

Figure 9.14: Comparing Gauge TVF with coherence enhance-
ment and BM3D against correlated noise, the stan-
dard deviation for BM3D and the evolution time
for TVF were set at 1.5 times the number needed to
reach the optimal !2 error

• all methods perform well on the real datasets. Contextual
alignment of the angular profiles better reflects the anatom-
ical fiber bundles,

• MCF andTVF better preserve boundaries and angular sharp-
ness,
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Figure 9.15: Quantitative comparison of denoising a fiber ori-
entation density function (FODF) obtained by CSD
(Descoteaux, Deriche, Knosche, and Anwander,
2008; Tournier, Calamante, and Connelly, 2007)
from the benchmark DW-MRI dataset Fiberfox (Ne-
her, Laun, Stieltjes, and Maier-Hein, 2014).

• MCF better preserves the amplitude at crossings at longer
times.

9.11 conclusion

We have proposed a PDE system on the homogeneous spaceM3 =

ℝ3 o (3−1 of positions and orientations, for crossing-preserving
denoising and enhancement of (lifted) images containing both
complex elongated structures and plateaus.

It includes TVF, MCF and diffusion flows as special cases, and
includes (sub-)Riemannian geometry. Thereby we generalized re-
centworks byChambolle andPock (2019) andCitti, Franceschiello,
Sanguinetti, and Sarti (2016) from 2D to 3D using a different
numerical scheme with new convergence results (Theorem 9.5)
and stability bounds. We used the divergence and intrinsic gradi-
ent on a (sub)-Riemannian manifold above M3 for a formal weak
formulation of total variation flows, which simplifies if the lifted
images are differentiable (Lemma 9.1).

For 2D image denoising and enhancement we have shown that
in all cases TVF on M2 has a better minimal error than Perona-
Malik and MCF at the cost of being more sensitive to oversmooth-
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Figure 9.16: Qualitative comparison of denoising a FODF ob-
tained by CSD (Descoteaux,Deriche,Knosche, and
Anwander, 2008; Tournier, Calamante, and Con-
nelly, 2007) from a standard DW-MRI dataset (with
1 = 1000B/<<2 and 54 gradient directions). For the
CSD we used up to 8ᵗʰ order spherical harmonics,
and the FODF is then spherically sampled on a tes-
sellation of the isocahedron with 162 orientations.

ing, recall Figures 9.5 to 9.11. The !1, !2 and PSNR measures
indicate the potential of our proposed methods for denoising and
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we manage to improve PSNR results against methods such as
BM3D against correlated noise on some images, recall Figure 9.12
& 9.14. Qualitatively this is mainly reflected in better clearing of
plateaus while still preserving hard edges and crossings.

In 3D we compared to previous nonlinear crossing-preserving
diffusion methods on M3, we showed improvements over Perona-
Malik and improvements over contextual fiber enhancementmeth-
ods in DW-MRI processing (Creusen, Duits, Vilanova, and Flo-
rack, 2013; Duits, Dela Haije, Creusen, and Ghosh, 2013) on
real medical image data. We observe that crossings and bound-
aries (of bundles and plateaus) are better preserved over time.
We support this quantitatively by a denoising experiment on a
benchmark DW-MRI dataset, where MCF performs better than
TVF and both perform better than Perona-Malik diffusions, in
view of error reduction and stability.

Altogether, we conclude that our TVF and MCF methods onM3

workwell for denoising and enhancement for both 3 = 2 and 3 = 3.
In general we see clear benefits of the inclusion of locally adaptive
frames and of limited inclusion of coherence enhancement. The
code from our experiments is available as aMathematica notebook
at www.bmnsmets.com/files/tvf_mcf_denoising_jmiv.nb.

future work. While we have shown the potential of our PDE
system on M3 as a denoising/enhancement method some chal-
lenges remain for future work:

• Determining stopping time; our methods show good min-
imal errors but are prone to degrading the image if left
running for too long. For general applications a robust auto-
matic stopping method would be helpful. Spectral analysis
of nonlinear operators (Bungert, Burger, and Tenbrinck,
2019; Cohen, Falik, and Gilboa, 2019) may apply here.

