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Abstract
PDE-based group convolutional neural networks (PDE-G-CNNs) use solvers of evolution PDEs as substitutes for the con-
ventional components in G-CNNs. PDE-G-CNNs can offer several benefits simultaneously: fewer parameters, inherent
equivariance, better accuracy, and data efficiency. In this article, we focus on Euclidean equivariant PDE-G-CNNs where the
feature maps are two-dimensional throughout. We call this variant of the framework a PDE-CNN. From a machine learning
perspective, we list several practically desirable axioms and derive from these which PDEs should be used in a PDE-CNN, this
being our main contribution. Our approach to geometric learning via PDEs is inspired by the axioms of scale-space theory,
which we generalize by introducing semifield-valued signals. Our theory reveals new PDEs that can be used in PDE-CNNs
and we experimentally examine what impact these have on the accuracy of PDE-CNNs. We also confirm for small networks
that PDE-CNNs offer fewer parameters, increased accuracy, and better data efficiency when compared to CNNs.

Keywords PDE · Scale-space · Semifield ·Equivariance ·Neural network ·Machine learning ·Computer vision ·Convolution ·
Tropical semiring · Morphology

1 Introduction

Recently, PDE-based group equivariant convolution neural
networks (PDE-G-CNNs) [1] were introduced. PDE-G-
CNNs belong to the broad family of group equivariant
convolution neural works (G-CNNs) [2]. Unlike traditional
CNNs, PDE-based networks replace the usual components
that make up a CNN layer that being convolutions, max
pooling, and nonlinear activation functions, by solvers of
evolution PDEs. The coefficients that govern the effect of the
PDEs serve as the trainable parameters. Figure1 contains a
diagram of an example CNN layer and PDE layer, intended
to illustrate the similarities and differences between them.
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It is shown in [1, 3–5] that, for vessel segmentation in
medical images and digit classification problems, PDE-G-
CNNs—in addition to being inherently equivariant—require
fewer parameters, achieve higher accuracy, and aremore data
efficient, in comparison with CNNs and G-CNNs. From
this perspective, PDE-G-CNNs can be preferable over other
architectures in the aforementioned image processing tasks.

The PDE-G-CNN architecture is general in the sense that
the feature maps f : M → R are defined on an arbitrary
homogeneous space M on which a Lie group G acts. How-
ever, the existing literature [1, 3–5] mainly concerns itself
with M = M2 = R2 × S1, the space of two-dimensional
positions and orientations, together with G = SE(2) =
R2

� SO(2), the group of two-dimensional rotations and
translations. In this article, we will not consider the general
setting, or M = M2 for that matter, and restrict ourselves
to M = R2 and G = SE(2), i.e., standard two-dimensional
Euclidean spacewith its roto-translation symmetries, for sim-
plicity. We call this specific instance a PDE-CNN.
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Fig. 1 Diagram of an example CNN layer and PDE layer. The vertical
direction represents the channels. The arrows represent the “flow” of
the feature maps through the parts that make up a layer. In machine
learning terms, the affine transformation block is equivalent to a 2D
convolution module with bias and 1x1 kernels. PDE-based networks
replace the usual components that make up a CNN layer that being con-

volutions, max pooling, and nonlinear activation functions, by solvers
of evolution PDEs. The PDEs here are convection, diffusion, dilation,
and erosion (1). With “solvers,” we mean the mapping from the initial
condition f |t=0 to f |t=T . We can take T = 1 without loss of generality
due to the scale equivariance property of the PDEs (Axiom 4)

In [1], the evolution PDEs that are used in the PDE-G-
CNN architecture are

convection
∂ f

∂t
= v · ∇ f (1a)

α − diffusion
∂ f

∂t
= − 1

α
(−�)α/2 f , α > 0 (1b)

α − dilation
∂ f

∂t
= + 1

α
‖∇ f ‖α, α > 1 (1c)

α − erosion
∂ f

∂t
= − 1

α
‖∇ f ‖α, α > 1. (1d)

Here f : M × R≥0 → R is some scalar field on M evolving
over time t ≥ 0, with f (·, 0) set to an initial condition. In
the convection, v : M → T M denotes a vector field, and in
the diffusion −(−�)α/2 denotes a (fractional) power of the
Laplacian. Intuitively, the PDEs, respectively, correspond to
shifting, blurring, max pooling, and min pooling.

Importantly, the PDEs (1) are (implicitly) dependent on
the Riemannian metric tensor field G that is chosen on the
homogeneous space M . When using different Riemannian
metrics, concepts such as Laplacian�, gradient∇, and norm
‖ · ‖ change accordingly, consequently altering the effect of
the PDEs. The parameters that determine the Riemannian
metrics G are learned during the training of a PDE-based
neural network. The metric tensor field G is designed to be
invariant to the Lie group G, resulting in G-equivariant pro-
cessing of the signals f : M → R [1].

The diffusion, dilation, and erosion PDEs (1) used in
[1] were not chosen arbitrarily; they satisfy properties con-
sidered desirable from a machine learning perspective. For
example, the PDEs are quasilinear and equivariant meaning
that they 1) can be solved using convolutional-like opera-
tions allowing for fast parallel computation, and 2) allow
for the design of inherently equivariant networks, resulting
in an architecture that is robust and data efficient [6, 7]. In
fact, the desirable properties that we want the PDEs in PDE-

based neural networks to have are essentially the axioms of
scale-space theory [8–14]. Later, in Sect. 4.1 we explore and
motivate these properties in more detail.

In this article, we will be deriving in an axiomatic way
which PDEs should be used in PDE-based neural networks.
This framework includes the PDEs that are currently already
used (1), but also reveals previously unused PDEs, mean-
ing that the accuracy of PDE-G-CNNs could possibly be
improved by adding them. Our approach is inspired by
the axioms of scale-space theory, which we generalize by
introducing semifield-valued signals, and motivated from a
machine learning perspective.

1.1 Contributions

We list six axioms (Definition 27) that a PDE used in a PDE-
based neural network should satisfy. The axioms are closely
related to classical scale-space theory, but aremore general in
the sense that we permit semifield-valued signals. The goal of
this generalization is to allow for the discovery (or invention)
of new PDEs that can be used in the design of PDE-based
neural networks.

Wewill only consider semifields that are commutative and
one-dimensional, and the domain of the PDEs will be the
two-dimensional Euclidean space R2. To maintain a practi-
cal perspective, we will consistently connect the overarching
theory using five example semifields: the linear, root, loga-
rithmic, tropical min, and tropical max semifields.

From the axioms, we demonstrate in Theorem 1 that every
semifield corresponds to a unique family of scale-spaces, this
being the main theoretical contribution of the article. This
shows that PDE-based neural networks, in their current form,
can be extended greatly by adding new PDEs that generate
currently unused scale-spaces.
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We experimentally assess how effective the incorpora-
tion of new semifields and their corresponding PDEs is in
Sect. 7.1.

In Sect. 7.2, we verify that PDE-CNNs exhibit superior
data efficiency, reduced parameter count, and competitive
accuracy compared to traditional CNNs.

1.2 Short Outline

In Sect. 2, we provide background on scale-spaces, semi-
fields, and a non-exhaustive list of related literature. In
Sect. 3, we define semifields and all related structures and
operations. In Sect. 4, we state the semifield scale-space
axioms. In Sect. 5, we show that once a semifield is cho-
sen, a unique (one-parameter) family of scale-spaces arise
(Theorem 1). In Sect. 6, we briefly note on the architectural
design of PDE-CNNs. In Sect. 7, we lay out two experiments
and discuss their results. In Sect. 8, we conclude the article.

2 Background

2.1 Scale-Spaces

The desired properties of PDEs in PDE-based neural net-
works are closely related to those of scale-space representa-
tions. In fact, there is a one-to-one correspondence between
scale-spaces and PDEs used in PDE-based neural networks.
In this section, we will introduce and motivate the concept of
scale-spaces, providing a few examples, and show to which
PDE they correspond.

Real-world scenes contain many different objects at dif-
ferent scales. When a computer is tasked with analyzing an
image of a scene, there is no way for it to know beforehand
at which scale(s) the interesting structures live. One way to
tackle this problem is to analyze the image of interest at all
scales.

In broad terms, a scale-space representation of an image
f0 is an ordered collection of images ft where each succes-
sive image contains less and less detail, that is, the smaller
scales have been processed away. The collection of images
is usually indexed by the scale parameter t ≥ 0 with t = 0
being the original image.

Scale-spaces are a natural choice for computer vision solu-
tions (either neural networks or classical methods) as they
respect the inherent symmetries of images, that being trans-
lation, rotational, and scaling symmetries. What we mean by
this mathematically is that, for example, the scale-space gt
of a translated image g0 = Tv f0, is equal to the translated
scale-space of the original image: gt = Tv ft . Here Tv is
the translation operator defined by (Tv f )(x) = f (x − v).
Analogous statements hold for the rotation and scaling sym-
metries. We say that creating the scale-space representation

of an image is equivariant with respect to translation, rota-
tions, and scalings.

The prototypical, andmost likely first [9, 15, 16], example
of a scale-space is the Gaussian scale-space made by suc-
cessive diffusing (i.e., blurring or smoothing) of the original
image. The Gaussian scale-space ft of a two-dimensional
image f0 : R2 → R can be written as a linear convolution ∗
with a Gaussian kernel kt :

∂ f

∂t
= 1

2
� f ,

ft = kt ∗ f0, kt (x) = 1

2π t
exp

(
−‖x‖2

2t

)
,

(kt ∗ f0)(x) =
∫
R2

kt (x − y) f0(y)dy,

(2)

where we used the notation f (x, t) = ft (x).
Two other examples are the morphological scale-space

representations [17]made by successivelydilating or eroding
the original image. The α-dilation scale-space can be written
as a nonlinear dilating convolution � with a kernel:

∂ f

∂t
= + 1

α
‖∇ f ‖α,

ft = kt � f0, kt (x) = − t

β

(‖x‖
t

)β

,

(kt � f0)(x) = sup
y∈R2

kt (x − y) + f0(y),

(3)

where β is such that 1/α + 1/β = 1. The α-erosion scale-
space is created using an eroding convolution �:

∂ f

∂t
= − 1

α
‖∇ f ‖α,

ft = kt � f0, kt (x) = t

β

(‖x‖
t

)β

,

(kt � f0)(x) = inf
y∈R2

kt (x − y) + f0(y).

(4)

The dilating and eroding convolutions are collected under the
umbrella term morphological convolution. This is because
they are related by the identity −(− f � −g) = f � g.

In Fig. 2, the Gaussian, quadratic (α = 2) dilation, and
quadratic erosion scale-space representations are visualized
of a grayscale image of the fundus of the eye [18].

2.2 Semifields & Quasilinearity

Every scale-space representation has a natural corresponding
algebra called a semifield. In this section, wewill showwhich
semifields correspond to the diffusion, dilation, and erosion
scale-spaces.
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Fig. 2 Gaussian (2), quadratic
(α = 2) dilation (3), and
quadratic erosion (4)
scale-space representations of a
grayscale image of the fundus of
the eye at various scale
parameters. In the Gaussian
scale-space, both white and
black features fade away toward
a uniform image. In the dilation
scale-space, the black details
(low values), such as the vessels,
vanish at bigger scales. In the
erosion scale-space, the white
details (high values), such as the
space between vessels, are
removed at higher scales

The Gaussian scale-space representation (2) is linear in
the sense that if one takes two images f0, g0 : R2 → R and
two scalars a, b ∈ R, then the scale-space ht of the image
h0 = a f0 + bg0 is equal to ht = a ft + bgt . But, in an
analogous manner, the dilation scale-space (3) is quasilinear
in the sense that the scale-space of the image h0 = max{a +
f0, b + g0}, where we interpret the maximum pointwise, is
equal to ht = max{a + ft , b + gt }. In the same way, the
erosion scale-space (4) is quasilinear in the min sense. To
define what we mean with quasilinear more precisely, we
need to introduce semifields.

A semifield (R,0,1,⊕,⊗) is an algebraic structure like
a field but where we relax the requirement that the addi-
tion ⊕ has inverses. The prototypical example of a semifield
is the nonnegative real numbers L≥0 = (R≥0, 0, 1,+,×)

with standard addition and multiplication. We have already
seen two other examples of semifields in the dilation and
erosion scale-spaces. Namely, the so-called tropical max
semifield defined as T+ = (R ∪ {−∞},−∞, 0,max,+) and
the tropicalmin semifield T− = (R ∪ {∞},∞, 0,min,+). In
the tropical semifields, the minimum (or maximum) of two
numbers becomes semifield addition, and normal addition
becomes semifield multiplication.

With the definition of a semifield,we can state the quasilin-
earity of a scale-space formally as semifield R-linearity. So,
like before, consider a semifield R and two semifield-valued
images f0, g0 : R2 → R and two elementsa, b ∈ R. Then by
a scale-space being R-linear, wemean that the scale-space of
the R-linear combination of images h0 = (a⊗ f0)⊕(b⊗g0)
is equal to the R-linear combination of scale-spaces ht =
(a ⊗ ft ) ⊕ (b ⊗ gt ). In other words, the operation that takes
an image and returns its scale-space representation is a semi-
field linear operator. For example, the Gaussian scale-space

is L≥0-linear, the quadratic dilation scale-space is T+-linear,
and the quadratic erosion scale-space is T−-linear.

In [8, 13], it is argued in an axiomatic way that the only
linear scale-space representations correspond to solutions of
the fractional diffusion (pseudo-)PDE system (1b). In a com-
pletely analogousmanner, one can show [19, 20] that the only
morphological scale-spaces, that being scale-spaces that are
T+ or T− linear, correspond to (viscosity) solutions of the
α-dilation (1c) and α-erosion PDE (1d).

These facts reveal something important: to discover new
PDEs that can be used in PDE-based neural network we need
to generalize scale-space theory to semifields other than just
L≥0, T+, and T−.

2.3 RelatedWork

In this section, we provide a non-exhaustive list of related
scale-space literature.

Linear Scale-Spaces. In [9], the first [15] axiomatic treat-
ment of linear scale-space theory is presented. Axioms such
as linearity, roto-translation equivariance, one-parameter
semigroupproperty, andmost notably, the scale equivariance,
can all be found in Iijima’s article, axioms we will also be
using. Iijima shows that the Gaussian scale-space arises from
his axioms, and that the Laplacian generates it. In [8, 13], an
extended class of linear scale-spaces is explored. They derive
that (fractional) powers of the Laplacian (1b) are valid linear
scale-space generators. Analysis of the scale-space axioms
in the Fourier domain is extensively used, an approach we
apply in the broader semifield setting.

Morphological Scale-Spaces. In [17], it was shown for
the first time [12] that morphological operators like dila-
tions and erosions in image processing can be described in
terms of PDEs. In [21], the slope transform is shown to be
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the morphological counterpart of the Fourier transform and
related to the Legendre–Fenchel transform. The semifield
Fourier transform we introduce reduces to the Legendre–
Fenchel transform in the tropical semifield cases. In [20, 22],
a connection between linear and morphological scale-spaces
is described using the Cramér transform. The Cramér trans-
form gives us a way to translate between the kernels of the
linear andmorphological scale-spaces.Wewill show that the
kernels of all semifield scale-spaces have the same form in the
Fourier domain (this being our main theorem), illuminating
further the connection between the linear and morphological
world.

Other Scale-Space Theory. In [10], an axiomatic approach
to PDE-based scale-spaces is described. The strength of
this approach is that it also includes mean curvatures flows
[23] as highly powerful nonlinear PDEs (also on Lie groups
[24]). Solutions of such non-linear PDEs may be solved with
median filtering [25]; however, they lack a semifield structure
(taking mean/median are not associative binary operations),
thus falling outside the scope of the theory presented here.
In [11], nonlinear scale-spaces are obtained by performing a
monotonic transformation (known as a “Cole–Hopf” trans-
form [26, Ch.4.4]) on the gray values of a standard linear
scale-space and deducing what nonlinear PDE corresponds
to the obtained evolution. This transformation neatly bridges
linear, logarithmic, and in the extreme cases, morphologi-
cal scale-spaces, and we will also use this link. In [12], an
algebraic framework for scale-spaces is given. Importantly,
their perspective is (initially) totally divorced from PDEs,
convolutions, and kernels, and focuses solely on the evolu-
tion operator. We will define our semifield scale-spaces in
the same manner.

Scale-Spaces in Machine Learning. In [27–30], the Gaus-
sian scale-space and its spatial (fractional) derivatives are
employed to design architectures that can learn filters at the
appropriate scale by optimizing the scale parameter(s) dur-
ing training. Architectures such as [31–33] also learn scale
parameters. PDE-G-CNNs learn Riemannian metric tensor
fields, which, due to the scale equivariance of scale-space
representations, is equivalent to learning scale parameters.
In this sense, PDE-based neural networks are closely related
to these “scale learning” architectures. In [34–37], (discrete)
Gaussian and morphological scale-space representations are
used to create architectures that are scale equivariant.

3 Semifield Theory

In this section, we define semifields (Definition 1) and all
mathematical structures and operations made from them.
This includes important concepts such as semimodules (Def-
inition 7), linearity (Definition 8), measures (Definition 16),

integration (Definition 18), convolution (Definition 20), and
Fourier transforms (Definition 25).

3.1 Semifield, Semimodules & Linearity

Definition 1 (Semifield) A (commutative) semifield R is a
tuple R = (R,0,1,⊕,⊗) where ⊕,⊗ : R × R → R
are two commutative and associative binary operations on R
called semifield addition and multiplication, such that for all
a, b, c ∈ R:

a ⊕ 0 = a,
a ⊗ 1 = a,
a �= 0 : ∃a−1 : a ⊗ a−1 = 1,
a ⊗ 0 = 0,
a ⊗ (b ⊕ c) = (a ⊗ b) ⊕ (a ⊗ b).

In other words, a semifield is a field where we do not
require to have “negative elements,” that being additive
inverses.

Throughout the article, we will denote an arbitrary
semifield-related operation with a circled version of the most
closely related linear counterpart. Some example symbols are
⊕,⊗,

∮
, and�, which, respectively, correspond to semifield

addition, multiplication, integration, and convolution.
In this article, we mainly consider the following semi-

fields:

Definition 2 (Semifields of Interest)

a) The linear semifield L = (R, 0, 1,+,×) with the usual
addition + and multiplication ×. We can restrict the set
to R≥0 and we write L≥0 in that case.

b) The root semifields Rp = (R≥0, 0, 1,⊕p,×)with p �= 0
where semifield addition is a ⊕p b := p

√
a p + bp, and

where semifield multiplication is normal multiplication.
c) The logarithmic semifields Lμ = (R ∪ {±∞},±∞, 0,

⊕μ,+)
withμ �= 0where semifield addition is a⊕μb :=

1
μ
ln(eμa + eμb), and where semifield multiplication is

normal addition. If μ > 0 we add −∞ to the ring to act
as the additive identity, and if μ < 0 we add +∞.

d) The tropical max semifield T+ = (R ∪ {−∞},−∞, 0,
max,+), wheremax is semifield addition, andusual addi-
tion is semifield multiplication.

e) The tropicalmin semifieldT−=(R ∪ {∞},∞, 0,min,+),
where min is semifield addition, and usual addition is
semifield multiplication.

The family of logarithmic semifields is interesting as in
the limits one has:

lim
μ→+∞ a ⊕μ b = max(a, b),

lim
μ→−∞ a ⊕μ b = min(a, b).

(5)
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Thereby, the family of logarithmic semifields Lμ relate to
the tropical semifields T± in the extreme cases of μ.

Definition 3 (Semifield Isomorphism) Let R = (R,0,1,⊕,

⊗) and R̃ = (R̃, 0̃, 1̃, ⊕̃, ⊗̃) be two semifields. A semifield
isomorphism ϕ : R → R̃ is a bijective mapping that satisfies
for all a, b ∈ R:

• ϕ(0) = 0̃,
• ϕ(1) = 1̃,
• ϕ(a ⊕ b) = ϕ(a) ⊕̃ ϕ(b),
• ϕ(a ⊗ b) = ϕ(a) ⊗̃ ϕ(b).

If there exists a semifield isomorphism between two semi-
fields, they are called isomorphic.

Proposition 1 (Some Semifields Isomorphism)

• The root semifields Rp are isomorphic to the nonnegative
linear semifield L≥0, with the isomorphism ϕp : Rp →
L≥0 being ϕp(x) = x p.

• The logarithmic semifields Lμ are isomorphic to the
nonnegative linear semifield L≥0, with the isomorphism
ϕμ : Lμ → L≥0 being ϕμ(x) = eμx .

• The tropical max semifield T+ is isomorphic to the tropi-
cal min semifield T−, with the isomorphism ϕ : T+ → T−
being ϕ(x) = −x.

• Informally, in the limit μ → ±∞ the logarithmic semi-
fields Lμ “converge” to the tropical semifields T±.

The above proposition shows that although we defined five
semifields of interest, as listed in Definition 2, we are, in fact,
only working with 2 non-isomorphic ones.

For the purpose of analysis, we endow the semifields with
a metric. Normally, a linear structure X is endowed with a
norm ‖ · ‖ : X → R≥0, and afterward, a metric d is defined
through d(a, b) = ‖a − b‖. This is not possible in our semi-
field setting as we do not necessarily have additive inverses
(consider for example the tropical semifields).

Definition 4 (Semifield Metric) Let R be a semifield. A
semifield metric ρ : R × R → R≥0 is a metric such that
for all a, b, c ∈ R we have:

ρ(c ⊕ a, c ⊕ b) ≤ ρ(a, b),
ρ(c ⊗ a, c ⊗ b) = ρ(c,0)ρ(a, b).

These properties are direct generalizations of the common
notions of translation invariance and absolute homogeneity.
More importantly, they ensure that semifield addition ⊕ and
multiplication ⊗ are continuous (w.r.t the metric).

Definition 5 (Employed Semifield Metrics)

a) In the linear semifield L case, we use the metric
ρL(a, b) = |a − b|.

b) In the root semifields Rp case, we use the metric
ρRp (a, b) = |a p − bp|.

c) In the logarithmic semifields Lμ case, we use the metric
ρLμ(a, b) = |eμa − eμb|.

d) In the tropical max semifield T+ case, we use the metric
ρT+(a, b) = |ea − eb|.

e) In the tropical min semifield T− case, we use the metric
ρT−(a, b) = |e−a − e−b|.