• Coherence enhancement (Weickert, 1999) was not originally
conceived for denoising. It is therefore interesting to see how
edge enhancing diffusion (EED) (Fabbrini, Greco, Messina,
and Pinelli, 2013) performs when generalized to M3, i.e. we
would reformulate our enhancement operator � as:

� :=
∫
(3
2 ⊗ 2 4

|∇* ·2 |2
2�2 d�(2),

www.bmnsmets.com/files/tvf_mcf_denoising_jmiv.nb
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and test its performance.
• In this article we obtained convergence results of our PDE

solutions for & ↓ 0 while keeping e > 0 fixed. It is interesting
to study the full limiting case (&, e) → (0, 0), for the general
setting covering total variation flow.





Part IV

APPENDIX





A
LEFT- INVAR IANT VECTOR F IELD BAS I S FOR
S E ( 3 )

Two charts are required to cover SO(3), when using ZYZ-Euler
angles:

6 =

(
G, H, I, '4I ,�'4H ,�'4I ,


)
, (A.1)

where � ∈ (0,�) and 
, � ∈ [0, 2�), the left invariant vector field
basis is given by:

(A1)6 = (cos 
 cos � cos � − sin 
 sin �) (%G)6
+ (sin 
 cos � + cos 
 cos � sin �)

(
%H

)
6

− cos 
 sin � (%I)6 ,
(A2)6 = (− sin 
 cos � cos � − cos 
 sin �) (%G)6

(cos 
 cos � − sin 
 cos � sin �)
(
%H

)
6

+ sin 
 sin � (%I)6 ,
(A3)6 = sin � cos � (%G)6 + sin � sin �

(
%H

)
6
+ cos � (%I)6 ,

− (A5)6 = cos 
 cot � (%
)6 + sin 

(
%�

)
6
− cos 


sin �

(
%�

)
6
,

(A4)6 = − sin 
 cot � (%
)6 + cos 

(
%�

)
6
+ sin 


sin �

(
%�

)
6
,

(A6)6 = (%
)6 .

Recall that in this chapter we take the convention that �3+8 is the
in planar rotation from axis 0 = (0, 0, 1) to �8 for 8 = 1, . . . 3 − 1.
Thereby −A5 is the counter clockwise rotation about axis A1,
whereasA4 is the counter-clockwise rotation about axisA2. Recall
Fig. 9.3.

235



236 left-invariant vector field basis for SE(3)

The above set of expressions are not valid for � = 0 or � = �, in
that case we can switch to XYZ-Euler angles:

6 =

(
G, H, I, '4G ,�′'4H ,�′'4I ,
′

)
, (A.2)

with 
′ ∈ [0, 2�), �′ ∈ [−�,�) and �′ ∈ (−�/2,�/2). The basis
vector fields are then given by:

(A1)6 = cos 
′ cos �′ (%G)6
+ (cos �′ sin 
′ + cos 
′ sin �′ sin �′)

(
%H

)
6

+ (sin 
′ sin �′ − cos 
′ sin �′ cos �′) (%I)6 ,
(A2)6 = − sin 
′ cos �′ (%G)6

+ (cos 
′ cos �′ − sin 
′ sin �′ sin �′)
(
%H

)
6

+ (sin 
′ sin �′ cos �′ + cos 
′ sin �′) (%I)6 ,
(A3)6 = sin �′ %G − cos �′ sin �′ %H + cos �′ cos �′ (%I)6 ,

− (A5)6 = − cos 
′ tan �′ (%
′)6 + sin 
′ (
%�′

)
6
+ cos 
′

cos �′
(
%�′

)
6
,

(A4)6 = sin 
′ tan �′ (%
′)6 + cos 
′ (
%�′

)
6
− sin 
′

cos �′
(
%�′

)
6
,

(A6)6 = (%
′)6 ,

for |�′ | ≠ �/2.
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