The root and logarithmic semifield metrics are natural as
they borrow the metric on the linear semifield L through the
isomorphisms ϕp(x) = x p and ϕμ(x) = eμx , see Proposi-
tion 1. Similarly, the tropical min and max semifield metrics
relate by their isomorphism ϕ(x) = −x .

Definition 6 (One-Dimensional Semifield) Let R be a met-
ric semifield. If R as a topological space (with the topology
induced by the metric) is locally homeomorphic to one-
dimensional Euclidean space, we say it is one-dimensional.

Just as mathematical rings and fields can be used to create
modules and vector spaces, we define an analogous structure
called a semimodule using semifields.

Definition 7 (Semimodule) Let R = (R,0,1,⊕,⊗) be a
semifield. An R-semimodule V = (V ,⊕V ,⊗V ,0V ) over R
is a set with a commutative and associative binary operation
⊕V : V × V → V called addition, and another binary oper-
ation ⊗V : R × V → V called (left) scalar multiplication,
such that for all a, b ∈ R and u, v ∈ V :

v ⊕V 0V = v,
1 ⊗V v = v,
0 ⊗V v = 0V ,
(a ⊕ b) ⊗V v = (a ⊗V v) ⊕V (b ⊗V v),
a ⊗V (u ⊕V v) = (a ⊗V u) ⊕V (a ⊗V v).

We do not write the subscript V on the operations of a semi-
module V from here on out, as is usual.

Now that we have semimodules we can speak of semifield
linearity in its full generality. The notion of semifield linearity
is totally analogous to the normal notionof linearity, therefore
the name.

Definition 8 (Semifield Linear) Let V1, V2 be two semimod-
ules over the same semifield R. A mapping ϕ : V1 → V2 is
called R-linear if for all a, b ∈ R and u, v ∈ V1 we have:

ϕ(a ⊗ u ⊕ b ⊗ v) = a ⊗ ϕ(u) ⊕ b ⊗ ϕ(v). (6)
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3.2 Functions, Measurability & Integration

The prototypical semimodule over a semifield is the space of
all semifield-valued functions on a set.

Definition 9 (Function Semimodule) Let R be a semifield.
Consider the set F(R2, R) of all R-valued functions f :
R2 → R. The set F(R2, R) forms an R-semimodule under
pointwise semifield addition and multiplication. The semi-
module F(R2, R) is called the function semimodule over
R2. More generally, any subsemimodule of F(R2, R) is also
called a function semimodule over R2.

On the function semimodule F(R2, R), we define the fol-
lowing natural R-linear domain transformation operators:

Definition 10 (Operators on Function Semimodule)

• Translation Operator: For all translation vectors v ∈
R2, we define the translation operator Tv

(Tv f )(x) := f (−v + x). (7)

• Rotoreflection Operator: For all orthonormal matrices
Q ∈ R2×2, we define the rotoreflection operator RQ

(RQ f )(x) := f (Q−1x). (8)

• Scaling Operator: For all scalings s ∈ R>0, we define
the scaling operator SS

(Ss f )(x) := f
( x
s

)
. (9)

• Pointwise Operator: For all ϕ, we define the pointwise
operator Pϕ

(Pϕ( f ))(x) := ϕ( f (x)). (10)

To avoid pathological cases, we introduce standard mea-
sure theoretical concepts.

Definition 11 (Measurable Space & Set) Let (X , d) be a
completemetric space.We equip the space X with the natural
Borel sigma algebra B induced by the metric d. This turns
X into a measurable space. A measurable set is any element
of the Borel sigma algebra B.

With the above definition, we can turn both R2 and any
metric semifield R into a measurable space.

Definition 12 (Measurable Function) Let R be ametric semi-
field and f : R2 → R a function. The function f is called a
measurable function if the pre-image of any measurable set
is a measurable set.

The set of measurable functions is broad enough to be
well behaved under pointwise limits, as the following lemma
describes.

Lemma 1 Let R be a metric semifield, and let f (x) =
limn→∞ fn(x) be the pointwise limit of measurable func-
tions fn : R2 → R. Then f is also measurable.

A proof of a generalization of this lemma can be found
at [38]. But there exists an even stronger statement that
describes measurable functions as pointwise limits of indi-
cator functions simple functions, which are made from
indicator functions.

Definition 13 (Indicator Function) Let R be a semifield and
A ⊆ R2 any set. We define the indicator function 1A of A as:

1A(x) =
{
1 if x ∈ A

0 otherwise
(11)

Definition 14 (Simple Function) Let R be a semifield.A sim-
ple function s : R2 → R is a finite R-linear combination of
indicator functions of measurable sets Ai .

s =
n⊕

i=1

ai ⊗ 1Ai , (12)

where each ai ∈ R.

The link between measurable and simple functions is a
follows.

Lemma 2 Let R be ametric semifield and consider semifield-
valued functions on R2. The pointwise limit of a sequence of
simple functions is measurable. Every measurable function
is the pointwise limit of a sequence of simple functions.

Proof The pointwise limit of a sequence of simple functions
being measurable follows immediately from Lemma 1, as
simple functions are measurable. Showing that every mea-
surable function is the pointwise limit of simple functions
goes via a straightforward construction. ��

For every semifield, there is a natural associated class of
functions. We would like to specify this class in an axiomatic
sense. This is where the sum-approachable definition comes
into play. It is a restriction of the well-known statement that
“every measurable function is the limit of simple functions.”

Definition 15 (Sum-Approachable) Let R be a metric semi-
field. A function f : R2 → R is sum-approachable if there
exist ai ∈ R and Ai ⊆ R2 open such that we have

f (x) = lim
n→∞

n⊕
i=1

ai ⊗ 1Ai (x). (13)
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The semimodule of all sum-approachable functions f :
R2 → R is denoted by S(R2, R).

There are two differences between sum-approachable and
measurable: we only consider open sets, not measurable sets,
and we have a limit of a semifield sum of indicator functions,
not just a limit.

A function being sum-approachable is more restrictive
than one might think at first sight. The following lemma
illustrates this by showing that in the tropical cases the
sum-approachable functions enjoy the property of being
semicontinuous, something that does not happen in the linear
case.

Lemma 3 A sum-approachable function f : R2 → T+ is
lower semicontinuous. A sum-approachable function f : R2

→ T− is upper semicontinuous.

Proof Consider the tropical max semifield case for the
moment. Every indicator function 1A(x) with A ⊆ R2 open
is lower semicontinuous in this case. The limit semifield
sum in the definition of sum-approachable turns into a point-
wise supremum in this case. The pointwise supremum of
lower semicontinuous functions is again lower semicontinu-
ous.1 Thus, every sum-approachable function f : R2 → T+
is lower semicontinuous. Mutatis mutandis, the exact same
argument holds in the tropical min semifield case. ��
Definition 16 (SemifieldMeasure) Let	 be theBorel sigma
algebra on R2 and R = (R,0,1,⊕,⊗) a semifield. A semi-
field measure μ : 	 → R is a mapping that satisfies the
following properties.

• Nullity of Empty Set:

μ(∅) = 0. (14)

• Disjoint Additivity: For all disjoint sets A, B ∈ 	:

μ (A ∪ B) = μ(A) ⊕ μ(B), (15)

which we extend to countable collections of pairwise dis-
joint sets.

• Unity of Unit Square:

μ([0, 1]2) = 1. (16)

• Translation Invariance: For all A ∈ 	 and v ∈ R2:

μ(A + v) = μ(A). (17)

1 Let f (x) = supn fn(x). Let ε > 0 and x0 ∈ R2. Choose N such that
fN (x0) > f (x0)−ε/2. Choose δ > 0 such that fN (x) > fN (x0)−ε/2
when |x − x0| < δ. Then f (x) > fN (x) > fN (x0)− ε/2 > f (x0)− ε

[39].

• Rotoreflection Invariance: For all A ∈ 	 and all
orthonormal matrices Q ∈ R2×2:

μ(QA) = μ(A). (18)

• Scaling Equivariance: There exist a group homomor-
phism χ : (R>0,×) → (R \ {0},⊗) such that for all
scalings s ∈ R>0 and all A ∈ 	:

μ(s A) = χ(s) ⊗ μ(A). (19)

Definition 17 (Employed Semifield Measure)

a) In the linear semifield L case, we use standard Lebesgue
measure λ. μL(A) = λ(A). The scaling factor is χ(s) =
s2.

b) In the root semifields Rp cases, we use μRp (A) =
p
√

λ(A). The scaling factor is χ(s) = p
√
s2.

c) In the logarithmic semifields Lμ cases, we useμLμ(A) =
1
μ
ln λ(A). The scaling factor is χ(s) = 1

μ
ln s2.

d) In the tropicalmax semifieldT+ case,weuseμT+(A) = 0.2

The scaling factor is χ(s) = 0.
e) In the tropicalmin semifield T− case, we useμT−(A) = 0.

The scaling factor is χ(s) = 0.

Definition 18 (Semifield Integration) Let R be a metric
semifield, S = S(R2, R) the space of sum-approachable
functions, and μ a semifield measure. Let

∮ : (dom(
∮
) ⊂

S) → R be a functional with the following properties.

• Semifield Linearity: For all a, b ∈ R and f , g ∈
dom(

∮
)

∮
a ⊗ f ⊕ b ⊗ g = a ⊗

(∮
f

)
⊕ b ⊗

(∮
g

)
. (20)

• Indicator Function: For all measurable sets A ⊆ R2,
we have
∮

1A = μ(A). (21)

• Translation Invariance:For all v ∈ R2 and f ∈ dom(
∮
)

∮
Tv f =

∮
f . (22)

• Rotoreflection Invariance:For all orthonormalmatrices
Q ∈ R2×2 and f ∈ dom(

∮
):

∮
RQ f =

∮
f . (23)

2 Remember that the semifield one 1 in the tropical max semifield T+
case is 0 (Definition 2).
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• Scaling Equivariance: For all scalings s ∈ R>0 and
f ∈ dom(

∮
):

∮
Ss f = χ(s) ⊗

∮
f , (24)

where χ(s) is the scaling of the semifield measure
∮

(Definition 16).
• Fubini: For all f : R2 × R2 → R with both

f (·, y), f (x, ·) ∈ dom(
∮
), if one of the following inte-

grals exists, then they are equal:

∮
y

∮
x
f (x, y) =

∮
x

∮
y
f (x, y). (25)

We say that such a functional is a semifield integration. A
function f that is in the domain of the semifield integration
is called integrable.

To emphasize over what slot we are integrating, we may
also write

∮
x∈R2 f (x) = ∮

f . To emphasize over what semi-
field R the integration is taking place, we may also write∮ = ∮ R .

The first two properties of the semifield integration essen-
tially nail down what the integration has to be. That is, for
every simple function s(x) = ⊕n

i=1 ai ⊗ 1Ai (x) we have

∮
s =

n⊕
i=1

ai ⊗ μ(Ai ) (26)

by semifield linearity. This then extends naturally to sum-
approachable functions f (x) = limn→∞

⊕n
i=1 ai ⊗ 1Ai (x)

by defining (with some caveats)

∮
f = lim

n→∞

n⊕
i=1

ai ⊗ μ(Ai ). (27)

The caveats here being thatweneed requirements on the exact
nature of the sequence of simple functions for the above to
be well defined. To not get bogged down into the details, we
will just state what integration we will use for our relevant
semifields, together with their domain of definition. In the
case of the tropical semifields, we show in Appendix B that
the upcoming semifield integration is indeed the correct one.

Definition 19 (Employed Semifield Integration)

a) In the linear semifield L case, we use standard Lebesgue
integration

∮ L

f =
∫
x∈R2

f (x) dx . (28)

The domain dom(
∮ L

) is the space of Lebesgue integrable
functions.

b) In the root semifields Rp cases, we use

∮ Rp

f = p

√∫
x∈R2

f (x)p dx . (29)

The domain dom(
∮ Rp ) consists of all functions f such

that f p is Lebesgue integrable.
c) In the logarithmic semifields Lμ cases, we use

∮ Lμ

f = 1

μ
ln

∫
x∈R2

eμ f (x) dx . (30)

The domain dom(
∮ Lμ) consists of all functions f such

that eμ f is Lebesgue integrable.
d) In the tropical max semifield T+ case, we use the supre-

mum sup.

∮ T+
f = sup

x∈R2
f (x). (31)

The domain dom(
∮ T+) consists of all functions f that are

bounded from above.
e) In the tropical min semifield T− case, we use the infimum

inf.

∮ T−
f = inf

x∈R2
f (x). (32)

The domain dom(
∮ T−) consists of all functions f that are

bounded from below.

The logarithmic and root semifield integration is natural
as these semifields are isomorphic to the linear semifield,
see Proposition 1. Additionally, the tropical max and min
semifield integration is related through their isomorphism
ϕ(x) = −x . Indeed, one has sups∈S s = − infs∈S{−s}.
Definition 20 (Semifield Convolution) Let R be a metric
semifield. We define the semifield convolution � of two
integrable functions f , g ∈ dom(

∮
) as the new function

f � g ∈ dom(
∮
):

( f � g)(x) :=
∮
y∈R2

f (x − y) ⊗ g(y). (33)

Showing that f � g is indeed in dom(
∮
) is an immediate

consequence of the Fubini property of semifield integration
(25).Moreover, theFubini property gives us that the semifield
convolution is associative:

f � (g � h) = ( f � g) � h, (34)
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and the translation invariance of semifield integration
together with the commutativity of the semifield multiplica-
tion gives us that the semifield convolution is commutative.

We want to perform some analysis in our function spaces,
soweneed a (pseudo)metric δ : S(R2, R)×S(R2, R) → R≥0

(possiblywith a restricted domain). Similarly as before,when
we introduced a metric on the semifields, we cannot make
due with a norm on the function space as we have no additive
inverses to turn the norm into a metric.

Definition 21 (Function Pseudometric) Let R be a semi-
field with metric ρ and S = S(R2, R) the space of
sum-approachable functions. A function (pseudo)metric δ :
S × S → R≥0 ∪ {∞} is a (pseudo)metric such that for all
f , g, h ∈ S and a ∈ R we have:

δ(h ⊕ f , h ⊕ g) ≤ δ( f , g),
δ(a ⊗ f , a ⊗ g) = ρ(a,0)δ( f , g).

We allow for the (pseudo)metric to return ∞.

Again, just as in Definition 4, these properties are general-
izations of the common notions of translation invariance and
absolute homogeneity, and they ensure that both function
addition ⊕ : S × S → S and function scalar multiplication
⊗ : R × S → S are continuous (in both slots).

Definition 22 (Employed Function Pseudometric)

a) In the linear semifield L case, we use

δL( f , g) =
√∫

R2
| f (x) − g(x)|2dx . (35)

b) In the root semifield Rp case, we use

δRp ( f , g) =
√∫

R2
| f (x)p − g(x)p|2dx . (36)

c) In the logarithmic semifields Lμ case, we use

δLμ( f , g) =
√∫

R2
|eμ f (x) − eμg(x)|2dx . (37)

d) In the tropical max semifield T+ case, we use

δT+( f , g) = sup
x∈R2

|e f (x) − eg(x)|. (38)

e) In the tropical min semifield T− case, we use

δT−( f , g) = sup
x∈R2

|e− f (x) − e−g(x)|. (39)

Using the function (pseudo)metric, we canmake an appro-
priate function space:

Definition 23 (Metric Function Space) Let R be a metric
semifield, S = S(R2, R) the space of sum-approachable
functions, and δ : S × S → R≥0 ∪ {∞} a function
(pseudo)metric. The function (pseudo)metric space H =
H(R2, R, δ) is defined as

H := { f ∈ S | δ(0, f ) < ∞} . (40)

To turn it into an actual metric space, we need to identify
elements using the following natural equivalence relation ∼.

f ∼ g ⇐⇒ δ( f , g) = 0. (41)

This function space will be denoted with H = H/ ∼.

Definition 24 (Employed Function Spaces)

a) In the linear semifield L case, we have

HL = L2(R2). (42)

b) In the root semifield Rp case, we have

HRp = { f : R2 → Rp | eμ f ∈ L2(R2)}. (43)

c) In the logarithmic semifield Lμ case, we have

HLμ = { f : R2 → Lμ | f p ∈ L2(R2)}. (44)

d) In the tropical max semifield T+ case, we have

HT+ = { f : R2 → T+ l.s.c and b.f.a }, (45)

where l.s.c means lower semicontinuous and b.f.a means
bounded from above.

e) In the tropical min semifield T− case we have

HT− = { f : R2 → T− u.s.c. and b.f.b}, (46)

where u.s.c means upper semicontinuous and b.f.b means
bounded from below.

3.3 Fourier Transform

We assume the existence of an injective Fourier transform
that need only work on a very restricted class of semifield
integrable functions.

Definition 25 (Semifield Fourier Transform) Let R be
a metric semifield. A semifield Fourier transform FR :
(dom(FR) ⊆ dom(

∮
)) → dom(

∮
) is an operator satisfy-

ing (where we the drop the subscript R for conciseness):
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• Semifield Linearity: For all a, b ∈ R and f , g ∈
dom(F)

F (a ⊗ f ⊕ b ⊗ g) = a ⊗ (F f ) ⊕ b ⊗ (Fg). (47)

• Convolution Property: For all f , g ∈ dom(F) with
f � g ∈ dom(F)

F( f � g) = (F f ) ⊗ (Fg). (48)

• Rotoreflection Equivariance: For all orthonormal
matrices Q ∈ R2×2

F ◦ RQ = RQ−T ◦ F . (49)

• Scaling Equivariance: For all scalings s ∈ R>0:

F ◦ Ss = χ(s) ⊗ S1/s ◦ F , (50)

where χ(s) is the scaling of the semifield measure (Def-
inition 16).

• Invertibility: The domain dom(F) is chosen such that
the transform is injective and thus invertible on its image.

In the next definition, we will specify the choice of semi-
field Fourier transform together with its appropriate choice
of domain for all the semifields we consider (Definition 2).
The choices we make here are sometimes more restrictive
than strictly needed, but, as we will see in Sect. 5.2, we only
need to be able to take the semifield Fourier transform of a
very “small” set of functions.

Definition 26 (Employed Semifield Fourier Transform)

a) In the linear semifield L case, we use

(FL f )(ω) =
∫
R2

f (x)e−iω·xdx . (51)

The domain dom(FL) is chosen to be the space of even,
continuous, and absolutely integrable functions, with
absolutely integrable Fourier transforms. The inverse on
its image is

(F−1
L f̂ )(x) = 1

(2π)2

∫
R2

f̂ (ω)eiω·xdω. (52)

b) In the root semifield Rp case, we use

(FRp f )(ω) = p

√∫
R2

f (x)pe−iω·xdx . (53)

The domain dom(FRp ) is chosen such that f p is in the
domain of the linear Fourier transformdom(FL), together

with the restriction that the input of the p’th root is non-
negative. The inverse on its image is

(F−1
Rp

f̂ )(x) = p

√
1

(2π)2

∫
R2

f̂ (ω)peiω·xdω. (54)

c) In the logarithmic semifield Lμ case, we use

(FLμ f )(ω) = 1

μ
ln

∫
x∈R2

eμ f (x)e−iω·xdx . (55)

The domain dom(FLμ) is chosen such that eμ f is in the
domain of the linear Fourier transformdom(FL), together
with the restriction that the input of the natural logarithm
is positive. The inverse on its image is

(F−1
Lμ

f̂ )(x) = 1

μ
ln

(
1

(2π)2

∫
R2

eμ f̂ (ω)eiω·xdω
)

. (56)

d) In the tropical max semifield T+ case, we use

(FT+ f )(ω) = sup
x∈R2

f (x) − ω · x . (57)

The domain dom(FT+) is chosen to be the space of even,
continuous, concave, superlinear functions. The inverse
on its image is

(F−1
T+ f̂ )(x) = inf

ω∈R2
f̂ (ω) + ω · x . (58)

e) In the tropical min semifield T− case, we use

(FT− f )(ω) = inf
x∈R2

f (x) − ω · x . (59)

The domain dom(FT−) is chosen to be the space of even,
continuous, convex, superlinear functions. The inverse on
its image is

(F−1
T− f̂ )(x) = sup

ω∈R2
f̂ (ω) + ω · x . (60)

Aproof that these transforms satisfy the definition is found
in Appendix A.

Remark 1 The Laplace-like transform

(L f )(ω) =
∫
R2

f (x)e−ω·xdx (61)

also satisfies Definition 25. However, and this is also men-
tioned in [20], this transform is limited in its applicability
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because it is only finitely valued for functions with super-
exponential decay.3 Given this limitation of this transform,
we instead use the normal Fourier transform.

Remark 2 The above semifield Fourier transforms typically
relate to transforms of the type

(F f )(ω) =
∮

f (x) ⊗ χω(x),

where χω is an irreducible semifield linear representa-
tion of R2, but we choose to express them in common
Fourier/Fenchel transforms to keep a clear track of function
space restrictions.

Even thoughwehaveused complexnumbers in theFourier
transforms, the resulting transformed functions are always of
the proper form R2 → R due the domain consisting of even
functions. This means that we could have freely replaced the
e−iω·x with cos(ω · x). In other words, we could have instead
used the Fourier cosine transform.

4 Semifield Scale-space

In this section, we will state and motivate the semifield
scale-space axioms, consider some examples semifield scale-
spaces, and define what we mean with isomorphic scale-
spaces.

4.1 Axioms

In [8], it is stated that “Theonly really nontrivial (andpossibly
too restrictive) assumption imposed on the scale-space opera-
tors is that of linearity.”Bygeneralizing to semifield linearity,
we sidestep this restrictive assumption, without making the
theory too abstract to be practically useful.

Let us shortly motivate the semifield scale-space axioms
from a machine learning perspective (building upon simi-
lar findings in mathematical deep learning [34–37]). The
semifield linearity (Axiom 1) together with the translation
equivariance (Axiom 5) will induce semifield convolutions
that allow for fast parallel computations. The one-parameter
semigroup property (Axiom 2) together with the strong
continuity (Axiom 3) provides consistency and stability
over evolution time. The one-parameter semigroup property
(Axiom 2) together with the scaling equivariance (Axiom
4) allows us to constrain ourselves to a fixed end-time in a
PDE sublayer, say t = 1, without loss of generality, further
reducing the total parameter count. The scaling, translation,

3 This Laplace transform is two-sided thus resulting in this extreme
condition. Also, we do not regard the transform as a conditionally con-
vergent improper integral.

and rotoreflection equivariance (Axioms 4, 5 and 6) of the
scale-space allows for the design of inherently equivariant
networks, resulting in an architecture that is robust and data
efficient [6, 7].

Definition 27 (Semifield Scale-space) Let R be a one-
dimensionalmetric semifield (Definition6),H = H(R2, R, δ)

a corresponding metric function space (Definition 23), and
�t : H → H be a family of operators, indexed by t ≥ 0.
We call�t a semifield scale-space if it satisfies the following
axioms:

1. Semifield Linearity and IntegralOperator: We require
that � is R-linear, that is, for all f , g ∈ H and a, b ∈ R:

�t (a ⊗ f ⊕ b ⊗ g) = a ⊗ (�t f ) ⊕ b ⊗ (�t g). (62)

More specifically, for positive time t > 0 we will assume
that �t can be written as an integral operator:

(�t f )(x) =
∮
y∈R2

κt (x, y) ⊗ f (y), (63)

for some continuous kernel κt : R2 × R2 → R with
κt (x, ·) within the domain of the semifield Fourier trans-
form FR (Definition 25).

2. One-Parameter Semigroup: We require that �t forms
a one-parameter semigroup, that is, for all t, s ≥ 0:

�t ◦ �s = �t+s and �0 = id, (64)

where id is the identity map onH.
3. Strong Continuity: We require that �t f is continuous

w.r.t. time t at any t0 > 0 for all f ∈ H:

lim
t→t0

(�t f ) = �t0 f , (65)

where the limit is taken in the metric function space H
(Definition 23).

4. ScalingEquivariance: There exists a scaling power α >

0 such that for all scalings s > 0 and all times t ≥ 0:

�t ◦ Ss = Ss ◦ �t/sα , (66)

where Ss is the scaling operator (9).
5. TranslationEquivariance: We require that� commutes

with all translations v ∈ R2:

�t ◦ Tv = Tv ◦ �t , (67)

where Tv is the translation operator (7).
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6. Rotoreflection Equivariance: We require that � com-
mutes with all orthonormal matrices Q ∈ R2×2:

�t ◦ RQ = RQ ◦ �t , (68)

where RQ is the rotoreflection operator (8).

Note that in our axioms we do not impose any restriction
on the creation of new structures when transitioning from
finer to coarser scales. This is in contrastwith the requirement
of causality or non-enhancement of local extrema in [16, 40].

In the linear semifield L case, the linearity axiom in
some sense already implies the integral operator axiom.
The precise statement is known as the Schwartz kernel
theorem, a main result in the theory of generalized func-
tions/distributions. In the tropical semifield case, a similar
statement can be made, as demonstrated in [41, Thm.2.1].
But for other semifields, such a statement cannot be made
just yet. For simplicity, and to be on the safe side, we there-
fore assume the integral operator axiom.

The one-parameter semigroup property is a natural axiom
in the sense that it implies that the (infinitesimal) evolution
“looks the same” at all times t . More precisely, the (strongly
continuous) one-parameter semigroup property relates to the
existence of a single generator that encapsulates the whole
operator family. To understand, consider the linear semifield
case, some initial f0 ∈ H, and its evolution ft := �t ( f0).
From the one-parameter semigroup axiom, we have:

ft+h − ft = �h+t f0 − �t f0

= �h�t f0 − �t f0

= (�h − �0) ft .

(69)

dividing by h and taking the limit h ↓ 0 in conjunction
with strong continuity, we get the time-invariant evolution
equation:

d ft
dt

= � ft , where � := lim
h↓0

�h − �0

h
. (70)

The operator � : D(�) → H is called the generator of the
operator family �t and its natural domain D(�) consists of
all functions f ∈ H for which the above limit makes sense.
Typically, this domain will be dense inH.

Thus, we can interpret �t as the solution operator of an
evolution equation.Given that the generator exists, it is possi-
ble through various means, for example, the spectral theorem
[42], to give meaning to the expression:

�t = et�, (71)

which can be used to quickly confirm (at least formally) that:

d�t

dt
= d

dt
(et�) = �et� = ��t , (72)

which corresponds what we already saw in (70).

Remark 3 Given the existence of a generator �, the scaling equiv-
ariance axiom can be equivalently written as � ◦ Ss = 1

sα Ss ◦ �,
revealing that the scaling equivariance can also be understood as a sort
of α-homogeneity of the generator.

An easy and illustrative example of a generator together
with its operator family is the derivative operator and the
family of translation operators in one-dimensional space:

(�t f )(x) = f (x + t), � = d

dx
. (73)

A well-known related theorem in functional analysis
is Stone’s Theorem. This theorem shows that there is a
one-to-one correspondence between strongly continuous
unitary one-parameter semigroups and (possible unbounded)
densely defined self-adjoint operators on a Hilbert space.

In our case, getting everything precise is made difficult by
the fact that wewant to generalize to semifields other than the
linear semifield. For example, we cannot even directly make
sense of (70) for general semifields as there is not necessarily
a operation: we only have ⊕. Given these obstacles, we will
not attempt to rigorously prove that every semifield scale-
spaces corresponds to a PDE, but will state the related PDEs
in our primary cases of interest (Definition 28).

The scaling equivariance says that the scale-space repre-
sentation of a scaled image should be a scaled version of the
scale-space representation of the original image. In a sense
we want a scale-space that does not “care” about absolute
scale: it should qualitatively looks the same no matter the
starting scale of the input. The translation and rotoreflec-
tion equivariance requirements are also not surprising: the
Euclidean plane has its natural translation and rotoreflection
symmetries, and demanding the scale-space to respect these
is commonplace.

In PDE-based neural networks, the trainable parameters
take the form of Riemannian metrics G on a homogeneous
space M . In the case of PDE-CNNs that being M = R2,
this reduces to an inner product G : R2 × R2 → R which
we can always write as G(x, y) = x�Gy, where G is the
corresponding Gram matrix. In the axioms, we implicitly
make, without loss of generality, the assumption that we use
the “standard” inner product on R2, namely G(x, y) = x�y.
Later in Sect. 6 we explain how we bring back general inner
products in the PDE-CNN architecture.

4.2 Examples

Definition 28 (Scale-spaces of Interest)
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a) The Gaussian scale-space over the linear semifield L:

(�t f )(x) =
∫
y∈R2

κt (x, y) × f (y) dy,

κt (x, y) = 1

2π t
exp

(
−1

2

‖x − y‖2
t

)
,

which correspond to solutions of

∂ f

∂t
= 1

2
� f . (74)

The scaling power is α = 2.
b) The (quadratic) root scale-spaces over the root semifields

Rp:

(�t f )(x) =
∮ Rp

y∈R2
κt (x, y) × f (y),

κt (x, y) = 1
p
√
2π t

exp

(
− 1

2p

‖x − y‖2
t

)
,

which correspond to solutions of

∂ f

∂t
= p − 1

f

1

2
‖∇ f ‖2 + 1

2
� f . (75)

The scaling power is α = 2.
c) The (quadratic) logarithmic scale-spaces over the loga-

rithmic semifields Lμ:

(�t f )(x) =
∮ Lμ

y∈R2
κt (x, y) + f (y),

κt (x, y) = − 1

μ
ln(2π t) − 1

2μ

‖x − y‖2
t

,

which correspond to solutions of

∂ f

∂t
= μ

1

2
‖∇ f ‖2 + 1

2
� f . (76)

The scaling power is α = 2.
d) Theα-dilation scale-space over the tropicalmax semifield

T+:

(�t f )(x) = sup
y∈R2

κt (x, y) + f (y),

κt (x, y) = − t

β

(‖x − y‖
t

)β

,

with 1/α + 1/β = 1, which correspond to (viscosity)
solutions of

∂ f

∂t
= 1

α
‖∇ f ‖α. (77)

The scaling power is α.
e) The α-erosion scale-space over the tropical min semifield

T−:

(�t f )(x) = inf
y∈R2

κt (x, y) + f (y),

κt (x, y) = t

β

(‖x − y‖
t

)β

,

with 1/α + 1/β = 1, which correspond to (viscosity)
solutions of

∂ f

∂t
= − 1

α
‖∇ f ‖α. (78)

The scaling power is α.

The operators�t above solve the corresponding PDEs and
one readily checks that the kernels κt (·, y) satisfy the PDE
for all y ∈ R2. For example, consider the quadratic (α = 2)

dilation scale-space and kt (x) := κt (x, 0) = − 1
2

‖x‖2
t :

∂kt
∂t

= 1

2

‖x‖
t2

, ‖∇kt‖2 = ‖x‖2
t2

. (79)

So, indeed, kt satisfies the dilation PDE. The same check can
be done for the other scale-spaces.

Remark 4 The Schrödinger equation also generates a scale-
space representation in the space L2(R2;C), in the sense that
it satisfies the linearity axiom and axioms 2-6. However, it
does not fit in the theory here as the complex numbers do
not form a one-dimensional semifield, and the correspond-
ing kernel κt (x, ·) is not square integrable. In T. Kraakman’s
master’s thesis [43] PDE-based neural networks using the
Schrödinger equation are investigated and implemented.
They require more memory than our classical PDE-Based
CNNs for only a small accuracy gain in practice so far.

4.3 Isomorphic Scale-spaces

In Proposition 1, we saw that the nonnegative linear, root, and
logarithmic semifields are isomorphic, with the same being
true for the tropical ones. It seems natural then that there
also exist isomorphismsbetween the corresponding semifield
scale-spaces. Let us start by clarifying what we mean by two
semifield scale-spaces being isomorphic.

Definition 29 (Semifield Scale-space Isomorphism) Let R
and R̃ be two semifields, and let �t and �̃t be two semi-
field scale-spaces over R and R̃, respectively. We say the
two scale-spaces are isomorphic if there exists a semifield
isomorphism ϕ : R̃ → R such that

�t ◦ Pϕ = Pϕ ◦ �̃t , (80)
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wherePϕ : F(R2, R̃) → F(R2, R) is the pointwise operator
(10).

Indeed, one can check that in this sense the scale-spaces of
interest are isomorphic in the following way, akin to Propo-
sition 1.

Proposition 2 (Scale-Space Isomorphisms)

• The quadratic root scale-spaces over the root semifields
Rp are isomorphic to the Gaussian scale-space over the
nonnegative linear semifield L≥0.

• The quadratic logarithmic scale-spaces over the loga-
rithmic semifields Lμ are isomorphic to the Gaussian
scale-space over the nonnegative linear semifield L≥0.

• The α-dilation scale-space over the tropical max semi-
field T+ is isomorphic to the α-erosion scale-space over
the tropical min semifield T−.

• Informally, in the limit μ → ±∞ the quadratic loga-
rithmic scale-spaces over the logarithmic semifields Lμ

“converge” to the quadratic (α = 2) dilation and erosion
scale-spaces of the tropical semifields T±.

Definition 29 also gives us a way to create new (iso-
morphic) semifield scale-spaces from existing ones in the
following way. Take any existing semifield scale-space �t

over a semifield R, and let ϕ : R̃ → R be any semifield
isomorphism. We then simply define the new scale-space
�̃t = Pϕ−1 ◦ �t ◦ Pϕ over the semifield R̃.

In [11], Florack creates nonlinear scale-spaces in exactly
this way by performing a pointwise transformation on the
Gaussian scale-space and deducing what nonlinear PDE cor-
responds to the obtained evolution.

More specifically, let ϕ : R → L be a monotonic twice
continuously differentiable transformation, where R ⊆ R is
some subset of the reals. We start with the isotropic diffusion
PDE on R2:

∂ f

∂t
= 1

2
� f . (81)

We then define a new evolution g(x, t) := ϕ−1( f (x, t)). Let
us derive what PDE g obeys. Using the shorthand ϕ(g) :=
Pϕ(g) for a moment, it follows from the equalities:

∂g

∂t
= ∂

∂t
ϕ−1( f ) = 1

ϕ′(g)
∂ f

∂t
,

� f = �(ϕ(g)) = ϕ′′(g)‖∇g‖2 + ϕ′(g)�g,

that the PDE that describes the evolution of g is:

∂g

∂t
= ϕ′′(g)

ϕ′(g)
1

2
‖∇g‖2 + 1

2
�g. (82)

Florack suggests settingμ := ϕ′′/ϕ′ = (ln ϕ′)′ as a constant,
as the class of nontrivial (that being non-affine) ϕ’s is then:

ϕ(x) = eμx with μ �= 0, μ ∈ R, (83)

up to affine transformations. This transformation of the PDE
is known as theCole-Hopf transformation [26, p.195]. This is
exactly the isomorphism between the logarithmic and linear
semifield as seen in Proposition 1, and indeed, with this ϕ

we get the quadratic logarithmic scales spaces:

∂g

∂t
= μ

1

2
‖∇g‖2 + 1

2
�g. (84)

In the extreme cases of the transformation that being μ =
±∞, the diffusion part becomes negligible in comparison
with the erosion/dilation part, and one can say that the mor-
phological scale-spaces arise.

If we instead choose ϕ(x) = x p, the quadratic root scale-
spaces arise:

∂g

∂t
= p − 1

g

1

2
‖∇g‖2 + 1

2
�g. (85)

5 Consequences

In this section, we explore the consequences of the semifield
scale-spaces axioms (Definition 27).

We start by showing that the equivariance axioms of the
scale-space representation lead to invariance properties of the
kernel κt : R2×R2 → R. For example, the translation equiv-
ariance of �t (Axiom 5) implies that the kernel κt (Axiom
1) is translation invariant in the sense that κt (v + x, v + y) =
κt (x, y) for all x, y, v ∈ R2.

We then show that, due to the translation equivariance
(Axiom5), the semifield scale-space can bewritten as a semi-
field convolution with a reduced kernel kt : R2 → R. From
there onout,we showTheorem1which gives an explicit form
of the reduced kernel kt in the semifield Fourier domain, this
being the main theorem of the article.

5.1 Equivariance of Operator becomes Invariance of
Kernel

In this subsection, we show how the translation, rotoreflec-
tion, and scaling equivariance axioms on the operator family
�t translate to corresponding invariances on the kernel κt .
The upcoming three lemmas are straightforward, generally
known, and basically identical in proof.

Lemma 4 (Translation Invariance) From the integral oper-
ator (Axiom 1) and translation equivariance (Axiom 5), it
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follows that the kernel is translation invariant, that is:

κt (v + x, v + y) = κt (x, y), (86)

for all for all x, y, v ∈ R2 and t > 0.

Proof We rewrite the translation equivariance (Axiom 5) as

T−v ◦ �t ◦ Tv = �t . (87)

We apply some dummy function f ∈ H and evaluate it at
some dummy position x ∈ R2:

((T−v ◦ �t ◦ Tv)( f ))(x) = (�t ( f ))(x). (88)

Using the definition of the translation operator Tv (7) and the
integral operator axiom, we expand this into:

∮
y∈R2

κt (v+x, y) ⊗ f (−v+y)=
∮
y∈R2

κt (x, y) ⊗ f (y).

(89)

Using the translation invariance property (22) of the semifield
integration gives:

∮
y∈R2

κt (v+x, v+y) ⊗ f (y)=
∮
y∈R2

κt (x, y) ⊗ f (y).

(90)

Given that this should hold for all f ∈ H, we can conclude:

κt (v + x, v + y) = κt (x, y). (91)

��
The last step of the proof can be understood as a semifield

version of Fundamental lemma of the calculus of variations.
There are several versions of this lemma, but generally they
are of the form

∀g
∫

f g = 0 ⇒ f = 0, (92)

with some assumptions on the nature of f and g. Using the
substitution f = f1 − f2, we can equivalently write

∀g
∫

f1g =
∫

f2g ⇒ f1 = f2. (93)

The lemma in its second form (93) is used in the last step
of the proof of Lemma 4, specifically when transitioning
from (90) to (91). We will also apply it in the upcoming
proofs of Lemma 5 and Lemma 6. The proof of the lemma is
straightforward in our setting; the kernel κt is assumed to be
continuous (Axiom 1), and the spaceH contains all indicator

functions, meaning that a standard “concentration” argument
works.

Lemma 5 (Rotoreflection Invariance) From the integral
operator (Axiom 1) and the rotoreflection equivariance
(Axiom 6), it follows that the kernel is rotoreflection invari-
ant, that is:

κt (Qx, Qy) = κt (x, y), (94)

for all orthonormal Q ∈ R2×2, x, y ∈ R2, and t > 0.

Proof We rewrite the rotoreflection equivariance (Axiom 6)
as

RQ−1 ◦ �t ◦ RQ = �t . (95)

We apply some dummy function f ∈ H and evaluate it at
some dummy position x ∈ R2:

((RQ−1 ◦ �t ◦ RQ)( f ))(x) = (�t ( f ))(x). (96)

Using the definition of the rotoreflection operatorRQ (8) and
integral operator axiom, we expand this to:

∮
y∈R2

κt (Qx,−y) ⊗ f (Q−1y) =
∮
y∈R2

κt (x, y) ⊗ f (y).

(97)

Using the rotoreflection invariance property (23) of the semi-
field integration gives:

∮
y∈R2

κt (Qx, Qy) ⊗ f (y) =
∮
y∈R2

κt (x, y) ⊗ f (y). (98)

Given that this should hold for all f ∈ H, we can conclude:

κt (Qx, Qy) = κt (x, y). (99)

��

Lemma 6 (Scale Invariance) From the integral operator
(Axiom 1) and scaling equivariance (Axiom 4), it follows
that the kernel is scale invariant, that is:

χ(s) ⊗ κsα t (sx, sy) = κt (x, y). (100)

for all x, y ∈ R2 and s, t > 0.

Proof We rewrite the scaling equivariance (Axiom 4) as

S1/s ◦ �sα t ◦ Ss = �t . (101)
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We apply some dummy function f ∈ H and evaluate it at
some dummy position x ∈ R2:

((S1/s ◦ �sα t ◦ Ss)( f ))(x) = (�t ( f ))(x). (102)

Using the definition of the scaling operatorSs (9) and integral
operator axiom, we expand this to:

∮
y∈R2

κsα t (sx, y) ⊗ f (y/s) =
∮
y∈R2

κt (x, y) ⊗ f (y).(103)

Using the scaling property (24) of the semifield integration
gives:

χ(s) ⊗
∮
y
κsα t (sx, sy) ⊗ f (y) =

∮
y
κt (x, y) ⊗ f (y). (104)

Given that this should hold for all f ∈ H, we conclude:

χ(s) ⊗ κsα t (sx, sy) = κt (x, y). (105)

��
Consider now Lemma 4. Because we can freely choose

the translation v, we can also choose v = −y:

κt (x, y) = κt (x − y, 0) =: kt (x − y). (106)

We thus see thatκt is completely characterized by its behavior
on κt (·, 0), which we define as the reduced kernel kt : R2 →
R. Plugging this newfound knowledge back into the integral
operator axiom, we get the following result.

Lemma 7 (Translation Equivariance implies Semifield Con-
volution) Consider the integral operator (Axiom 1) and
translation equivariance (Axiom 5). Define the reduced ker-
nel kt (x) = κt (x, 0). We can write the scale-space operator
�t as a semifield convolution:

�t f = kt � f . (107)

Proof This follows immediately from Lemma 4.

(�t f )(x) =
∮
y∈R2

κt (x, y) ⊗ f (y)

=
∮
y∈R2

κt (x − y, 0) ⊗ f (y)

=
∮
y∈R2

kt (−y + x) ⊗ f (y)

= (kt � f )(x).

(108)

��

Lemma 8 (Convolution Property of Reduced Kernel) From
the integral operator (Axiom 1), the one-parameter semi-
group (Axiom 2), the strong continuity (Axiom 3), and
the translation equivariance (Axiom 5), it follows that the
reduced kernel kt (x) = κt (x, 0) satisfies:

ks � kt = ks+t for all t, s > 0. (109)

Proof We have already seen in Lemma 7 that the integral
operator axiom and the translation equivariance axiom imply
that

�t f = kt � f . (110)

If we use this formula together with the one-parameter semi-
group property axiom we get

ks � (kt � f ) = ks+t � f . (111)

Using associativity of semifield convolution (34) on the l.h.s.:

(ks � kt ) � f = ks+t � f . (112)

We are free to choose f = kε for ε > 0:

(ks � kt ) � kε = ks+t � kε. (113)

From the strong continuity axiom, we know that limε→0 kε �
kt = kt , thus, after taking this limit, we can conclude:

ks � kt = ks+t . (114)

��

5.2 Toward the Semifield Fourier Domain

Wesee that tomove forwardweneed away to efficientlywork
with semifield convolutions. The semifield Fourier transform
(Definition 25) has the important property of turning con-
volutions into much more wieldy pointwise multiplication.
This is why, we translate all previous lemmas to the semifield
Fourier domain using the semifield Fourier transform.

Lemma 9 Consider all axioms of a semifield scale-space
(Definition 27). The reduced kernel kt (x) := κt (·, 0) in the
semifield Fourier domain k̂t = FR(kt ) satisfies

k̂t (Qω) = k̂t (ω), (115)

k̂sα t (ω/s) = k̂t (ω), (116)

k̂s(ω) ⊗ k̂t (ω) = k̂s+t (ω), (117)

for all orthonormal Q ∈ R2×2, ω ∈ R2, and s, t > 0.
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Proof Lemma 5 tells us that

κt (Qx, Qy) = κt (x, y). (118)

Translating this to the reduced kernel kt gives

kt (Qx) = kt (x). (119)

Taking the semifield Fourier transform on both sides, and
using the rotoreflection equivariance property of the Fourier
transform (49), we get:

k̂t (Qω) = k̂t (ω). (120)

Lemma 6 also tells us that

χ(s) ⊗ κsα t (sx, sy) = κt (x, y). (121)

Translating this to the reduced kernel kt gives

χ(s) ⊗ ksα t (sx) = kt (x). (122)

Taking the semifield Fourier transform on both sides, and
using the scaling equivariance property of the Fourier trans-
form (50), we get:

χ(s) ⊗ χ(1/s) ⊗ k̂sα t (ω/s) = k̂t (ω). (123)

Using that χ is a homomorphism we know that χ(s) ⊗
χ(1/s) = χ(s/s) = χ(1) = 1, so we can simplify this
to

k̂sα t (ω/s) = k̂t (ω). (124)

Lemma 8 tells us that

ks � kt = ks+t . (125)

Taking the semifield Fourier transform on both sides, and
using the convolution property of the Fourier transform (48),
we get:

k̂s ⊗ k̂t = k̂s+t . (126)

��
Let us check if the reduced kernels of the scale-spaces of

interest indeed satisfy the properties listed in the previous
lemma by inspecting their Fourier transforms.

Proposition 3 (Semifield Fourier Transform of Kernels of
Interest) Consider the employed semifield Fourier trans-
forms (Definition 26) and the semifield scale-spaces of
interest (Definition 28). Let kt (x) := κt (·, 0) be the reduced
kernel and k̂t = FR(kt ) its semifield Fourier transform.

a) For the Gaussian scale-space over the linear semifield L,
we have:

k̂Lt (ω) = exp

(
−1

2
t‖ω‖2

)
. (127)

b) For the quadratic root scale-spaces over the root semi-
fields Rp, we have:

k̂
Rp
t (ω) = exp

(
− 1

2p
t‖ω‖2

)
. (128)

c) For the quadratic logarithmic scale-spaces over the log-
arithm semifields Lμ, we have:

k̂
Lμ

t (ω) = − 1

2μ
t‖ω‖2. (129)

d) For theα-dilation scale-space over the tropicalmax semi-
field T+, we have:

k̂T+
t (ω) = 1

α
t‖ω‖α. (130)

e) For the α-erosion scale-space over the tropical min semi-
field T−, we have:

k̂T−
t (ω) = − 1

α
t‖ω‖α. (131)

5.3 Explicit Form of the Reduced Kernel

With the results derived above, we are now ready to derive
the explicit form of the reduced kernel in the Fourier domain
k̂t , and, in turn, an expression for the reduced kernel kt .
But to succinctly state this explicit form we need one extra
ingredient: semifield exponentiation, i.e., a generalization of
repeated semifield multiplication.

Definition 30 (SemifieldExponentiation) Let R = (R,0,1,

⊕,⊗) be a one-dimensional metric semifield. The semifield
exponentiation expR : R → R is defined as the (up to time
scaling unique4) mapping that satisfies:

expR(s) ⊗ expR(t) = expR(s + t) for all s, t ∈ R,
expR(0) = 1,
limt→∞ expR(t) = 0.

To distinguish the semifield exponentiation from regular
exponentiation, we always indicate the former with the semi-
field in the subscript and the latter without any subscript.

4 The connected part of (R,⊗) that contains 1 is a one-dimensional
Lie group. Semifield exponentiation is the Lie group exponential and
is determined by a one-dimensional tangent vector at the identity, thus
giving us the up to scaling uniqueness.
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Definition 31 (Employed Semifield Exponentiation)

a) In the (nonnegative) linear semifield L case, we have
expL(t) = exp(−t).

b) In the root semifields Rp case, we have expRp
(t) =

exp(−t).
c) In the logarithmic semifields Lμ case,wehave expLμ

(t) =
− sign(μ)t .

d) In the tropicalmax semifield T+ case, we have expT+(t) =
−t .

e) In the tropicalmin semifieldT− case,wehave expT−(t) = t .

Theorem 1 (Explicit form Reduced Kernel) Let R be a
one-dimensional metric semifield, FR the semifield Fourier
transform (Definition 25), and expR the semifield exponen-
tiation (Definition 30). Consider all axioms of a semifield
scale-space (Definition 27). We have that the reduced kernel
kt is (up to a time scaling) equal to:

k̂t (ω) = expR(‖ω‖αt),

kt (x) = (F−1
R k̂t )(x),

(132)

where α is the scaling power (Axiom 4).

Before we continue with the proof, we can check that,
indeed, all semifield Fourier transforms of the reduced ker-
nels, as listed in Proposition 3, have this stated form.

Proof Consider the reduced kernel k̂t in the Fourier domain
and all its properties as listed in Lemma 9. Due to the rotore-
flectional symmetry (115), we will abuse notation slightly
and write

k̂t (ω) = k̂t (‖ω‖) = k̂t (r), (133)

where r = ‖ω‖.
Taking s = r > 0 in the scaling invariance (116)
we get

k̂t (r) = k̂rα t (1) for r > 0. (134)

Due to the one-parameter semigroup property (117) and t �→
k̂t (ω) being continuous, we have (up to a time scaling)

k̂t (1) = expR(t) or k̂t (1) = 0. (135)

We are not interested in the k̂t (1) = 0 case as it would imply,
togetherwith the previous equation, that k̂t is identically zero,
corresponding to a non-relevant scale-space. Combining the
equations found so far, we get

k̂t (r) = expR(rαt) for r > 0. (136)

which we can extend to r = 0 by continuity. Taking the
inverse semifield Fourier transform concludes the proof. ��

Fig. 3 Architecture of a N -layer PDE-CNN with C channels. A PDE
sublayer is either of the form (139) or (140)

The up-to-a-time-scaling non-uniqueness is somethingwe
can not avoid as every semifield scale-space �t corresponds
to an infinite family of scale-spaces �̃t = �st for every
s > 0.

The above theorem shows that every (one-dimensional
metric) semifield R corresponds to a unique one-parameter
family of semifield scale-spaces, where the scaling power α

acts as the parameter.
There is one caveat here though, and that is that not every

α necessarily results in a k̃t which is in the domain of the
used inverse semifield Fourier transform. For example, in the
tropical semifields the case α = 1 results in a k̃t which we
cannot insert into the inverse transforms listed in Definition
26.

6 Architecture

In this section, we will briefly discuss the PDE-CNN archi-
tecture by defining the PDE sublayers corresponding to
semifield scale-spaces (139), the PDE sublayer correspond-
ing to convection (140), and the affine sublayer (141). We
also illustrate how these sublayers combine to form a PDE
layer, and how multiple PDE layers come together to con-
struct a PDE-CNN in Fig. 3.

Consider any one-dimensional metric semifield R and a
corresponding semifield scale-space�t . As Lemma 7 shows,
we can write the scale-space�t f of a (appropriate) function
f : R2 → R as �t f = kt � f where kt : R2 → R is the
reduced kernel, and � is the semifield convolution. We want
to implement these semifield scale-spaces to use themwithin
the design of our PDE-CNNs. However, in practice, we can-
not work with general signals defined on the continuum of
R2, and we need to discretize our setting.

As is usual in machine learning we imagine images f :
R2 → R as sampled images f̃ : Z → R on a grid Z ⊂ R2

such that f̃ (z) = f (z) for all grid points z ∈ Z . We idealize
the grid as the infinite integer grid Z2 here for the sake of
simplicity (we have no boundary concerns). Let f̃ , k̃ : Z2 →
R be the discretized versions of an image f and any kernel
k. The discrete semifield convolution is defined as

(k̃ � f̃ ) [i, j] =
⊕

m,n∈Z2

k̃ [−m + i,−n + j] ⊗ f̃ [m, n] ,

(137)
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where we have used the notation [·, ·] to emphasize the dis-
crete nature.

With the discrete semifield convolutionwe canwrite down
the formula for a PDE sublayer in the PDE-CNN. The input
of a PDE sublayer consists of signals f̃i : Z2 → R and
matrices Hi ∈ R2×2 with i = 1, . . . ,C , and C being the
amount of channels. The matrices Hi act as the learnable
parameters of the layer. We consider the continuous scale-
space kernel kt : R2 → R and create the discretized kernels
k̃i : Z2 → R by defining

k̃i (x) = k1(Hi x). (138)

Without loss of generality, we may take t = 1 in our scale-
space kernel kt as a scaling in t can be captured in Hi . We
then perform the discrete semifield convolutions to acquire
our outputs g̃i : Z2 → R:

PDE sublayer:

g̃i = k̃i � f̃i .
(139)

Note that every input channel is only convolved with a single
kernel, this is also known as a depthwise convolution.

The matrices Hi require some explanation. As already
touched upon in Sect. 4.1, in the semifield scale-space axioms
we implicitly assumed the standard inner product G(x, y) =
x�y on R2, but this is not the only one we can choose. By
choosing the inner product to be

G(x, y) = x�Gy, G = H�H

for any matrix H we get a scale-space representation that
is complete identical, albeit “stretched” with respect to the
coordinates. The Grammatrix G = H�H is by construction
symmetric positive definite (SPD) as required, and relieves
us from coding a SPD constraint. By considering kernels
of the form kt (Hx) we effectively include the possibility
of processing the image with a different inner product. The
“stretching” induced by the matrix H in the Gaussian scale-
space case corresponds to the affine Gaussian scale-space
studied in [44].

The PDE sublayer, as described in formula (139), seems
to have nothing to do with a PDE at first glance. However,
remember that every semifield scale-space �t over a semi-
field R can be associatedwith a PDE, and the PDE sublayer is
effectively a solver for the corresponding initial value prob-
lem. The examples in Definition 28 clarify this.

Alongside the PDE sublayers that correspond to semifield
scale-spaces, we also have the convection PDE sublayer. The
convection sublayer effectively solves the convectionPDEby
translating images. The input of a convection PDE sublayer
consists of images f̃i : Z2 → R and vectors vi ∈ R2 with
i = 1, . . . ,C , and C being the amount of channels. The

vectors vi act as the learnable parameters of the layer. The
output signals g̃i : Z2 → R are obtained through bilinear
interpolating (Interp) the inputs at the appropriate positions:

Convection sublayer:

g̃i [m, n] = Interp
(
f̃i ,m − (vi )1, n − (vi )2

)
.

(140)

The final ingredient we need is the affine layer which is
defined as follows. The input consists of channels f̃i : Z2 →
R, weights wi j ∈ R, and biases b j ∈ R, with i = 1, . . . ,Ci ,
j = 1, . . . ,Co, and Ci , Co being the amount of input and
output channels, respectively. The weights wi j and biases b j

act as the learnable parameters of the layer. We then perform
the following pointwise computation to get the Co outputs
g̃ j : Z2 → R

Affine layer:

g̃ j = b j +
Ci∑
i=1

wi j f̃i .
(141)

By concatenating various PDE sublayers that being either
a sublayer that corresponds to a scale-space or a convection
sublayer, with an affine combination layer at the end we form
a PDE layer. Multiple PDE layers after each other with an
affine layer at the start and end creates a PDE-CNN. The
architecture is illustrated in Fig. 3.

7 Experiments

7.1 Including New PDEs in PDE-CNNs

Current PDE-based neural networks employ three PDEs that
generate scale-spaces: diffusion, dilation, and erosion (1),
which correspond, respectively, to the linear semifield L , the
tropical min semifield T−, and the tropical max semifield T+.
Our theory reveals at least two PDEs that have not yet been
used in PDE-based neural networks: the PDE that generates
the root scale-space (75) and the PDE that generates the log-
arithmic scale-space (76), which arise naturally from the root
semifield Rp and logarithm semifield Lμ. Our first experi-
ment will examine how the inclusion of these PDEs affects
the accuracy of the PDE-CNN architecture, see Fig. 3.

The networks that we consider always include the con-
vection PDE sublayer at the start of the PDE layer. The
PDE-CNNs will consist of 6 PDE layers, 32 channels, and
have an average parameter count of approximately 9 500,
which changes with the amount of PDEs we add to its PDE
layers.

We will test the networks on the DRIVE dataset [18].
The dataset consists of fundus images, with the goal being
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Fig. 4 One instance of an input and its corresponding target segmen-
tation from the DRIVE dataset, together with two example outputs of
networks with different dice coefficients

vessel segmentation. In Fig. 4, one can see an example of
such an image and its segmentation. We selected the DRIVE
dataset because its images contain vessels at varying scales,
making it well-suited for applying scale-space techniques,
includingPDE-based neural networks. It also allows for com-
parisonwith the results in [1, 3–5], which also use theDRIVE
dataset.

The dataset consists of a training set of 20 images and a
test set of 20 images. All images are 584×565 pixels in 8-bit
RGB color, which we rescale to the [0, 1] range by dividing
by 255. We divided the training set into 2 880 overlapping
patches of 64 × 64. Patches that contain no annotation, i.e.,
patches that are essentially completely within the blackmask
(Fig. 4), are removed, leaving us with 2 409 patches.

We train on batches consisting of 8 patches. We empir-
ically found that a higher batch size results in a worse test
set accuracy. We use the AdamW optimizer with an initial
learning rate of 0.01 that decays linearly to 0.001over the first
1 000 batches. The beta, epsilon, and weight decay param-
eters of AdamW are kept at their (PyTorch) default values
of (0.9, 0.999), 10−8, and 0.01. During training, we keep
track of the Dice coefficient on the test set and the best one
is stored. We train until the Dice coefficient on the test set no
longer increases, which happens within 20,000 batches. We
then repeat this 5 times for every possible situation.

We empirically found that adding the linear semifield L ,
that is, we add a PDE sublayer corresponding to the Gaussian
scale-space, does not affect the accuracy of any the networks.
This can be explained by noticing that such a PDE sublayer
can be emulated completely and effectively by the convection
sublayer (140) together with the affine sublayer (141), which
are always components of the PDE-CNNs we consider here.
For this reason, we have omitted the linear semifield PDE
sublayers altogether. This is in agreement with the results
found in [45, p.28].

The result is found in Fig. 5. We observe multiple things:

• Adding semifields to the existing PDE-CNN architec-
ture, which only employ the tropical semifields and
convection, may enhance accuracy, albeit not signifi-
cantly, as observed in the case of going from {T+, T−}
to {T+, T−, Lμ}.

• The inclusion of the tropical min semifield T− always
increases accuracy, most starkly seen when going from
{Lμ} to {T−, Lμ}.

• Adding semifields does not necessarily improve accu-
racy, as is evident from the last row when compared to
the two semifield models in the middle rows.

• The inclusion of the root semifield Rp seems to make the
training less stable, as indicated by the increase in spread
within the scatter plot at the respective rows.

It is worth mentioning, however, that these results might be
specific to the DRIVE dataset.

7.2 Data Efficiency of PDE-CNNs

The data efficiency of PDE-G-CNNsonM2 is already verified
in [3], but whether this desirable property holds in the PDE-
CNN case is still left untested. Our second experiment is
therefore testing the data efficiency of a PDE-CNN on the
DRIVE dataset. The PDE-CNN we consider here employs
three PDEs within its PDE layers: convection, dilation, and
erosion, just as in the papers [1, 3–5].

As a baseline, we consider a CNNwith 31 488 parameters
and compare this against a PDE-CNNwith 5 280 parameters.
To make the comparison fair, both networks have 6 layers
and 24 channels. The only difference between the CNN and
PDE-CNN is the kind of layer that is used. In the CNN, we
use a standard 2D convolutional module with 3 × 3 kernels
together with a nonlinear activation function. In the PDE-
CNN, we use a PDE layer as described in Fig. 3. The size of
the networks has been chosen this way such that both give a
satisfactory Dice coefficient of � 0.80 on the test set when
trained on the complete training set.

Following the method in [3], we randomly take 1% to
100% of the training data. Other than that our methodology
is identical to Sect. 7.1.
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Fig. 5 A scatterplot of the accuracy of a 6-layer PDE-CNN on the
DRIVE dataset, with various designs of the PDE layer as indicated
in the table on the left. The crosses indicate the mean. The rows are
organized according to the amount of semifields included in the model

Fig. 6 A scatterplot of the accuracy of a 6-layer 24-channel CNN
(31 488 parameters) and PDE-CNN (5 280 parameters) on the DRIVE
dataset, when trained multiple times on varying amounts of training
data. The crosses indicate the mean

The result is found in Fig. 6. We see that on the DRIVE
dataset, in comparison with a standard CNN, the PDE-CNN
not only features fewer parameters but also showcases com-
petitive accuracy and increased data efficiency. This mirrors
the results found in [3], but this time for a PDE-CNN instead
of the M = M2 PDE-G-CNN considered there.

8 Conclusion

PDE-CNNs are an interesting alternative to CNNs in the
sense that their constituents, this being solvers of PDEs
that generate scale-spaces, are geometrically meaningful and
interpretable.

The existing PDE-CNN framework uses four PDEs:
convection, diffusion, dilation, and erosion. Through the
introduction of semifield scale-spaces (Definition 27), we
demonstrate the presenceof a broad class ofPDEs that remain
unused within the PDE-CNN paradigm.

The theory of semifields scale-spaces is expressive and
encapsulates a large class of known scale-spaces. Theorem
1 shows that every semifield gives rise to a one-parameter
family of semifield scale-spaces. This indicates that the gen-
eralization to semifields is one that is not too general and
definitely fruitful.

In Sect. 7.2, we empirically verified that on the DRIVE
dataset that PDE-CNNs, just like PDE-G-CNNs, when com-
pared to traditional CNNs, require less training data, have
fewer parameters, and increased accuracy.

In Sect. 7.1, we experimented on the inclusion of vari-
ous semifields and their corresponding scale-spaces within
PDE layers of a PDE-CNN. We see that the thought “more
semifields means better accuracy” is incorrect and that it is
not clear if the addition of more semifields into the already
existing PDE-CNN framework is worth the effort. However,
in all cases inclusion of the tropical semifield improved the
result, advocating for tropical algebras in PDE-based neural
networks.

Further Research

When comparing the results of PDE-CNNs on the DRIVE
dataset here to the G = SE(2) PDE-G-CNNs results in [3],
the accuracy is essentially the same (Dice≈ 0.81), but there is
a trade-off between memory usage and parameter reduction.

The SE(2) variant has less parameters (2 560) but, due
to the feature maps being scalar fields on SE(2), uses more
memory, that being O×H×W scalars per feature map. Here
O refers to the amount of orientations (typically 8), H to the
height of the images, and W to the width.

Conversely, the R2 variant has more parameters (5 280)
but uses much less memory; H×W scalars per feature map.
Thismeans that in some applications the PDE-CNNarchitec-
ture might be preferable. However, the goal of the work here
was not to compare PDE-CNNs to PDE-G-CNNs and the
observations here only apply to the DRIVE dataset. Further
research is needed to properly compare both architectures.
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Appendix A Semifield Fourier Transforms

Lemma 10 The employed semifield Fourier transforms sat-
isfy Definition 25.

Proof In the linear semifield L case, we know that the famil-
iar Fourier transform satisfies the definition.

As for the root and logarithmic semifields, being isomor-
phic to the linear semifield, we can quickly deduce that they
also satisfy the definitions through the equalities

FLμ = P
ϕ−1

μ
◦ FL ◦ Pϕμ,

FRp = P
ϕ−1
p

◦ FL ◦ Pϕp ,
(A1)

where P is the pointwise operator (10), ϕμ(x) = eμx the
semifield isomorphism ϕμ : Lμ → L≥0, and ϕp(x) = x p

the semifield isomorphism ϕp : Rp → L≥0. For example, to
show that FLμ satisfies the convolution property:

FLμ( f � g)

= P
ϕ−1

μ
FLPϕμ( f � g)

= P
ϕ−1

μ
FL((Pϕμ f ) ∗ (Pϕμg))

= P
ϕ−1

μ
((FLPϕμ f ) × (FLPϕμg))

= (P
ϕ−1

μ
FLPϕμ f ) ⊗ (P

ϕ−1
μ
FLPϕμg)

= (FLμ f ) ⊗ (FLμg),

(A2)

where � and ⊗ are the semifield convolution and multipli-
cation of Lμ and where × denotes the standard pointwise
product of functions. In the above derivation, we have used
that

Pϕμ( f � g) = (Pϕμ f ) ∗ (Pϕμg),

P
ϕ−1

μ
( f × g) = (P

ϕ−1
μ

f ) ⊗ (P
ϕ−1

μ
g),

(A3)

and that FL has the convolution property.
Consider now the tropical max semifield T+. That FT+

satisfies the linearity, equivariances, and the zero-frequency
properties is immediate. As for the convolution property, we
have

(FT+( f � g))(ω)

= sup
x

( f � g)(x) − ω · x
= sup

x
(sup

y
f (x − y) + g(y)) − ω · x

= sup
x

( sup
x1+x2=x

f (x1) + g(x2)) − ω · x
= sup

x1,x2
f (x1) + g(x2) − ω · (x1 + x2)

= (sup
x1

f (x1) − ω · x1) + (sup
x2

g(x2) − ω · x2)
= (FT+ f )(ω) ⊗ (FT+g)(ω), (A4)

where ⊗ and � are the tropical max T+ multiplication and
convolution. For the invertibility, we refer to the Fenchel
biconjugation theorem [46, Thm.4.2.1]. That the tropicalmin
semifield Fourier transform FT− satisfies all properties fol-
lows from the fact that T− is semifield isomorphic to T+ with
the isomorphism being φ(x) = −x . ��

Appendix B Tropical Integration

Proposition 4 The natural integration of sum-approachable
and bounded from above functions f : R2 → T+ is

∮ T+
f = sup

x∈R2
f (x). (B5)

The natural integration of sum-approachable and bounded
from below functions f : R2 → T− is

∮ T−
f = inf

x∈R2
f (x). (B6)

Proof We will only prove this for the tropical max semifield
T+, the tropical min semifield case goes completely analo-
gously. As we are working with T+ we remind ourselves that
we have ⊕ = max, ⊗ = +, μT+(A) = 0, and

1A(x) =
{
0 if x ∈ A
−∞ otherwise

.

The function f , being sum-approachable and bounded from
above, is pointwise defined by the limit

f (x) = lim
n→∞

n⊕
i=1

ai ⊗ 1Ai (x), (B7)

with Ai non-empty and ai bounded from above. We define
its natural integral by

∮
f := lim

n→∞

∮ (
n⊕

i=1

ai ⊗ 1Ai

)

= lim
n→∞

n⊕
i=1

ai ⊗ μ(A)

= lim
n→∞ max

i=1,...,n
ai + 0

= sup
i∈N

ai ,

(B8)

where the second equality is by the linearity of the integration
(20) and the indicator function property (21).

Similarly, we have
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sup
x∈R2

f (x) = sup
x∈R2

lim
n→∞

n⊕
i=1

ai ⊗ 1Ai (x)

= sup
x∈R2

lim
n→∞ max

i=1,...,n
ai + 1Ai (x)

= sup
x∈R2

sup
i∈N

ai + 1Ai (x)

= sup
i∈N

sup
x∈R2

ai + 1Ai (x)

= sup
i∈N

ai ,

(B9)

where in the fourth equality we interchanged the order of
suprema, and in the fifth equality we used the definition of
1Ai .

Combining these two results, it follows that

∮
f = sup

x∈R2
f (x) (B10)

is the natural tropical max semifield integration. ��
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